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TRANSLATOR’S PREFACE 


THIs BOOK Is A translation of the last of Carathéodory’s celebrated text books, 
Funktionentheorte, which he completed shortly before his recent death. 

A number of misprints and minor errors have been corrected in this first 
American edition of the two-volume work. 

It may be noted that in a first course in which considerations of time may 
necessitate the omission of some of the material, the chapter on Inversion 
Geometry (Part I, Chapter Three) may be bypassed without interruption of 
continuity, except for a short glance at § 86 where chordal (spherical) distance 
is defined. The spherical metric is used consistently, and to great advantage, 
throughout the rest of the book. 


F. Steinhardt 
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EDITOR’S PREFACE 


THE AUTHOR OF THIS book, shortly before he died, had the pleasure of being 
able to see it through the press. Like his Vorlesungen tiber Reelle Funktionen 
(Treatise on Real Functions), which was written during the First World War 
and which is today among the classics on the subject, the present work also 
was conceived and carried out in times of great external disorder and change. 
In spite of the extreme hardships imposed on him during these difficult years, 
Carathéodory lost none of his well-known creativity and endurance. Even the 
illness which after the end of the war confined him to bed again and again 
for weeks at a time scarcely slowed him down in the writing of this work. 
During this time, Carathéodory familiarized me with all the details of the 
book, and I undertook the task of going over the text from a critical point 
of view as well ag from the student’s point of view. With characteristic vitality, 
Carathéodory took great pleasure in acquainting friends and colleagues, who 
stayed for hours visiting, with the growing manuscript. Thus IJ always felt 
that he was especially devoted to the present work. 

This book is primarily a textbook, even if its title does not make this explicit. 
However, the expert too will find in it much that is new and of interest as 
regards both subject matter and presentation. The division of the work into 
two volumes is not intended to imply a corresponding division of the material, 
but was done merely to make it easier for the student to purchase the book. 
For this reason, the usual practice of furnishing each of the two volumes with 
a subtitle has not been followed. 

It is traditional for textbooks on the Theory of Functions written in German 
(and in English) to develop the theory of analytic functions as soon as possible 
after the introduction of complex numbers; at a later point there may be 
given, by way of application, a more or less brief account of the geometry of 
circles (theory of inversions and general Moebius transformations). The 
author of the present treatise has chosen the reverse order, placing the 
geometry of circles first. From it he evolves an effortless treatment of the 
Euclidean, Spherical, and Non-Euclidean Geometries and Trigonometries. 
When the student is then introduced to the Theory of Functions proper, he 
will have acquired a grasp of basic concepts and a certain familiarity with 
the way of thinking appropriate to the subject. Part Two of the book pre- 
sents first some material from Point-Set Theory and from Topology that is 
needed for subsequent developments; this material is, in the main, compiled 
for purposes of reference rather than treated exhaustively. There follows an 
exposition of the basic concept of the complex contour integral and of the 
most important theorems attaching to this concept. 


v 


vi Epitor’s PREFACE 


As is well known, there are various different ways of introducing the ana- 
lytic functions. Carathéodory chose Riemann’s definition, which is based on 
the property of differentiability of a complex function. This choice is signi- 
ficant for all of the further development of the theory of analytic functions, 
the main theorems of which are proved in Part Three. The fruitful concept 
of harmonic measure, which has assumed great importance in recent years, 
is introduced in its simplest form only, and its generalization is merely hinted 
at. A more detailed study would not lie within the scope of this work and 
will hardly be missed, especially since we have an unexcelled account of this 
subject in R. Nevanlinna’s well-known book on single-valued analytic functions. 

Part Four deals with the construction of analytic functions by means of 
various limiting processes. The approach followed here, offering great ad- 
vantages and hardly explored in the textbook literature up to now, makes 
full use of the concept of normal families, due to P. Montel, and the concept 
of limiting oscillation, due to A. Ostrowski. This results in much greater 
elegance of proof and makes the theory very attractive. 

The fifth and last part of the first volume consists of three chapters dealing 
with special functions. The author has taken particular care with the exposi- 
tion of the trigonometric functions. In connection with the logarithm and the 
general power function, the student is introduced to the simplest types of 
Riemann surfaces. One of the points of interest in the study of these functions 
and of the gamma function, and not the least important one at that, is for the 
student to see that there is no fundamental difference between real and complex 
analytic functions and that the theorems of Function Theory can actually 
lead to numerical results. 

It will be in keeping, I believe, with the wishes of my highly esteemed 
teacher if I express thanks in his name to all those who took an interest in 
this book and helped to further its progress. Particular thanks are due to 
Professor R. Fueter, who not only read all of the galley proofs but also con- 
ducted all of the negotiations with the publishers and was responsible for 
seeing it through the press. Professor E. Schmidt read large parts of the 
manuscript and deserves thanks for many a valuable suggestion and improve- 
ment. We also thank Professors R. Nevanlinna and A. Ostrowski for their 
active interest and help, the latter especially for his detailed critical appraisal. 
The publishers, Verlag Birkhauser, are to be thanked for the excellence of 
workmanship of the book and for their untiring cooperation in carrying out 
our wishes. 

May the spirit of this great teacher and master of the Theory of Functions 
continue through this work to inspire the hearts of students with love for 
this beautiful and important branch of our science. 


Munich, May 1950 L. Weigand 


AUTHOR’S PREFACE 


Tue THEORY oF Analytic Functions has its roots in eighteenth-century mathe- 
matics. It was L. Euler (1707-1783) who first compiled an enormous amount 
of material bearing on our subject, the elaboration of which kept the mathe- 
maticians of many generations fully occupied and which even today is not 
exhausted. The first mathematician who essayed to build a systematic theory 
of functions was J.-L. Lagrange (1736-1813), whose bold idea it was to develop 
the entire theory on the basis of power series. The state of the science at that 
time can best be gleaned from the comprehensive treatise by P. Lacroix (2nd 
ed., 1810-1819). 

However, most of the results known at that time were not too well secured. 
For many individual facts, C. F. Gauss (1777-1855) supplied the first proofs 
that meet our present-day standards. But Gauss never published the most 
important of the ideas that he had conceived in this connection. Thus it 
remained for A.-L. Cauchy (1789-1857), who invented (in 1813) and system- 
atically developed the concept of the complex contour integral, to create the 
first coherent structure for Function Theory. After the discovery of the 
elliptic functions in the years 1828-1830 by N. H. Abel (1802-1829) and 
C. G. J. Jacobi (1804-1851), Cauchy’s theory was carried forward, especially 
by J. Liouville (1809-1882), and was set down in the treatise by Briot and 
Bouquet (1859) which even today is still worth reading. The genius of 
B. Riemann (1826-1865) intervened not only to bring the Cauchy theory to 
a certain completion, but also to create the foundations for the geometric 
theory of functions. At almost the same time, K. Weierstrass (1815-1897) 
took up again the above-mentioned idea of Lagrange’s, on the basis of which 
he was able to arithmetize Function Theory and to develop a system that in 
point of rigor and beauty cannot be excelled. The Weierstrass tradition was 
carried on in an especially pure form by A. Pringsheim (1850-1941), whose 
book (1925-1932) is extremely instructive. 

During the last third of the 19th Century the followers of Riemann and 
those of Weierstrass formed two sharply separated schools of thought. How- 
ever, in the 1870’s Georg Cantor (1845-1918) created the Theory of Sets. 
This discipline is one of the most original creations that mathematics has 
brought forth, comparable perhaps only to the achievements of the ancient 
mathematicians of the Fifth and Fourth Centuries B.C., who came up, so to 
speak, out of nowhere with strict geometric proofs. With the aid of Set 
Theory it was possible for the concepts and results of Cauchy’s and Riemann’s 
theories to be put on just as firm a basis as that on which Weierstrass’ theory 
rests, and this led to the discovery of great new results in the Theory of 
Functions as well as of many simplifications in the exposition. 
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In yet another plane lie the developments that have in time led to the 
somewhat changed aspects of Function Theory today. For in the course of the 
present century, various processes were introduced that had a profound influ- 
ence on the directions in which the theory grew. In the first place, we mention 
in this connection Schwarz’s Lemma, which in combination with elementary 
mappings from the geometry of circles allows for new types of arguments 
such as were unknown prior to its discovery. The new methods thus created 
are equivalent to a general principle due to E. Lindelof (1870-1946), discovered 
a little later than Schwarz’s Lemma and used by some writers in place of this 
lemma. At almost the same time, the concept of normal families was intro- 
duced into Function Theory, and this concept has gradually taken over a 
central role in a large class of function-theoretic proofs. Although the begin- 
nings of these developments can be traced back somewhat further, say to 
T. J. Stieltjes (1856-1894), it may be said that P. Montel first gave an 
exact definition of normal families and illustrated the usefulness of this con- 
cept by one new application after another. Likewise of great help is an idea 
of A. Ostrowski’s, which is, to make use of the spherical distance on the 
Riemann sphere in order to avoid the exceptional role that is otherwise played 
by the number oo in various limiting processes. I have not hesitated to exploit 
systematically all of the advantages which these various methods have to offer. 

The greatest difficulty in planning a textbook on Function Theory lies in the 
selection of material. Since a book that is too voluminous is impractical for 
various reasons, one must decide beforehand to omit all those problems the 
presentation of which requires very lengthy preparatory material. For this 
reason I have not even mentioned such things as the theory of algebraic func- 
tions, or the definition of the most general analytic function that can be obtained 
from one of its functional elements—things that have always been regarded 
as forming an indispensable part of a textbook of Function Theory. For the 
same reason, the general definition of a Riemann surface has not been given, 
nor is there an account of the theory of uniformization. 

The book begins with a treatment of Inversion Geometry (geometry of 
circles). This subject, of such great importance for Function Theory, is taught 
in great detail in France in the “Classes de mathématiques spéciales,” whereas 
in German-language (and English-language) universities, it is usually dealt 
with in much too cursory a fashion. It seems to me, however, that this branch 
of geometry forms the best avenue of approach to the Theory of Functions ; 
it was, after all, his knowledge of Inversion Geometry that enabled H. A. 
Schwarz (1843-1921) to achieve all of his celebrated successes. 
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PART ONE 


THE COMPLEX NUMBERS 
FROM THE ALGEBRAIC 
POINT OF VIEW 


CHAPTER ONE 


THE COMPLEX NUMBERS FROM THE ALGEBRAIC 
POINT OF VIEW 


The Discovery of the Complex Numbers (§ 1) 


1. Algebraists came upon complex numbers at quite an early stage (viz., as 
early as the beginning of the 16th century), and this came about in quite a 
natural way, while the much simpler concept of a negative number was not 
introduced until later. Both concepts have their origin in the fact that algebra, 
as carried on in terms of letter symbols, leads to expressions that are meaning- 
less when the letter symbols are given their original interpretation, although 
another interpretation of the same symbols will avoid all anomalies. 

For example, the equation 

ax+b=k (1. 1) 


can be solved if the letters a, b, k, and x stand for ordinary positive numbers, 
provided that a >0, b << k; but the same equation has no solution in case 
b=k. Now if, however, these same symbols a, b, k, and x are interpreted as 
representing any real numbers whatsoever—positive, zero, or negative—the 
equation (1.1) always has a solution, provided only that a= 0. 

We meet quite similar situations when dealing with the quadratic equation 


axt—2b%4+e=0, (a0), (1.2) 


if we admit only real values (positive or negative) for a, b,c, and x; for, the 
roots of this equation are 


Pre =d kde a (1.3) 


a 


and can therefore be evaluated whenever 
b?—acZ0. 

If however the coefficients of equation (1.2) are chosen in such a way that 
ac—v>0, 


then while we can, to be sure, write 
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Bi ae 
= ae a y-1 


formally in place of (1.3), this last expression is meaningless because there 
exists neither a positive nor a negative number whose square equals — 1. 

Now just as one can derive the totality of real numbers from that of the 
positive real numbers by adjoining to the latter the number — 1, so one can 
also try to regard the symbol y—-1 as a new admissible number which must 
be adjoined to the real numbers. The mathematicians of the 17th and 18th 
centuries did this quite naively, and they were led to the most astonishing 
results in their calculations, so that they were inspired to follow up the method 
further and to apply it to one new problem after another. However, they never 
realized at all clearly that the new method of calculation could be rendered free 
of contradictions, and for this reason they called y-1 “the imaginary num- 
ber.” C. F. Gauss (1777-1855) was probably the first to set up the theory of 
complex numbers on a sound basis; nevertheless he retained not only the term 
“imaginary number,” but also the symbol i which L. Euler (1707-1783) had 
introduced to stand for /—1 , and this notation of Euler’s and Gauss’ is still 
in general use today.* 


Definition of the Complex Numbers (§§ 2-9) 


2. In elementary arithmetic, we first introduce the natural numbers, i.e. the 
positive whole numbers: p,q,..., and we then proceed to consider the frac- 
tions p/q as ordered pairs of natural numbers with arithmetical operations suit- 
ably defined. W. R. Hamilton (1805-1865) used the same type of procedure 
to give a foundation of the theory of complex numbers.” 

Let us denote the real numbers by small Greek letters a,, a2, 61, B2,... ; we 
shall understand by a complex number a, the pair a,, a2 of real numbers, 
written in that order. Thus we may write 


ase (a, Oe), b= (Ai, Be), C= ("1, 72) etc. (2. 1) 


It follows that the one equation 
=p (2. 2) 


between two complex numbers is equivalent to the two equations 
a = By, %= Be. (2. 3) 


*Except that many physicists and electrical engineers prefer to use j instead of i. [Trans.] 
?W.R. Hamilton, Trans. Roy. Irish Acad. 17, 393 (1837). : 
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3. We now define the sum of two complex numbers a, b by the formula 


a+ b= (a + By, a + By). (3. 1) 
The following equalities may then be verified : 
a+ b= (0 + By, % + Be) = (Bi + a1, Be + %) =O +4, (3.2) 


(a + 8) +6 = ((a, + By) + Yr, (%2 + Bo) + 2) = (01 + Bi + V1, %2 + Bo + 72)- 
From the symmetry of the last expression on the right it also follows that 
(a+b) +¢=a+ (b+0¢). (3. 3) 


Hence addition, as introduced above, is commutative and associative. 
Next, we define the product ab of the complex numbers a and b by the 
formula? 


ab = (a By — a Bo, a By + % Bi) (3. 4) 


and can immediately infer from the symmetry of the two components in the 
parenthesis on the right that 

ab=ba (3. 5) 
holds. Hence multiplication is a commutative operation. 


If we now form the product of the number (ab) by a third complex number 
c, we find 


(a b) ¢ = (oy By 1 — % Bo Ye — He Bi Ye — %2 Boy, 
Oe Br yy + % Boy + 1 Bi Ve — %2 Be V2)- (3. 6) 


Noting that the components on the right retain their values if we interchange 
a with y; and a, with yz, and making use of (3.5), we obtain 


(ab)c = (ch)a=a(be). (3. 7) 


Finally, we may verify similarly that the two complex numbers a(b + c) 
and (ab + ac) are represented by the same ordered pair of real numbers. 

Thus multiplication is not only commutative, but associative and distributive 
as well. 

4. If a and b are any two complex numbers, then there always exists a 


number 
x= (&,, &,) (4. 1) 


satisfying the equation 
a+x=b, (4.2) 


which is equivalent to the two equations 
m+ =fPi, %+8.= Be. (4. 3) 


* Without raising the question as to why just this particular formula should be chosen. 
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For +, we find 
% = (By — a, Bo — %) (4.4) 
x=b—-a. (4. 5) 
The number b —a is called the difference of the numbers a and b. 

The fact that (4.2) always has a solution shows that with respect to addi- 
tion, the complex numbers may be considered as the elements of an abelian 
group. The “unit element” of this group is obtained by setting ) =a and 
x =n in (4.2), which yields 


and we write 


n= (0,0). (4.6) 
We call n the null, or zero, of the complex numbers. 
If ab=n, (4.7) 
then it follows from (3.4) that the equalities 
a By — % Be=0, a Bota fy =0 
both hold, and hence also that 


(a, By — a By)” + (4 By + % By)? = (af + a2) ( i+ Bs) =0. 


At least one of the two factors («j + «3) and (6? + 62) must be zero, and this 
implies that at least one of a and b equals n. We have thus shown the following: 


If the product ab of two complex numbers equals n, then at least one of 
these numbers must equal n. 


5. Let us now find the condition for the equation 
ax=b (5. 1) 
to have at least one solution + == (&,, &2). 
This equation is equivalent to the system 


ty &y— Go = By, yb, +a, = By (5. 2) 


of linear equations, and this system has one and only one solution provided 


that «?-+ «3 > 0 or, what amounts to the same thing, provided that a= n. 
Solving the system under this assumption, we find 





b — (Pit % Bz % B,—m% B 

a ~ G1, &) ( a2 + a : af + af ‘) , Oy) 

If we set b ==a in (5.3), we obtain a complex number independent of a, 
namely 

e=—=(1,0), (a +n), 
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which represents the unit, or one, of the complex number system, just as 1 
was the complex number “zero.” 

We can summarize our results as follows: The complex numbers are the 
elements of a commutative field in which all the ordinary laws of algebra are 
valid. 

6. Those complex numbers whose second component vanishes, and which 
are therefore of the form 


a= (m,0), (6.1) 


play a special role. They include n= (0,0), as well as e—=(1,0). Such 
numbers will be called real numbers in the complex domain. This terminology 
is justified by the form taken on by the formulas for the elementary operations if 


a= (%,0), &= (B,,0) (6.2) 
is posited, viz. 
atd0=(4+f1,0), ab=(4f,0, ~-(4,0). 63) 


As the above shows, when any of the elementary arithmetical operations are 
applied to real numbers in the complex domain, the results are always them- 
selves real numbers in the complex domain; and what is more, those numbers 
constitute a field which is isomorphic to that of the ordinary real numbers 
a, B, wey 

The field of complex numbers may thus be considered as an extension of 
the field of real numbers, just as the fractions p/q appear as an extension of 
the domain of integers p/1. In the case of fractions, we leave out the fraction 
line and the denominator if the latter equals 1, writing p in place of p/1. 
Similarly, there will be no danger of confusion if the real number (a, 0) in 
the complex domain is denoted simply by a, which will greatly simplify the 
appearance of many formulas. We shall do this consistently, and in particular 
we shall write 0 for n= (0,0), and 1 for e=(1,0). 

7. It still remains to be shown that we have achieved the goal which we 
set ourselves in introducing the complex numbers in the first place, namely 
that to each complex number a = (a1, a2) we can assign at least one complex 
number += (&,, §) whose square x? equals a. Now by (3.4), we have 


= (@- 8,26,8); (7.1) 
and the equation 
xe=a (7.2) 


is equivalent to the system of equations 


BB =a, 25,8, a. (7. 3) 
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From this it follows that 
a+ of = G2 — eP +4 = 4%, 
and we therefore have 
+ = port a2. (7.4) 


Comparing this last relation with (7.3), we find 


ea Vaitdta g_ Vitdna 
1 2 2 2 , 








Thus the only possible values for €, and &2 are of the form 


n-+) Yala : amen | CEE Te (7.5) 


This seems to furnish four solutions to our system of equations. However 
if az > 0, then the second of equations (7.3) shows that §; and &, must have 
the same sign, so that in this case the only possible combinations of signs in 
(7.5) are (+, +) and (—,—) ; similarly, in the case ag < 0 the only possible 
combinations of signs in (7.5) are (+,—) and (—, +). 

Finally, if az = 0, i.e. if the given number a is real, then if a > 0 we obtain 


&=+ya, &=0.,, (7.6) 





and if a < 0 we obtain 
&,=0, &=+y-a. (7.7) 


We can verify by substitution that the complex numbers found above do 
satisfy equation (7.2), and we may conclude that in all cases considered 
above, this equation has two opposite solutions, i.e. two solutions whose sum 
is zero. And finally, we see that in the case a= 0, the only case remaining, 
there is just the one solution +0. 


8. As (7.7) shows, the complex number 
t= (0,1), (8.1) 


called the imaginary unit, is a solution of the equation 


xt=—1, (8. 2) 
Now since 
tt = (0, 1) (a2, 0) = (0, a), 
it follows that every number 
@ = (2, %) = (a, 0) + (0, a9) 
may be writen in the form 
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A=a,+1a. (8. 3) 
If we also take into account the equations 
?=—l, a? —=—1, tn ee (8.4) 


we see that all calculations with complex numbers can now be carried out very 
conveniently. Thus for example, we find, once more verifying equation (3.1), 
that 


ab= (a, + 7%) (6, + t Bs) (8.5) 
= a, By + 1a, Bo t+ tH By — ae Be 
= («1 By — & By) + 7 (a1 Be + 2 Bi), 


or, once more verifying (5.3), that 





6 Bit+t Be _ (By +4 By) (Orta) _ Br + oe Be eg Oy By — H By (8.6) 
a Oy +i dy (a, + 4 og) (a, — 4 OQ) af + of o+az 7h" 
In equation (8.3), we call a; the real part and a2 the imaginary part of a, 
and we write 


a =Ra, aw =a. (8.7) 


9. Now that we have defined the complex numbers, one and all, as the 
elements of a field that contains the real numbers in the complex domain and 
the number 7 as well, nothing remains of the difficulties which gave the 
mathematicians of the 18th century such headaches. These difficulties were 
all due to the fact that one wanted, at that time, to adjoin to the ordinary real 
numbers a number 7 which would not fit in anywhere. 

In all that follows, we shall as a rule use only complex numbers in any of 
the formulas to be writen down, and when we speak of a real number we shall 
mean a real number in the complex domain. This will apply, for instance, to 
the 2 in 2a, etc. The only exceptions to this will be letters that obviously stand 
for natural numbers, such as certain subscripts, or the exponents used in 
forming integral powers. (Cf., however, § 254). 

Thus, for example, to write 


Ag x" +a, x 1+... +a, ,x+a,=0, (9.1) 


means to assign the following problem: With a) +0, a1,..., a, standing for 
given complex numbers, we seek to determine a complex number x for which 
(9.1) holds. It will later turn out (cf. § 170) that for any given value of the 
natural number , equation (9.1) always has solutions and that the process 
of extension of the domain of numbers, as described in § 1 for the first two 
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cases m==1 and n=2, need not be carried any further. This important 
result, which is known as the Fundamental Theorem of Algebra, was first 
given expression by d’Alembert (1717-1783) in the 18th century; but it was 
first proved by Gauss in 1799. 


Complex Conjugates (§ 10) 
10. Along with a complex number 
asxt+iy (10.1) 
having x as its real part and y as its imaginary part, consider the number 
Z2=4—1y, (10.2) 


called the complex conjugate of 2. 

The process of passing from z to 2 defines a mapping of the totality of 
complex numbers onto itself. This mapping is an automorphism of the field 
of complex numbers, which means the following: If 


w=u+t iv (u, v real) (10.3) 
is any other complex number, then 
(gtw)=2z+w, (2w)=2w. (10.4) 


This automorphism is of the second order (or inmvolutory), for we have 


a 


=. (10.5) 
Comparison of (10.1) and (10.2) shows that z is real if and only if 
z2=2. (10.6) 


If f(z, 2) is any rational expression in z and z with real coefficients, then 
the complex conjugate of f(z,z) is obtained by interchanging z and 2 in the 
given expression. Hence if f(z,2) is symmetric in 2 and 2, then the function 
f(z,2) is real-valued. eS 

But if f(z,2) also contains complex coefficients, then f(z,2) is obtained 
by the interchange of z and z and the replacement of the coefficients by their 
complex conjugates. 

For example, the expressions 
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Z+Z=2n, (c+ 22%=4%% 2zZ= 42+ y? (10.7) 
all are real-valued, while _ 
(z—2)=2ty (10. 8) 
is either a pure imaginary or zero. But 
(z—z)?=—4 y?, (10. 9) 


being a symmetric function, is always real-valued. 
Note, incidentally, that the above equalities imply 


(z+2z)2? 20, (z—z)?S0. (10. 10) 


Absolute Values (§§ 11-12) 


ll. By the absolute value or modulus of a complex number z, to be denoted 
by | 2 |, we shall mean the non-negative number whose square equals 22; thus 


|2f@=zz=a2?+ y%, [zl =+ Va? + y?. (11. 1) 

If z= 0 then | z | 0; and vice versa, if | z|—=0 then zz =0, which in 
turn implies z= 0. If 24-0 and 2?= | 2 |?, then it follows that z= Z, and 
hence that z is real; and we then have z= |z| or z= — | 2| according to 


whether z is positive or negative. 
For any two complex numbers a and J, we find that 


|@ b|? = (a2) (@ 6) = (aa) (06) = |a|? |b]. 
From this we obtain 
|@ d| = |a| [2]. (11.2) 
Then if 
a+0, ab=c, b= 


_ lel 
[a | 


12. Let us now compare the absolute values |a+ 0], |a|, | &|, where 
a and 6 are any two complex numbers. To start with, we may write 


we further obtain 





(a+ 0,c arbitrary). (11. 3) 





c 
a 





Ja + b|? = (a+ b) (a+ d) 
=aa+bb+(ab+ad) (12.1) 
= |al?+ |o]2?+ @b4 ba). 


Observing that the two numbers ab and ab are complex conjugates, we obtain 
from (10.10) that 
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(ab+baj?=0, (ab—ba)? <0. (12. 2) 
On account of the identity 
(ab+ ba)? = (ab—ba)?+4 al? |b]? (12. 3) 
it therefore follows that, independently of the sign of the real number ab + ba, 
ab+baS2|a| |b| (12. 4) 
always holds. 
Comparison of (12.1) and (12.4) now yields the inequality 
jat+b|{S|a|[+ ob]. (12. 5) 
Using this last relation, we find further that 
lal =|(a+5)—b| Sja+b/+|—b)=|a+b/+ 0], (12.6) 
and similarly that 
[6] S|a+ 5] + Jal, 
so that we can finally write 


Jal — |8|| S|a+ 6] S [a] +2]. (12. 7) 


To conclude, let us obtain the condition for the equality sign to hold in 
(12.5). It obviously holds if a0; and if a@+-0, then it is seen from the 
above calculation that the equality sign will hold in (12.5) if and only if both 
of the following two relations hold: 


ab—ba=0, ab+baZ=0. (12. 8) 
Setting b = ac, b= ac transforms (12.8) into the equivalent relations 


exc 0, (12. 9) 
which state that 
c=b/a (12. 10) 
is real and non-negative. 


Unimodular Numbers (§§ 13-14) 


13. If zis not real, then the difference z— + of 2 and its real part x is a 
so-called pure imaginary number iy. Let us now turn to the consideration of 
the numbers u which are obtained, somewhat similarly, by forming the quotient 
of a number a + 0 and its absolute value | a |. 
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From the equation 


a=|al|u (a+0) (13.1) 
it follows that 7 
uu=1, |u|==1. (13.2) 


Numbers u for which (13.2) holds are called unimodular (that is, of modulus 
one). If we set 
u=axtiy, u—x—iy, (13.3) 
then we find 
ety, (13.4) 


so that the unimodular numbers may also be characterized by equation (13.4). 
The unimodular number —1 satisfies the equation 


Se, (13. 5) 
1 


Furthermore, every unimodular number u satisfies 
u(lt+u)=u+uu—1+u. 

It follows that if « is any unimodular number other than — 1, in other words if 
a=liu+0, a@a=1+u+0, 


then the equality itege 
“= —= = (l+u+0) (13.6) 
1+4% a 





also holds. 
Thus every unimodular number can be represented as the quotient of two 

complex conjugates, and every such quotient represents a unimodular number. 
Note that if « and wv are unimodular, then so are the numbers 


u, 1/u, uv, u/v. (13.7) 


14. If aand # are any two distinct complex numbers, then the number 





x*—a 
ste (14. 1) 
is unimodular. If, in addition, | + |= 1, then — 1/x is unimodular, and 
therefore so is 
—l *-a a—*% 
ee ea (14. 2) 


In what follows, we shall assume throughout that 
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ja} #1. (14. 3) 
Then if we compare the equation 
a—x 
ai paste ar (14.4) 
with its solution with respect to +, 
=, 6 


and observe that each of the last two equations may be obtained from the 
other by interchanging + and y, we find that (14.4) and (14.5) give a one- 
to-one mapping of the totality of unimodular numbers onto itself. 


From (14.4) we obtain further, for any complex number + different from 
1/a: 





_ _(@—*%) (@—%) 
ly? = (1 —@ x) (1 —a@ 2) er) 
and 
_— (—lal?) A —|#/?) 
1—|y|? oan (14.7) 
Therefore if 
jal<1, (14. 8) 
the two numbers (1 — | x |?) and (1— | y |?) will have the same sign. Thus 


equations (14.4) and (14.5) map every number x whose modulus is = 1 onto 
a number y having the same property ; and we can obtain in this way every y 
for which | y| <1. 

We shall see later that the transformation or mapping (14.4) admits of a 
simple geometric interpretation. In this connection it will be important to 
have an estimate of | y | in terms of | a | and | x |. To obtain such an estimate, 
we replace the numbers a and x in (14.4) by |a| and + |*| respectively, 
introduce the notations 


_ lal—l4| _ lal+ | 
Y= 4 —jaliai? 98> TF Talia ue) 
and find 


(—fallxye A+ falta)? * 
But by (12.7), we have 

1—|al |x| <|1— 4] S14|al lal, 
so that a comparison of (14.10) with (14.7) yields the relations 


In| Sly Sx Sl, 
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which may also be written as follows: 


altel < lem#l_ < Jelt isl cy, (al <1,05|s| $1). (14.11) 


i—jal[#| ~ |L—@e| ~ 1+ lal |r| ~ 





The Amplitude of a Complex Number (§§ 15-17) 


15. The unimodular numbers can be expressed in terms of a real parameter. 
For, in the representation 








“= atv (a, b real, a2 + 62> 0) (15.1) 
of a unimodular number u, the number a is Zero if and only ifu—=— 1. Thus 
if we assume “ == — 1, we may introduce the notation 

t=2 (t real) (15.2) 
and obtain 
i+ 44 1-27 x 22 
Se gat ae (15. 3) 
If 
es 1+ 10’ 
Sa (15. 4) 
represents a second such unimodular number, we find 
u—u= et) (15.5) 


@—ija—ity’ 


which shows that u’ = u if and only if ¢’ = +t. Hence the unimodular numbers 
other than — 1 can be mapped one-to-one onto the real t-axis. 

16. If we presuppose the theory of the trigonometric functions in the real 
domain, we can obtain a more useful mapping of the unimodular numbers 
onto a real axis by assigning to every value of ¢ a real number # defined by 
the equation 








S = arctgt. (_x<8<Xx) (16.1) 
This yields 
t=teS, (16.2) 
oO o 
= 1 —tg? — 2tg — 
: is = = = cos #, = *5 =sind, (16.3) 
chet 1+ tg? > 1+ tg* 


and equation (15.3) assumes the form 
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u=cosé + isin#d. (16.4) 


We can verify conversely that the right-hand side of the last equation repre- 
sents a unimodular number for every value of 8. The number @ is called an 
amplitude, or argument, of the unimodular number u. 

If # is an amplitude of the unimodular number u, then because of the 
periodicity of the trigonometric functions, the number w has infinitely many 
further amplitudes, namely the numbers 


GP=9%+2kn, (R=0,41,+42,...). (16.5) 


Among these, there is exactly one principal amplitude, by which is meant the 
amplitude contained in the half-open interval 


—a<bsa. (16.6) 


17. When multiplying unimodular numbers, one adds their amplitudes. 
For if 
4, =cosB,+isind,, uwy=cos%+isind,, (17.1) 
then 


Uy Uy = (cos B, cos ® — sin #, sin #) + 7 (sin B, cos B + sin #, cos #,) ( 
17.2 
= cos (#, + %) + 7 sin (8, + 7). 


In a later chapter of this book (see § 234ff.) we shall define the functions 
e?, cos 2, sin 2 for arbitrary complex values of z and we shall prove the identity 


e'7=—=coszg +7 sing. (17.3) 


There is nothing to prevent us at this point from introducing the symbol 
e* as a convenient abbreviation for the unimodular number cos # + i sin #. 
In this notation, the functional relation expressed by (17.1) and (17.2) takes 
on the form 


ili + 8) gi pi Ds | (17.4) 


Roots (§§ 18-19) 


18. Let a be an arbitrary complex number + 0, and let » be an arbitrary 
natural number. We propose to calculate all the roots of the equation 


z=. (18.1) 
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If we set 
a=|ale'?=|alef72*) (= 0,1,...) (18.2) 
and 
z= 2] 2%, (18. 3) 
then 
|z|"=|a| and ng-=8+2kan (18. 4) 
must hold. This determines 
|z}=Va| (18. 5) 
uniquely. Among the numbers 
oO 2kn . 
Pe si ay (k=0,1,...) (18.6) 





there are, however, n distinct ones, namely 
Por Pir Par vs Pn-1) (18. 7) 


which when substituted for ~ in (18.3) yield distinct solutions of (18.1). 
One verifies easily that (18.1) has no further solutions. 


19. If we set a= 1 in (18.1), we obtain the equation 
a1, (19.1) 


every root of which, other than 1 itself, is called a root of unity. By (18.5) 
and (18.6) we have 


2kx 





jz] =1, = 4 (19. 2) 
so that 
Qkni 
z=e "™ , (k=1,2,...,n—-1). (19.3) 
Thus for n—=2,4,8 and k—1, we find 
ee7=-1, ¢ 2 =i, etna. (19.4) 
For n= 3, we have 
23 — 1 = (z— 1) (22 +241). (19. 5) 


Thus the third roots of unity are simply the roots of the quadratic equation 
etet1l=o. 


From this, and from the relations (19.4), we calculate successively 
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Qi = 
- ok =1+if3 
ei Sa 
in : Qin 
oe Bg Se APT 
2 . 
an $x tx = (19.6) 
el -¢ 3 4 Y34+1)+1Y3—-1) 
2y2 : 
1% 7 
6. V3+i 


CHAPTER TWO 


THE GEOMETRY OF THE COMPLEX NUMBERS 


The Gaussian or Complex Plane (§§ 20-22) 


20. A decisive step forward in the theory of complex numbers was taken 
early in the last century, when the idea of mapping the complex numbers on the 
points of a plane occurred almost simultaneously to a number of mathematicians. 
Gauss developed this idea systematically, and because of his great authority it 
was adopted universally. 

Let us consider a plane, which we shall call the complex plane (or the 
Gaussian plane) and single out two points O and E in it. We shall introduce into 
this plane a Cartesian coordinate system whose origin is at O and whose +-axis 
has its unit point at E. We now map every complex number z= # + 1y on 
the point P of the plane whose coordinates are + and y. Conversely, with every 
point P(*,¥) of the plane we associate the number z—=2-+ iy. In this 
manner we have, so to speak, identified the totality of complex numbers with 
the points of a plane. 

The immediate advantage of this identification lies in the fact that most 
of the results of the preceding chapter now admit of simple geometric inter- 
pretations. Thus, for instance, our mapping makes the real numbers in the 
complex domain correspond to the points of the #-axis, which will therefore 
be called the real axis or the axis of real numbers. Also, two complex conjugates 
are represented by two points that are located symmetrically with respect to 
the real axis. 

Furthermore, the absolute value 


[a — b| = V (a, — by)? + (a, — 6,)? 


of the difference of two numbers 
42=4,+1a, b=b,4+1b, 


measures the distance between their image points. The modulus |@| of a 
complex number a therefore measures the distance from the origin O of the 
image point P of a. Finally, if a 4-0 then the amplitude # of a measures—in 
radians—the angle formed by the vectors OP and OE. 

Now consider the triangle in the complex plane whose vertices coincide with 


17 
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the (images of the) numbers a, b, and c. The lengths of the sides of this 
triangle are given by the quantities |b—c|,|c—a]|,|a—b|. The relation 


[le -—a|—Ja—8|]|S|b—c]<S|c—aj+ja—d], (20.1) 


which follows from (12.7), is simply another way of expressing the theorem 
of elementary geometry to the effect that the length of any given side of a 
triangle is always between the sum and the difference of the lengths of the 
other two sides. 


ab 





Fig. 1 Fig. 2 


21. Even these very simple results would, because of their striking intuitive- 
ness, justify the introduction of the geometric representation of the complex 
numbers. It is for deeper reasons, however, that a theory of functions in which 
complex numbers are not considered as geometric points, would nowadays be 
unthinkable. A ready appreciation of the connection between Function Theory 
and Topology—a connection discovered by A. L. Cauchy (1789-1857) and 
B. Riemann (1826-1865)—is possible only with the aid of our geometric 
interpretation. But even certain more elementary properties of the complex 
numbers that are of prime importance for Function Theory, would have been 
accessible only with great difficulty without the use of geometric ideas. These 
properties all stem from the fact that the straight line and the circle play a 
decisive role both in elementary geometry and in the complex plane. In this 
connection, we shall be concerned primarily with the circle-preserving trans- 
formations, which are represented by simple complex functions. 

But before going into these matters, we shall first show how the arithmetical 
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operations on complex numbers can be carried out by means of constructions 
in elementary geometry. 

22. If a and } are two complex numbers whose ratio is not a real number, 
then the numbers a + b and a — Od are obtained by drawing the parallelograms 











Fig. 3 








Fig. 4 


Applying to the circle K1 the theorem on the equality of all angles subtended by the same chord, we find: 
a= <a0N = <XaEN and since aN = NE, we also haveg = xX NOE. The same theorem applied to 
the circle K2—to which EN is tangent—yields x E VoKk = XaEN =a. Hence the triangles 

OE Va and O Yaa are similar. 
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shown in Fig. 1. Similarly, unless a and 6 are both real, the number ad is 
determined by means of a construction involving similar triangles, as shown 
in Fig. 2. 

Furthermore, for any non-real a + 0, the point 1/a@ is obtained by inter- 
secting the straight line that joins O to @ with the circle that passes through 
the points O and E and is tangent to the line Ea; for, the two triangles O(1/a)E 
and O Ea are similar (see Fig. 3). 

The construction which produces + Va out of a is equally simple. We 
consider (cf. Fig. 4) the circle circumscribed about triangle Oa, and its 
diameter MN which intersects the chord Ea at a right angle, M being chosen 
such that OM < EM. Then the points + Va are the intersections of the 
straight line ON with the circle that passes through £ and a and has its center 
at M. To prove this, we need only verify that the three angles labeled with a 
in Fig. 4 are actually equal to each other ; the validity of the construction then 
follows from the similarity of triangles OEVa and Oa a. 


Circles in the Complex Plane (§ 23) 


23. According to § 20, the points 2 of the Gaussian plane that lie on a circle 
of radius R about a as the center satisfy the equation 


jz—-al|=R (23. 1) 


But since 








|z—a|?= (za) (2a) =22-a2-az+44, 
we may replace (23.1) by 
zz2-az—-az+aa—R=0. (23. 2) 
Now if A, B, C, and D are real numbers and if we set 
A(z+2z)+iB(z—2+C (22-1) 4+D(zz+1)=0, (23.3) 


then equation (23.3) is equivalent with equation (23.2) provided that 4, B,C, 
and D are chosen in such a way that the equations 





a A+iB 2 A2+4 B® + C2— D? 23.4 
a= 6a D7 aaa (oi) aa (23. 4) 


hold. Therefore (23.3) represents a circle of radius R about a as its center 
whenever the relations 


C+D+0, D?<A?+ Bt+C? (23. 5) 


are satisfied. If 
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C+D=0 (23. 6) 
then (23.3) represents the straight line 


A(z+2)+¢B(z—2z)-2C=0, 


that is, 
Ax+By—C=0 (g=x+iy) (23.7) 


The Group of Moebius Transformations (§§ 24-25) 


24. Let a, 8, y, and 6 be four complex numbers satisfying the*condition 





ad—By +0. (24.1) 
Let us study the equation 
_ az +B 
errata (24. 2) 


First, if y == 0 then both a and 6 must be different from zero, because of 
condition (24.1), so that the two equivalent equations 





waSey 8, z= w B (24. 3) 
are meaningful. Relation (24.2) then represents a one-to-one mapping of the 
entire Gaussian z-plane onto the entire Gaussian w-plane. 

Second, if y=-0 then the right-hand side of (24.2) fails to represent a 
complex number in case yz + 6=0O, that is, in case z—=—6/y; but to 
every point of the z-plane other than — 6/y there corresponds a value of w 
other than a/y, since 
a  —(%d—By) 
y yv (yz + 9) 








w +0. (24.4) 


We note furthermore that equation (24.2) is equivalent to 


gc OEE (24.5) 
pw-—a 
and comparing this with the preceding set of relations, we see that (24. 2) 
maps the z-plane “punctured” at 2. = — 6/y (i.e. the totality of all points z 
other than z)) one-to-one onto the w-plane punctured at w—=a/y. 

The mapping by means of (24.2)—subject to condition (24.1)—of the 
full (or punctured) z-plane onto the full (or punctured) w-plane is called a 
Moebius transformation,’ since the first study of such mappings goes back 
to A. F. Moebius (1790-1868). 


* Also called fractional linear or linear or bilinear transformation. 
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The above results do not hold true if condition (24.1) is dropped, that is if 
ad— Bpy=0. (24.6) 


For in this case, we must have either y = 0 and a6 = 0, which renders mean- 
ingless at least one of the two expressions on the right-hand sides of (24.2) 
and (24.5), or else y += 0, which means, by (24.4), that all points of the z-plane 
except for 29 =— 6/y are mapped onto the single point w)—a/y of the 
w-plane. 

25. Let us now consider a second Moebius transformation, 


amr =e (5; — Br), (25.1) 


and let us here substitute for w the right-hand side of (24.2). We obtain 


ay (42 + B) + Bi (yz t 9) a* z+ pt 
yy (az + B) + 6, (yz + 0) *2, Of” (25. 2) 








having set 


a*=a,a+ By, *= a0, 8 + B, 0, 
(25. 3) 
yranatday, d* = B+ 6,6. 


We easily verify the identity 


a* O* — B¥ y* = (4d — By) (41 01 — Birr), (25.4) 
which implies that 
a* 6* — B* y* + 0 (25.5) 


From this it follows that the transformation (25.2), which is the product, or 
composite, of (24.2) and (25.1), is itself a Moebius transformation. This 
means that the Moebius transformations have the group property (more 
specifically, the composition property of a group). Furthermore, since the 
composite transformation (25.2) reduces to W =a if we choose 


4=-0 f=B n=y b=—a, 


it follows that every Moebius transformation has an inverse. Therefore the 
totality of Moebius transformations constitutes a group. 

There is, to be sure, a complication involved in the fact that the Moebius 
transformation (24.2) is defined only in the 2-plane punctured at the point 
2 = — 6/y while (25.2) is defined in the z-plane punctured at z* = — 6*/y* 
But we shall resolve this difficulty later (§ 30) by means of a very simple device. 


CircLe-PrESERVING Mappincs (§§ 24-27) 23 


Circle-Preserving Mappings (§§ 26-28) 


26. It is possible to obtain the most general Moebius transformations for 
which y = 0, by composition of two more special types, namely 


w=az, w=24+f8, (26. 1) 
For if we write 
w= my, wartF, (26. 2) 
we obtain 
w= SET 8 (26. 3) 


The most general Moebius transformations can now be compounded of trans- 
formations (26.1) together with the transformation 


w= 1/z, (26. 4) 
for if y +0 we only need write 
ee _ — —vlyzt+d) 
v= + Wy, 1 2 = ad—py - (26. 5) 


27. We note next that each of the two transformations (26.1) transforms 
the straight lines of the complex z-plane into straight lines of the w-plane, and 
that the first of these transformations maps the circle 


|z—al|=R (27. 1) 
onto the circle 
|jw—aal=|a]R, (27. 2) 
while the second maps the circle (27.1) onto the circle 


|w— (a+ B)|=R. (27. 3) 


Now the transformation (26.4) has similar properties. For if we replace the 
number 2 in equation (23.3) by 1/w, and 2 by 1/w, then w and w satisfy 
the relation 


A (w+w)—-iB(w—w)—C(ww—1)+D(ww+1)=0, (27.4) 
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which is quite analogous to (23.3). One easily verifies that (26.4) maps the 
straight lines of the z-plane onto the circles through w=O0 of the w-plane, 
and that it maps the circles through =O of the z-plane onto the straight 
lines of the zw-plane ; also, that the remaining circles of the z-plane are mapped 
onto circles of the w-plane. 

Now the result of § 26 serves to prove that the most general Moebius trans- 
formation (24.2) likewise maps every straight line and every circle of the 
g-plane either onto a straight line or onto a circle of the w-plane. 


28. A further elementary transformation that maps the straight lines and 
circles of the z-plane onto the straight lines and circles of the w-plane, is given by 


w=. (28.1) 


By combining this latter with the general Moebius transformation (24.2), one 
obtains a new class of transformations, 


ga oe. (ad —By+0), (28.2) 


which also map straight lines and circles onto straight lines and circles. 

The geometric property of mapping the straight lines and circles of the 
g-plane onto the straight lines and circles of the w-plane actually characterizes 
the totality of Moebius transformations enlarged by the transformations (28.2) ; 
that enlarged totality is also called, for this reason, the totality of circle- 
preserving transformations. This very remarkable result can even be general- 
ized in a certain direction; we may state the following theorem: Let the 
interior of a circle Ky of the z-plane be mapped one-to-one onto a certain set A 
of points of the w-plane, in such a way that every circle K contained in the 
interior of Ky is mapped onto a circle K contained in A. Then the mapping 
can be represented either by a Moebius transformation or by a transformation 
of type (28.2), and must therefore be a circle-preserving mapping. 

This purely geometric theorem, in which one need not even assume the 
given mapping to be continuous, can be proved by quite elementary means ;? 
but we shall not concern ourselves with the proof here. Rather we shall con- 
centrate on those properties of circle-preserving mappings which are of import- 
ance for the Theory of Functions. 


*C. Carathéodory, The most general transformations of plane regions which transform 
circles into circles, Bull. Amer. Math. Soc. 43, pp. 573-579 (1937). 
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Isogonality (§ 29) 


29. The transformations (26.1), and the transformation (28.1) as well, 
map two straight lines of the z-plane that intersect at an angle 3 onto two 
straight lines of the w-plane that intersect at the same angle. The transforma- 
tion (26.4) transforms every straight line g of the z-plane that does not pass 
through z = 0, onto a circle through w = 0 of the w-plane having its tangent 
at w= 0 parallel to g. Thus two straight lines of the z-plane that intersect 
at an angle # are mapped onto circles intersecting at the same angle. 

Since the most general circle-preserving transformations can be built up by 
compounding the types just discussed, one concludes readily that they must 
be isogonal (or angle-preserving), which means that the following statement 
is true: Let two arbitrary curves of the 2-plane intersect at a point where 
both have tangents, forming an angle #; any circle-preserving transformation 
then maps these curves onto two curves of the w-plane that intersect at the 
same angle #. 

However, there is a fundamental difference between the Moebius trans- 
formations (24.2) on the one hand and the transformations (28.2), which we 
shall also call circle-preserving mappings of the second kind, on the other hand. 
For, let us consider the point of intersection of the two curves in the 2-plane, 
as well as the first curve itself as being fixed, while we rotate the second curve, 
along with its tangent, about this fixed point. The corresponding tangent of the 
second curve in the w-plane will then also rotate. Now if the mapping is repre- 
sented by a Moebius transformation, then the two rotating tangents will rotate 
in the same sense (ie. either both clockwise, or both counter-clockwise) ; but 
if the mapping is given by (28.1)—and therefore, also, if the mapping is any 
circle-preserving mapping (28.2), of the second kind—the two tangents will 
rotate in opposite senses. 


The Number Infinity (§ 30) 


30. We recall the minor nuisance one runs into when studying Moebius 
transformations with y=+=-0 (see §25 above), because of the fact that the 
point 2. = — 6/y does not have an image point while the point w= a/y does 
not belong to the set of image points. The following device serves to remove 
this complication. 

In every complex plane, we shall adjoin to the complex numbers an 
“improper number” (or “improper point,” also “ideal” number or point), 
which we shall call the point at infinity and denote by «. We then agree, that 


26 Part One. II. THE GEOMETRY OF THE COMPLEX NUMBERS 


the image point of 2. —=— 6/y under the Moebius transformation just con- 
sidered shall be the point w= oo, and that the point w)— a/y shall be the 
image point of z= oo. 

It is easy to verify that the above extension of the complex plane by an 
improper number leaves intact the group property of Moebius transformations 
under the operation of composition; the only additional requirement is that 
we agree that 2 = oo is to correspond to w= o under Moebius transforma- 
tions of the type 


w=az+ 6 («+0) (30.1) 


(so-called integral linear transformations). 

The above agreements can also be rephrased in the form of rules of operation 
with the number infinity, as follows: 

First, if a is any complex number other than oo, we agree that 


a 


Second, if b is any complex number += 0 (but b may be ), we agree that 


b-co=00, =0co (b+0 complex). (30.3) 
On the other hand, to the combinations 
foe) 0 
co+o0, 0-00, ae e (30. 4) 


we shall not assign any meaning whatsoever (cf., however, §§ 160, 161, con- 
cerning calculations with meromorphic functions). 

The first of the two relations (30.2) is simply another way of expressing 
the above agreement to the effect that under the Moebius transformation 
w=—= 2+ a, the points z= o and w= o are to correspond to each other. 
The remaining relations in (30.2) and (30.3) can be interpreted similarly. 

The rules expressed by (30.2) and (30.3) are very convenient for deter- 
mining, among other things, the values taken on by rational functions of 2 at 
the point z= oo. This we can also accomplish by first noting that the 
transformation 


z=l1/t 


interchanges the points 0 and o, then expressing the given function f(z) as a 
rational function g(t) of t, and finally calculating the value of this g(t) at 
t=0. 

A complex plane to which the point at infinity has been adjoined will be 
called, in the sequel, a complete, or extended, complex plane. 


THE RIEMANN SPHERE (§§ 30-31) 27 


The Riemann Sphere (§§ 31-33.) 


31. It is often useful to consider the complex plane as the stereographic 
projection of a sphere, as was first done by B. Riemann (1826-1865). In 
particular, the circle-preserving mappings of the plane correspond to very 
simple transformations of the sphere. To see this, let us consider a sphere of 
radius unity (cf. Fig. 5) and whose center is coincident with the origin of the 





Fig. 5 


complex plane (which we visualize here as a horizontal plane). The equator 
of the sphere then coincides with the unit circle | z| = 1. Every point P’ of 
the z-plane may be connected to the north pole N of the sphere by means of 
a line-segment NP’ that intersects the sphere at the point P. We then assign 
to the point P the number zg = x + iy which corresponds to the point P’ in 
the complex plane. Thus the number z= 0 is assigned to the south pole S 
of the sphere. It is easy to see that to the north pole N—the only point of 
the “Riemann sphere” to which there does not correspond any point of the 
g-plane in the above arrangement—we must assign the number oo. 

This stereographic projection, which was used as far back as Ptolemy 
(?-161 A.D.) for celestial maps, has the remarkable property of being isogonal. 
For, a straight line in the plane of projection is the image of a circle through NV 
on the sphere, and the tangent at N of this circle is parallel to the given line 
in the plane. Therefore two straight lines in the plane that intersect at P at 
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an angle # must be the images of two circles passing through P and N on the 
sphere, and by what has just been said before, these two circles must intersect 
at N, and hence at P also, at the same angle #. 

32. Let us introduce a system of cartesian coordinates €, 7, ¢, having its 
origin at the center of the sphere and such that the é-axis and y-axis coincide 
respectively with the x-axis and y-axis of the g-plane, while ¢ 1 at the 
north pole N. 

The equation of the sphere is then as follows: 





Sra gh CP Or Fy (32. 1) 
By Fig. 5, however, we have 
eats, (32. 2) 
and we have the equations 
Se hee Te (32. 3) 








From these it follows that 














a Ose _ 7 _étin  -+_ §=in 
x Ter? y (= g= Tat? ? Tor (32. 4) 
-_ tq? 1st 
2a= Qo = Go (32. 5) 
= 2 - 2 
ri-1=y08, 22+1=44 5. (32.6) 


The coordinates &, », ¢ of the point P are then expressed in terms of 2 as 
follows : 

2% Z+2 i (z — 2) zz—1 
~~ 2eel 7 c= eet’ 





(32. 7) 





33. Now it is easy to derive the various properties of stereographic projec- 
tion from the above formulas. 

Assume, for instance, that z and w are two points of the complex plane that 
correspond to two diametrically opposite points of the Riemann sphere. From 
(32.4) we obtain in this case that 
sain 


1-—¢ ’ 











E+in yc stat 


z= aaa ree ee Te , (33.1) 


which implies that 
wos, wit1=0. (33. 2) 
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Hence the mapping of the sphere that sends each point P onto its diametric- 
ally opposite point P* corresponds in the z-plane to a circle-preserving mapping 
of the second kind (cf. §§ 28, 29 above). 

As a second example, let us consider equation (23.3) above, which repre- 
sents an arbitrary circle (or straight line) in the complex plane. By (32.7) 
and (32.6), this equation is transformed into 


AE+Bn+CO+D=0. (33.3) 


This proves the well-known theorem to the effect that stereographic projec- 
tion maps the circles on the sphere onto circles (or straight lines) of the plane 
of projection. The second of the relations (23.5) above now states that the 
distance of the plane (33.3) from the center of the Riemann sphere is less 
than unity, i.e. that this plane cuts the sphere in a circle. 

The most general circle-preserving transformations of the z-plane also corres- 
pond to simple mappings of the sphere, namely to collineations of the (é, 7, ¢)- 
space that leave the sphere invariant. 


Cross-Ratios (§§ 34-37) 


34. Let the four finite numbers w,, we, W3, Ws be the images under the 
Moebius transformation (24.2) of the four finite numbers 2,, 22, 23, 24. The 
equations 


a ad—By = yp 
W;— Wy Oat a Gate (z;—2,) (¢,k=1,2,3,4) (34.1) 





along with the abbreviation 





_ By)? 
Ax Gees Honea GAEe ene) 
yield 
(wy — We) (ws — Wa) = A (2 — 29) (25 — 24). 
Since A is symmetric in 2,,..., 2,, we also have 


(1 — Ws) (Wy — 4) = A (2, — 25) (22 — %)- 


Dividing this last equation into the preceding one, we obtain 








(wy — wa) (ws — wa) (21 — 22) (23 — %) 
(w, a ws) (we = W,) = (23 _— 23) (2 = %) * (34. 3) 


The right-hand side of (34.3) is called the cross-ratio of the four numbers 
21, 22, 23, and 24, and is denoted by (21, 22, 23, 24). 
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The relation (34.3) does not contain the coefficients a, B, y, 6 of the Moebius 
transformation. We may re-write (34.3) in the form 


(1, We, Wy, Ws) = (24, 225 2g, 24) (34. 4) 
and express the content of this by saying that the cross-ratio of any four 
given points is an invariant under every Moebius transformation. 

To render this statement valid in full generality, we must define the cross- 
ratio also for the case where one of the points is «. This is done as follows: 
If 2:=+0, we may write 








(21, 22, 235 24) 


which leads to 


(CO, 2g, 2g, 24) = at : (34. 5) 
2° *4 


Similar expressions are obtained if one of 22, 23, or 24 coincides with o. 
35. The cross-ratio 


= OA eee 0 ed 3 

A= (21, 2, 23,2) = aaa g eae (35. 1) 

can be written as 

az+B 
A= reat aad (35. 2) 
where 

A= 22-2, B= 25(21— 2), Y=%g—%, O= 2Q (2 — 25), (35.3) 
ad — By = (2 — 2p) (22 — 2g) (23 — 41) + (35. 4) 


Hence if the three points 2:, 22, 2; are distinct, then (35.2) represents a 
Moebius transformation, and the fourth point z can always be chosen in 
such a way that the cross-ratio 4 assumes an arbitrarily assigned value 
(including the value oo). _ 

We have at the same time obtained the following result: For the cross-ratio 
(21, 22, 23, 84) of four points to have a well-determined value, it is necessary 
and sufficient for at least three of the four points to be distinct. 

If we substitute 2,, 22, and 23, one after another for 2 in (35.1), we obtain 
A, = 1, A, = «©, As =O. Since the cross-ratio is invariant, it follows that 


Cee mie hs & (35.5) 


which can also be verified directly. 
The three points 1, 0, O lie on the real axis; so does the fourth point A, 
provided that 4 is real. From this we can easily deduce the following theorem : 
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Four points 21, 22, 23, 24 lie on the same circle if and only if their cross-ratio 
(21, 2, 83, 24) is a real number or o. 

This theorem may be used to derive once more the representation (15.3) 
of the unimodular numbers. In fact, (15.3) is equivalent to 


Gi,—1,l,w)=t, (35.6) 
which expresses the fact that the point u lies on the circle determined by the 
three points 1, i, —1. 

36. If 21, 22, 23 and w,, Wz, w 3 are two triples of distinct points, then the 
equation 
(Wi, We, Ws, W) = (41, 22, 23,2), (36.1) 


when solved for w, represents a Moebius transformation that maps each of 
the points 2; onto the corresponding point w;. Hence a Moebius transformation 
is determined uniquely whenever the images of three given points are assigned. 

If the three points w, are all assigned to lie on the circle determined by the 
three points 2;, then this circle is mapped onto itself. For example, equations 
(14.2) represent a transformation under which the unit circle is mapped 
onto itself. 


37. If we calculate in addition to the cross-ratio (35.1) the cross-ratios 
of the same numbers 2; taken in a different order—or if (which amounts to 
the same) we form all possible cross-ratios of the four numbers 0, 1, «0, A— 
then we obtain the six numbers 


1 1 = 
x A 1-4 


i? 14, 1—A’ A—1’ a 





(37.1) 


(each occurring four times), and no others. 

In general, these six numbers are distinct. But we may equate any two of 
the six numbers in (37.1) and solve the resulting equations for 2, thus finding 
special values of 4 to which correspond very particular configurations of the 
points 2,, 22, 23, 24. In this way we are led to the following results: 

First, if A= 0 or 1 or o, then (37.1) contains only three distinct numbers, 
viz. 0, 1, 0, each of which then occurs twice in (37.1). In this case, the 
point 2, must coincide with one of the points 21, 22, 23. 

Second, if A== — 1 or 1/2 or 2, then (37.1) contains only the three distinct 
numbers — 1, 1/2, and 2, each occuring twice. The four points 2,, 22, 23, 24 
must in this case lie on a circle (or on a straight line) and form a harmonic set. 
If one pair and one point of the other pair of such a set are given, it is possible 
to construct the fourth point by elementary-geometric constructions. 

Finally, if 








A= 1+ iy3 or eee Es 


: (37. 2) 


’ 


32 Part One. III. Euciipean, SPHERICAL, AND Non-EucLipEAN GEOMETRY 


then (37.1) contains only the numbers (37.2), each occurring three times. 
The four points 2,, 22, 23, 2, are in this case said to be in equi-anharmonic 
position. Here too it is possible to find the fourth point 2, by elementary- 
geometric constructions if the points 2,, 22, 23 and one of the two numbers 
(37.2) are assigned. For example, if the points 2:1, 22, 23 are the vertices of 
an equilateral triangle, then 2, must be either the center of the triangle or the 
point at infinity; depending on the choice of A. 

These symmetries can also be made to show up in the formulas. If, for 
instance, the two pairs of points 2:1, 2, and 2,, 2; form a harmonic set, then 
we must have 


(21, 22, 23, %4) = —1, (37. 3) 
which can also be written in the form 
2 (2, 24 + 2y 2a) = (2, + 24) (Ze + 23)- (37. 4) 
In the special case 220, 23; == o, we find similarly that 
2, + 2,==0. (37.5) 


Finally, if the three points 2,, 22, 2; are given, then there exist two points 24 
which complete an equi-anharmonic quadruple. They can be calculated from 


BB (eg t 25) + 28 (2 + 24) + 2f (2p + 2) — 6 24 2y 2 + 1V'3 (zg — 29) (2 — 2) (he — 4) 
2 (22+ 284 28 — 2% — 252, —-% 2) (37. 6) 





4 


and any interchange of two of the points 2,, 22, 23 also leads to an interchange 
of the two points (37.6). 


Reflection in a Circle (§§ 38-40) 


38. If we plot the point z and its image point w under a given Moebius 
transformation in the same complex plane, it will be clear what is meant by a 
fixed point of the transformation. We shall see in § 52 below that every 
Moebius transformation other than the identity transformation w= 2 has 
exactly two fixed points, which may or may not coincide. 

For the general circle-preserving mapping of the second kind, 


w= Seth (26 — By + 0), (38.1) 


we obtain an equation for the position of the fixed points by eliminating z 
from the two equivalent equations 
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az+B = az+ Bp (38. 2) 





In general, this yields a quadratic equation for z, so that it would seem at first 
as though here, too, there could be at most two fixed points. However, for 
certain values of a, 8, y, and 6, it may happen that all the coefficients of the 
quadratic equation just mentioned will vanish, and in this case the transforma- 
tion (38.1) may have three or more fixed points, or possibly none at all. 
It is in fact quite easy to find circle-preserving mappings of the second kind 
that have at least three fixed points. For according to § 34 above, the equation 


(w1, We, Wy, W) = (21, Ze, 2g, 2) (38. 3) 
represents a circle-preserving transformation of the second kind that maps 
the three points 2:, 22, £3; onto the three points w, w,, w3. Therefore the 
equation 7 

(21, 22, 23, W) = (2, 22, 25, 2) (38. 4) 
represents a circle-preserving transformation of the second kind that has 
21, 22, and 2; as fixed points. Moreover if 2, is any fourth point on the circle 


(or straight line) determined by the points 2,, 22, 23, then the cross-ratio of 
the four points is real, so that we have the equation 


(21, 22, 23, 24) = (a, hes %y, %). 


On the other hand, the image w, of the point 2, satisfies 


(2, 20, 23) W,) = (2, Ze, a tas 


and the relation w, = 2, deriving from the last two equations shows that along 
with the points 2,, 22, 23, every other point on the circle (or line) k determined 
by these three points must likewise be a fixed point of the transformation (38.1). 
It is easy to see that, conversely, a point not lying on k cannot be a fixed point 
of the transformation (38.1), and that this transformation is therefore deter- 
mined uniquely if its circle (or line) x of fixed points is assigned. 

In particular, if k is the real axis then equation (38.1) becomes 


w=, (38. 5) 
which represents a reflection in the real axis. We shall see shortly that in the 


general case, we may speak of a reflection, or inversion, in the circle k. 


39. An arbitrary circle (or straight line) is represented by an equation 
of the form (23.3). If we replace z by w in this equation, we obtain 


A(jw+2z)+iB(z—w)+C(wz—1)+D(wz+1)=0, = (39.1) 
which is the equation of a circle-preserving transformation of the second kind 
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having the circle (23.3) as its circle of fixed points. Hence (39.1) represents 
a reflection in an arbitrarily assigned circle. 

For the circle-preserving mapping (38.1) to coincide with the reflection 
(39.1), it is necessary and sufficient that there exist a complex number 4 + 0 
satisfying the equations 


a=—A(A+iB), B=A(C—D), y=A(C+D), 6=4(A—7B). (39.2) 


These in turn imply that 





eee (39. 3) 


For (23.3) actually to represent a circle or a straight line, we recall that 
the second relation (23.5) must be satisfied. But (39.2) and (23.5) together 
imply that 

aa+ Py=AA(A? + B24 C?— D2) >0, 
so that we have in 
aa+Bpy>od (39. 4) 


a condition that must be added to conditions (39.3) above. 
40. Since equation (38.4) can also be written in the form. 


(21, 22, 43, 2) = (zx, aa ays w) ’ 
it follows that the reflections (38.4) are involutory transformations, that is, 
they are transformations that are identical with their inverse transformations. 
To obtain the most general involutory circle-preserving transformations of the 
second kind, we must require that along with equation (38.1), equations 
aw+ fp > dwt B 
yw+ 6s? yw+o 








also hold. Hence the transformation (38.1) and the transformation 


SNe 
| 
TR) 


0s. Py 
= ; f (40. 1) 


(cf. (39.3) above). The condition ad — By +0 in (38.1) implies that not 
all of the numbers in (40.1) can vanish at the same time, and from the same 
condition it follows that 


aatpy +0. (40. 2) 
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We have found earlier, in (33.2) above, an involutory circle-preserving 
mapping of the second kind having no fixed point at all. Now if the relations 
(40.1) are satisfied and if the given transformation has a finite fixed point 2, 
then the equation 


Y %%t+6%—AaA%=B (40. 3) 
must hold. On the other hand, (40.1) implies that 
yo=—ay, (40. 4) 
which together with (40.3) implies that 
aat By = (y% a) (yz—a) 20. (40. 5) 


Finally, if z= © is to be a fixed point of the given transformation, then we 
must have y =O and hence again aa + By > 0. 

Taking (40.2) into account, we therefore arrive at the following result: 
A circle-preserving mapping is a reftection in a circle if and only if it is 
involutory and has at least one fixed point. 

We can verify easily that the reflection in any given circle 


jz—al=R 


can be written in the form 
R2 
w— a= 
z—a 





and therefore represents the well-known mapping by reciprocal radu, or 
inversion, in the given circle; this justifies the terminology introduced at the 
end of § 38. 


Determination of the Location and Size of a Circle (§§ 41-44) 


41. Any given circle k in a complex plane can be represented as the image 
of the real t-axis under a suitable Moebius transformation 
gist t+ 6 es? 6z—8B 


yt+ 6° —yzta” GE) 





The same Moebius transformation maps two complex conjugates t,¢ of the 
complex t-plane onto two points z,w that are inverses with respect to the 
circle x. For if we combine relations (41.1) with the equation 


ai+ 6B 
=—=—_, 1. 
w re (41.2) 
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we obtain a circle-preserving mapping of the second kind, 


(a5—By)2—(aB—Ba) (41. 3) 
(y5— dy) 24+ (26—By) ' 








whose fixed points coincide with the points of k, since these correspond to the 
real values of t. Using (41.3), we may also obtain the equation of the circle k 
in the form 


(yd — dy) zz+ (@6— By)z—(2d—By) z+ («B—Ba)=0. (41.4) 


To obtain for the same circle an equation of the form (23.3), we must 
calculate the real numbers 4, B, C, D from the equations 


i(A—iB)=ad—py, *1(A+iB)=—(a6- 87), 


oe te ce (41.5) 
i(C+D) =yd-dy, t(D—C) =aB- Bu. 
These equations imply that 
APE Chon Dra Geka Oeste D OER O) 7 a 
= (25 — By) (3 — BP). | 


Now we obtain the center a and the radius RF of the circle from (23.4), using 
(41.5) and (41.6): 





42. From (41.6) we also obtain the identity 
|ad—By|?—|ad—By|?= (yd ~ 57) (2B — Ba). (42.1) 





If we set 


M=R+|a|, m='R-|al|, (42. 2) 





then by the triangle inequality (§ 20 above), the numbers M and m represent 
respectively the maximum and the minimum of the distance from the origin 
of the points of our circle. Relations (41.7), (42.1), and (42.2) now yield 





mew WeS=Byltlad—Byl 2 ieee A OE 7) 
lyd—dp| lad—Byi + lad—Byi 


This result enables us to give an estimate for the absolute value of the right- 
hand side of (41.1) for real values of ¢. The relations 
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ja B— Bal setae BS le ciel soled 
lxd—Byl+lad—By| ~ | vt+o | ly 5-47 (42. 4) 


treal, ad- py +0, 





obtained in this manner would not have been easy to establish without the 
above geometric considerations. We note that the first one of the inequalities 
in (42.4) remains valid even if the circle k degenerates into a straight line, 
ie. even if yO— dy =O. 

43. The Moebius transformation (41.1) maps the unit circle 


(?i=ty. ¢=e?* (9 real) (43.1) 
onto a circle K* whose equation is obtained by eliminating ¢ from 
pt: BE (43.2) 
yt+o y+ ét 


This yields 
(yy —66)2z—- (ay — Bd)z— (ay — Bd)z+ (xa—-BB)=0, (43. 3) 
from which we obtain, by the method of the last two sections, 


jaa — B BI < | me@+6] — lnd—Byi+ lay—BSl 
jad —Byl+lay—Ba — | xee+d| ~ ivy — 6] (43.4) 


Breal, ad6—By +0. 











44, The various formulas developed above make it easy to calculate the 
center and radius of a circle that is to pass through three given points 2, 22, 23. 
For by § 35, we obtain the equation of this circle by equating the cross-ratio 
(21, 22, 23, 2) to a real number ¢, thus: 


(1-4) @e—2) 
at. (44.1) 


In order to be able to make use of equations (41.1), we must write 
a = (Z,— %) 2%, B= (%y—%)%, YH4—%, G=%—%. (44.2) 

From this we calculate 

ad — By = (2 — 29) (22 — 25) (23 — 41), 

ad — By = 2% % (25 — 2g) + 2 Zp (21 — 2g) + 2g 23 (22 — 21), 

y 0 — OY = (29 23 — 25 29) + (25 21 — 21 2s) + (21 22 — 22%)» 


| (44, 3) 


aB-pa=yy (2g 22 — 29 23) + 29 2, (21 23 — 23 21) + 25 25 (22 21 — 21 29), 
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whence we can immediately write down the final formulas for a and R, which 
turn out to be symmetrical in 2,, 22, 23, as of course they ought to be. 


Pencils of Circles (§§ 45-50) 


45. Our results concerning circle-preserving transformations imply that 
every such transformation maps any two circles that intersect each other at 
right angles onto a like pair of circles. We also note, for use below, that if a 
circle has a pair 2, 2 of complex conjugates as two of its points, then it must 
be orthogonal to the real axis, and that, conversely, every circle that is orthog- 
onal to the real axis must contain 2 if it contains 2. 

Now let kK, be an arbitrary circle (or straight line), let 29 be any point not 
lying on Ki, and let 2; be the point obtained from 2, by inversion in k,. Then 
every circle containing both 2. and 2; must intersect the circle kK; at right angles, 
and every circle through 2) and orthogonal to K; must contain the point 2,. 

Let us consider also a second circle K, and the point 22 obtained from 2» by 
inversion in Kz Then the circle determined by the three points 20, 21, and 2, 
must be orthogonal to each of the two circles kK, and Ke. 

We define a pencil of circles to be the totality of all circles orthogonal to 
two given circles K,; and Kz. The discussion above shows that every point 2 
lying neither on K, nor on Kz must lie on at least one circle of the pencil. We 
also see that every Moebius transformation maps a pencil of circles onto 
another pencil of circles. We shall make use of this invariance under Moebius 
transformations of the set of pencils of circles for a classification of such pencils. 

46. Let us consider first the case of two circles K,; and kK, that intersect at 
two points P and Q. In this case we can find a Moebius transformation that 
maps the points P and Q onto z= 0 and z= o respectively, and that there- 
fore maps K; and k, onto two straight lines passing through z= 0. The pencil 
of circles determined by kK; and kK, must here be mapped onto the totality of 
circles having the two straight lines as diameters, i.e. onto the totality of con- 
centric circles with center at z==0. The only points of the extended complex 
plane that are not contained on any of the circles of the transformed pencil 
are the two points =O and z= o; these we shall call the limiting points 
of the pencil. Every other point of the plane is contained on exactly one circle 
of the transformed pencil. 

For the original configuration, consisting of all the circles orthogonal to both 
K; and ky, the situation is quite analogous; there passes through every point 
of the extended plane other than P and Q exactly one circle of the pencil, and 
no two of these circles have a point in common. Pencils of this kind are called 
hyperbolic pencils of circles. 
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47. The second case to be considered is that of two circles K, and kK, having 
no point in common. Here we first use a Moebius transformation that maps 
K, and kK, onto a straight line K;’ and a circle x,’ respectively ; the line Ky’ will 
of course be entirely on the outside of the circle Ky’ (see Fig. 6). Let us 


ek 
% / (VF 
ay. 


Fig. 6 


denote by yp,’ the straight line MN that passes through the center of kK,’ and 
is perpendicular to K;’, and by 2’, the circle with center at N that is orthogonal 
to Ky’. Let P’ and Q’ be the two points of intersection of 4’ and 2’. Now we 
use a second Moebius transformation to map P’ and Q’ onto z= O and z= o, 
respectively. As we saw in the preceding section, this transformation maps 
K,’ and x,’ onto two concentric circles K,” and kK,” that are orthogonal to 
every straight line through z= 0 but not, both simultaneously, to any other 
straight line or circle. This implies that the only circles that are orthogonal to 
both k,’ and x,’ are those that pass through P’ and Q’. 

Hence there are two points P and Q such that the circles through P and Q 
are the only ones that are orthogonal to the two given circles K, and K,. These 
two points P and Q are the only pair of points having the property of being 
the images of each other both under inversion in kK, and under inversion in Ky. 
We shall call these two points the common points of the pencil. A pencil 
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consisting of all the circles passing through two fixed points P and Q is called 
an elliptic pencil of circles. 


48. A pencil of circles is called parabolic if it consists of all the circles 
orthogonal to two mutually tangent circles. If the point P of tangency of kK, 
and kK, is mapped onto the point z= © by a suitable Moebius transformation, 
then the circles kK; and kK, are mapped onto two parallel straight lines K,’ and 
K,’, and the parabolic pencil defined above is mapped onto a family of parallel 
straight lines orthogonal to kK,’ and K,’. Hence the original parabolic pencil 
consists of all circles that are orthogonal at P to both kK, and kp. 

49. Two pencils of circles having the property that each circle of one pencil 
is orthogonal to each circle of the other pencil, are called conjugate pencils of 
circles. Every elliptic pencil has exactly one conjugate pencil, which turns out 
to be hyperbolic; conversely, the unique conjugate of any given hyperbolic 
pencil is always an elliptic pencil, The parabolic pencils can be paired off 
into pairs of conjugates. 

The above implies that for any two given circles K; and ky, there exists 
exactly one pencil of circles that contains both of them. This pencil will be 
elliptic, parabolic, or hyperbolic, according to whether the two circles have 
two, one, or no points in common. 

We have obtained all these results as simple applications of the following 
theorem: Two circles that intersect or are mutually tangent can always be 
mapped, by means of a suitable Moebius transformation, onto two intersecting 
straight lines or onto two parallel straight lines, respectively ; and two circles 
that have no point in common can be similarly mapped onto two concentric 
circles. 

We also note the following fact: Among the members of a pencil of circles, 
there always exists exactly one straight line, except in the degenerate case of a 
pencil consisting of concentric circles or of parallel straight lines. This straight 
line, in fact, is the locus of the centers of the circles that form the pencil 
conjugate to the given pencil. 

50. The families of circles on the Riemann sphere that are mapped onto 
planar pencils of circles, under stereographic projection, can be described in 
very simple terms. 

For if we consider a circle k on the sphere and pass through its points Q 
the tangents to the sphere that are orthogonal to xk, then all these tangents 
will meet at a point P in space (which may be at infinity). Conversely, every 
tangent through P to the sphere meets the sphere at a point Q of k. But the 
point P is the pole (relative to the sphere) of the plane of kK. Therefore, two 
circles on the sphere are mutually orthogonal if and only if the plane of one 
circle passes through the pole of the plane of the other circle and vice versa, 
that is if and only if their planes are conjugates of each other. 
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Now consider two circles K, and kK. on the sphere, and let the poles of their 
planes be P, and P, respectively. Let g be the straight line joining P, and P2. 
The pencil of planes through g intersects the sphere in a family of circles whose 
stereographic projection onto the plane yields a pencil of circles. This pencil 
of circles will be elliptic, parabolic, or hyperbolic, according to whether g has 
two, one, or no points in common with the sphere. The locus of the poles of 
the planes that make up a pencil with the axis g, is a straight line g’, and it is 
the line g’ that can be used to construct the pencil of circles conjugate to the 
one just obtained from g itself. 


Moebius Transformations Generated by Two Reflections (§ 51) 


51. Under reflection (i.e., inversion) in a circle K,, every circle k orthog- 
onal to K, is mapped onto itself. If the reflection in kK, is followed by a second 
reflection, in a circle Kz, then the resulting composition of the two reflections 
represents a conformal? circle-preserving transformation that leaves invariant 
(i.e., maps onto itself) every circle K of the pencil consisting of all the circles 
orthogonal to both kK, and ke. 

Conversely, consider a Moebius transformation that leaves invariant each 
circle of a given pencil of circles. We shall prove that any transformation of 
this kind can be broken down into two successive reflections in two circles kK; 
and x, belonging to the pencil of circles conjugate to the given pencil, and 
that, moreover, one of these two circles can be chosen at random among the 
circles of its pencil. 

Let us assume first that the pencil of invariant circles is hyperbolic. Since 
a hyperbolic pencil can always be transformed into the pencil of concentric 
circles | z| =r by means of a suitable Moebius transformation, it suffices to 
prove the above statement for the case that the invariant circles are the circles 
|z|==r. Now if a Moebius transformation leaves these circles invariant, it 
must map every straight line g through z = 0 onto some straight line g* also 
through z=0. If 290 is a point on g, then a reflection in one of the two 
angle bisectors h of g and g* maps 2 onto the same image point 29* on g* as 
does our Moebius transformation (since the latter shares with the reflection 
the property of leaving | z | unchanged, for all 2). Hence the Moebius trans- 
formation in question differs from the reflection in h by a circle-preserving 
transformation with the fixed points z=0, z= 2 *, and z= 0. By § 40, 
the only such circle-preserving transformation is a reflection in g*. We now 


* That is, of the first kind (see § 29 above). A mapping is said to be conformal if it pre- 
serves the magnitude and the sign (sense) of every angle [Trans.]. 
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write the equations of h and of g* in the forms 

zei?@— ze? =0, ze i¥—ze'¥=0. (51.1) 
By reflection in h, a point z is mapped on the point 


a nae gt = e727 Pe, (51. 2) 


By reflection in g*, the point 2* is mapped onto 


w= er*¥ xe, (51.3) 
The composition of the last two operations yields 


w= ert z, (51.4) 


This Moebius transformation is a rotation through the angle #= 2(y— 9), 
and we see that m (or w), hence also h (or g*), can be chosen arbitrarily. 

We are led, by similar reasoning, to analogous conclusions if the pencil of 
invariant circles is elliptic. After transforming this pencil into the pencil of 
straight lines through =O by means of a suitable preliminary Moebius 
transformation, we find in this case that any Moebius transformation leaving 
each of these lines invariant must be the resultant of two successive reflections 
in two concentric circles 


zz=a®%, zz=)?. (51. 5) 


This time, we have to compound the two transformations 2*z =a? and 
we* = b?, and we obtain 
b2 
w= 2. (51. 6) 


a2 


Since the Moebius transformation (51.6) depends only on the ratio of the 
radii of the two circles (51.5), we may once more assign the first (or the 
second) of these two radii arbitrarily. 

In the third case, that of a parabolic pencil of invariant circles, we are 
similarly led to reflections in two parallel straight lines. The composition 
(product) of these reflections is a translation of the complex plane. This 
translation depends only on the direction of the two parallels and on their 
distance from each other, but not on the position in the plane of each of them. 
Thus we have proved the statement set forth above, in all of its parts. 
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Representation of the General Moebius Transformation 
as a Product of Inversions in Circles (§§ 52-55) 


52. Every Moebius transformation 


pas (25—By +0) (52.1) 





can be written as the product of two or of four inversions, as we shall now prove. 

We begin by considering the fixed points of the transformation (52.1), 
which we can obtain by setting w= 2; thus the fixed points—to be denoted 
by 2;—are the roots of the equation : 


y22+ (6-—a)z—B=0, (52. 2) 


and if y +0, they can be written 








a za F V4 A=(a+6)?-4(@6—By). (52.3) 


Therefore if y + 0, the number of fixed points is either one or two, according 
to whether d—0 or 4+ 0. 

If yO, we have to count the point z= oo as a fixed point. Since 
A—=(a—6)? in this case, we once more have one or two fixed points, 
according to whether 4d —0 or 4+0. 

53. Let us deal first with the case that A—=0,i.e.that «6 —By = (« + 6)?/4. 
If y 0 also, then we must have a= 6 and 


wa2th. (53.1) 


This transformation is a translation of the plane, and can be factored into 
two successive reflections in two parallel straight lines. 
But if y +-0, then we have 














—6d + 6 
ae aa , yato= Fst, (53. 2) 
hence by (34.1): 
Pa, 28 _ (#6—By) @—%) = (a + 6) (2-4) 
es ai Mais ae ee ae, 
On the other hand, 
yetd=y(e—z)t 272, (53.4) 


2 
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so that we can write 











1 _ 1 2y 
W—%4 2 2k F ato (53. 5) 
If we introduce the new parameters 
ee ee, ere ea (53. 6) 
w— zy zZ— 2y 


then our transformation (53.3) assumes once more the form of a translation, 
= 2y 
and we have proved the following theorem: 


Every Moebius transformation for which the discriminant A vanishes can 
be represented as the product of two reflections in two mutually tangent circles 
(or in two parallel straight lines). 


54. If A=+-0 and y +0, then by (34.1) we have 




















Ww — 2 WwW, yato  z-% (54.1) 
w—-% 3 wW—-wy Ye +d 22? . 
The change of variables 
Se St Jee (54. 2) 
w— zy z— 2 
brings our Moebius transformation into the simple form - 
o=ot, (54. 3) 
where + 
0= ya t+ _ «+6+V4- (54.4) 
y%_+ 6 a+d—Ya 
But if y = 0, A = (6 — a)? + 0, then we write 
o=w— B ft=z—- B : (54. 5) 


we are once more led to (54.3), with 


a a+6+Y~a 
oe. eee 











VA=a—6). (54.6) 


Thus the two cases y + 0 and y = 0 lead to the same formulas. The resulting 
types of transformations of the complex plane depend on the value of @, as 
follows : 
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First, if @ is real and > 0 but =- 1, then the transformation (54.3), and 
hence also the transformation (54.1), can be represented by two successive 
reflections (inversions) in two of the circles of a hyperbolic pencil of circles. 
Second, if @ is unimodular but ++ 1, then our transformation can be represented 
by two successive inversions in two of the circles of an elliptic pencil. Finally, if 


eae". 250; #2), OPS 22, (54. 7) 


then the transformation (54.3) can be written as the product of four inversions, 

the first two in two circles of a certain pencil and the last two in two circles 

of the conjugate pencil. We can then verify easily that if # + 2, no circle and 

no straight line can be mapped onto itself, and from this it follows that no less 

than four inversions will suffice to represent the given Moebius transformation. 

A Moebius transformation of this type is called Joxodromic. We find that if 
=a, the transformation (54.3) is likewise loxodromic. 


55. From sei and then (52.3), we obtain 








1\2 
Y4= (a+) 22, (+6) 4(25— By) ~4= (e+ 8)? (£55) , (55.1) 
and from this we obtain the rational invariant 

fo NOT iG (55. 2) 


(x6—By) = 40 40 


This invariant 4 serves very well to characterize, and distinguish between, the 
various cases just discussed. For if @ is real, positive, and +1, thend > 1. 
If @ is unimodular, say @ = e*®, then A= cos? 9/2; for e+ 1 we then have 
OS1A<1. Finally, if 4=0 then A—1. 

In summary, we see that the Moebius transformation (52.1) is aiways 
loxodromic for non-real A, and for negative real 2. If Ais real and =O, then 
the transformation can be represented as a product of inversions in two circles 
of a pencil of circles that is elliptic, parabolic, or hyperbolic, according to 
whether A<1,A=1, or A>1. 


CHAPTER THREE 


EUCLIDEAN, SPHERICAL, AND NON-EUCLIDEAN GEOMETRY 


Bundles of Circles (§§ 56-57 ) 


56. By a bundle of circles on the Riemann sphere we shall mean the totality 
of circles on this sphere whose planes pass through some fixed point M in space. 
This point M may also be at infinity. 

If two circles kK, and Kz belong to a given bundle, then every circle of the 
pencil containing K, and k, itself belongs to the bundle. 

Any three circles K,, Kz, Kg that do not belong to the same pencil of circles 
uniquely determine a bundle of circles. Every other circle of the bundle belongs 
to one of the pencils determined by Kz and some circle x’ of the pencil contain- 
ing K, and kz. 

If M does not lie on the sphere, then on every circle of the bundle correspond- 
ing to M there are pairs P, Q of points collinear with M. If a circle of the 
bundle contains the point P it must also contain the point Q. 

A bundle of circles is said to be hyperbolic, parabolic, or elliptic, according 
to whether the point M lies outside the sphere, on the sphere, or in the interior 
of the sphere. 

57. Stereographic projection maps a bundle of circles on the Riemann 
sphere onto what we shall call a bundle of circles in the complex plane. The 
latter bundles, of course, have properties analogous to the properties of bundles 
on the sphere enumerated in § 56 above. 

The following remarks will show how the bundles of circles in the plane 
can be defined independently of bundles of circles on the sphere: 

First, if the point M coincides with the north pole N of the sphere, then 
the bundle on the sphere is parabolic, and its stereographic image is the totality 
of all the straight lines in the complex plane. 

Second, if M lies in the plane that is tangent to the sphere at the north pole N, 
then the corresponding bundle in the plane consists of all the circles and straight 
lines that are orthogonal to a fixed straight line. 

In all other cases, the line NM meets the complex plane at a point M,, and 
the bundle in the plane contains among its members all the straight lines 
passing through M,. Now if M lies outside the sphere, then the bundle is 
hyperbolic and consists of all the circles orthogonal to a fixed circle. In par- 
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ticular, the straight lines through M, must be diameters of this fixed circle; 
its center is therefore at M,. 

If M lies on the sphere, then the bundle is parabolic and consists of all the 
circles and straight lines that pass through M,. 

Finally, if M lies inside the sphere, then there exists exactly one circle with 
center at M, that belongs to the bundle. This circle is called the “equator” of 
the elliptic bundle. To construct a diameter AB of the equator, we may pro- 
ceed as follows (see Fig. 7): Let T be the second point of intersection of the 


N 





Fig. 7 


Riemann sphere and the line NM M,. The circles on the sphere that project 
onto circles of the complex plane about M, as center, lie in planes that pass 
through the line of intersection C of the tangent planes at N and at T. Hence 
the plane through C M perpendicular to the plane in which Fig. 7 is drawn cuts 
the sphere in a circle whose stereographic projection is the equator of the 
bundle. 

We know from the preceding section that we can find all the circles of an 
elliptic bundle once we know its equator and two of the diameters of the 
equator. It is easy to see that such a bundle consists of all the circles that 
intersect the equator at the end points of one of its diameters. 


The Equations of the Circles of a Bundle (§§ 58-59) 


58. If we want the plane (33.3) to pass through the point whose coordinates 
are &, %, £9, we obtain the equation 


P= Ae > Baa 6%: (58. 1) 
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Ta obtain the equations of the circles of an arbitrary bundle, we need only 
substitute the above value of D into (23.3) and to consider A, B, C as variable 
parameters. 

The set of all great circles on the Riemann sphere is an example of an elliptic 
bundle. To obtain their equations, we set & = = Cy= 0; by (23.3) and 
(58.1), we find 


A(z+2)+iB(z—2)4+C (ez-1)=0. (58. 2) 


The equator of this bundle is the unit circle zz = 1. 
By setting 5 = mo = 0, €9 = 1, we obtain a parabolic bundle. Its equation is 


A(z+2z)+iB(z—2)-2C=0, (58. 3) 


and it consists of the totality of all straight lines of the complex plane. 
By choosing §) == 0, ¢, >1, we obtain a hyperbolic bundle whose 
equation is 


A(e+2)+iB(@—2)— 2 22-1) + Dez+1)=0. 


If ¢, is made to tend to infinity, the last bundle will become the hyperbolic 
bundle 


A(zt+z)+iB(z—2)4+D(zz4+1)=0, (58. 4) 


which consists of all the circles orthogonal to the unit circle. As we know from 
(23.4) above, the additional requirement 


D? < A? + B? (58. 5) 


must here be satisfied. 
Instead of the bundle (58.4), one often uses the bundle 


A(z+z)+C (2z-1)4+D(z2z+1)=0 (D?<A?+C%), (58.6) 


which consists of all the circles orthogonal to the real axis. 


59. Every circle-preserving transformation maps any given bundle of 
circles onto another bundle of circles, which must be of the same type as its 
pre-image. The first part of this statement is an almost obvious consequence 
of § 56 and of the fact that a circle-preserving transformation maps any given 
pencil of circles onto another pencil, of the same type. As to the second part 
of the above statement, it now suffices to note that an elliptic bundle contains 
none but elliptic pencils, that a parabolic bundle contains both elliptic and 
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parabolic pencils, and that a hyperbolic bundle contains all three types of 
pencils. 

Every elliptic bundle of circles can be mapped onto the bundle (58.2) by 
means of a suitable Moebius transformation. Every parabolic or hyperbolic 
bundle can be mapped similarly onto the bundle (58.3) or (58.4), respectively. 
(Instead of (58.4), we may also use (58.6).) 


Products of Inversions in the Circles of a Bundle (§ 60) 


60. Let us consider the Moebius transformations that one obtains by per- 
forming an even number of successive inversions (reflections) in the circles 
of a given bundle of circles. The set of all these Moebius transformations has 
the remarkable property of being a subgroup of the group of all Moebius 
transformations. 

To prove this, it suffices to show that any sequence of four inversions may 
be replaced by two inversions in circles of the same bundle. (These two circles 
may coincide, in which case the mapping leaves each point of the plane fixed.) 
To this end, let K,, Kz, Ks, K, be the four circles (or straight lines) of the 
bundle in which the four reflections are carried out, one after the other. We 
choose an arbitrary point? P on K,. We then replace the reflections in the 
circles Kz, K3 by two reflections in circles K,’, Ks’ that are chosen such (cf. 
§ 51) that the resulting Moebius transformation is the same as that generated 
by Kz, Ks and that Kk,’ passes through the point P. The resultant (product) 
of the original four reflections is the same as the resultant of the reflections in 
the four circles K,, Ky’, Ks’, Kz. Next we replace the reflections in the circles 
K3’, K, by equivalent reflections in two circles K,;”, K,’, the first of which 
passes through the point P. We can now consider the sequence of reflections 
in the circles K,, Ke’, K3”, K,’. The first three of these circles pass through 
one and the same point P and must therefore belong to a pencil of circles, 
being members of the same bundle. This implies that we can replace the reflec- 
tions in K,’, Ks” by a reflection in the circle K, followed by a reflection in a 
circle K,*. Denoting the circle k,’ by the new symbol K2*, we see that the 
original four reflections have been replaced by the equivalent two reflections 
in K,*, K2*. Incidentally, if K,’ happened to coincide with kK, or K3’ with K,, 
or K3” with k,’, then our goal would have been reached in fewer steps. 

The theorem stated at the beginning of this section has thus been proved. 


*If the bundle is parabolic, P should not coincide with the common point of intersection 
of all the circles of the bundle. If the bundle is hyperbolic, P should not lie on its orthogonal 
circle. 
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The Rigid Motions of Euclidean, Spherical, and 
Non-Euclidean Geometry (§§ 61-62) 


61. We turn now to the investigation of those Moebius transformations 
that are generated by two successive reflections in the circles or straight lines 
of one of the three “canonical” bundles of circles (58.2), (58.3), (58.4). In 
each of these three cases, we shall be able to interpret the corresponding group 
of Moebius transformations as the group of rigid motions of a certain geometry, 
and we shall therefore refer to these transformations as “rigid motions” (or 
sometimes just “motions” ). 

We begin by observing that if two given circles have no points in common, 
then the product of the two reflections in these circles is a Moebius trans- 
formation whose fixed points coincide with the points of intersection of the 
circles orthogonal to the two given circles. Hence if the latter belong to the 
hyperbolic bundle (58.4), then the fixed points of the resulting rigid motion must 
lie on the orthogonal circle zz = 1 of the bundle. The same goes for the fixed 
point of a motion generated by the two reflections in two mutually tangent 
circles of the bundle (58.4). Hence if we want the point z= 0 to be a fixed 
point of the rigid motion, then this motion must be obtainable as the product 
of reflections in two intersecting circles of the bundle, both of which must pass 
through the point z= 0. But these circles degenerate into the straight lines 


A(z+2z)+iB(z—2)=0 


of the bundle (58.4). The same result applies also to the other two bundles, 
(58.3) and (58.2). Hence by § 51 above, a rigid motion that leaves the point 
2 =O fixed must be, in each of the three cases, of the form 


w=e'?z. (61. 1) 


62. Next we shall look for rigid motions that map a given point z =a of 
the plane onto the point z= 0. To this end, we follow up the reflection (39.1), 
in an arbitrary circle, with a reflection in the real axis, obtaining the Moebius 
transformation 


A(w+2)—-7tB(z—w)+C (wz-1)+D(wz2+1)=0. (62.1) 


If this transformation is to map the point za onto the point w—0, we 
must have 


(4-iB)a=C-—D, (4+iB)a=C-D. (62. 2) 


Solving (62.1) for w, and substituting the values (62.2) into the resulting 
equation, we obtain 
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(C — D) (a—2) 
(C—D)+ (C4 Daz 
To obtain the most general rigid motions that can be generated by means of 
the canonical bundles of § 58, we now need merely follow up a motion that 
maps 2 =a onto z= 0 with an arbitrary motion of the form (61.1). 

In particular, we are led to a motion involving the circles of the bundle 
(58.2) by setting the parameter D — 0 in (62.3) ; writing e*° a/a = e'”, we 
obtain in this way the Moebius transformations 








(62. 3) 


a 
w —-: 
a 


_ 4t@ a—zZz 
wae Se (62.4) 
which with the notation 
gs. a2. (62.5) 
6 6 


can also be written in the form 


_ bz—y 
easier ree (62.6) 





This last formula represents a rigid motion of the group under consideration, 
provided only that 


dd+yy +0 


holds ; in particular, for 6 = 0 we have the motions 


ale 


(r= = ¥), (62.7) 


which interchange the two points =O and z= o with each other. The 
motions (62.7) must be added separately to the motions (62.4) if one prefers 
the non-homogeneous notation (62.4), which has certain advantages. 

Next we turn to the rigid motions generated by reflections in circles of the 
hyperbolic bundle (58.4), for which C—=0. The same method as that used 
above yields, in place of (62.4) and (62.6), 


i a—z 
es ae (62. 8) 








_ 6z+y oat nll i __ 64 
w= (a z° ee 2). (62. 9) 


Now (62.2) and C0 imply 
D?=aa(A?+ BY). 
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Hence condition (58.5) here becomes 


Z aa<1, (62. 10) 
or, since a=— 7/6, 


dd—yy>0. (62. 11) 
Incidentally, comparison of (55.2) and (62.9) yields 


pen ae (62.12) 

4(6d—yy) 
Therefore relation (62.11) may also be considered as being a condition which 
insures that the Moebius transformation (62.9) is not a loxodromic circle- 
preserving transformation (see § 55 above). : 

Thus only interior points of the unit circle can be mapped onto the point 
z= 0 by the transformations (62.8) or (62.9). This fact also becomes evident 
geometrically by observing that under an inversion in a given circle, the interior 
of every circle orthogonal to the circle of inversion is mapped onto itself. 

Finally, for the motions generated by reflections in the straight lines of the 
bundle (58.3), we find the formula 


w=e'? (a—2z). (62. 13) 


The three groups (62.4), (62.8), and (62.13) of Moebius transformations have 
additional properties in common, which we shall study presently. 


Distance Invariants (§§ 63-65) 


63. The transformation (62.13) is an ordinary rigid motion of the Euclidean 
plane. Every motion of this kind maps two points 21, 22, whose distance from 
each other is | 22 — 2: |, onto a pair of points 21, «2 having the same distance 
from each other, i.e. such that 


|W, — w4| = |z2— |. (63. 1) 


A similar formula holds for the motions (62.4). For let us suppose that a 
motion (62.4) maps the points 2,, 22 onto the points w,, w, respectively, and 
let us introduce the notation 





Pen aA po as 
be 1+%2’ ” 1+w,w° e:2) 
Since the motions (62.4) constitute a group, elimination of w and z from 
(63.2) and (62.4) leads to another motion w= (C) of the same group, 
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which maps the point 0 onto the point a0. This last motion must 
be—as we know from § 61 above—of the form w =e? ¢, from which it follows 
that 











May | 2S (63. 3) 
1+ B®, wy, 1+%% |’ 
which is a relation of the same type as (63.1). 
It follows similarly that for every motion (62.8), the relation 
W, — Wy 2g — 24 
| 1—@, w, | Lo; (63.4) 








is satisfied, where the pair of points w,, wz denotes the image under (62.8), 
of the pair of points 21, 22. 

We may summarize the results of this section as follows: The three 
expressions 





la—4l —_la=4l 63.5 
fena Cee area 


T(2%, 22) = |2g— 2 |, t'(2%1, 22) = 
are invariants of the three groups of motions (62.13), (62.4), and (62.8), 
respectively. 

64. The invariant t(2:, 22) coincides with the distance invariant of the 
Euclidean plane. Hence it satisfies an addition theorem for any three collinear 
points; in particular, if h and k are positive real numbers, then we have the 
equation 

t(0,4 + k) =1(0,h) + t(h,h +h). (64. 1) 


No addition theorem analogous to the above exists for the invariant t’(21, 22). 
However, consider the fact that an inversion in a circle of the elliptic bundle 
(58.2) corresponds on the Riemann sphere to an inversion in a great circle of 
the sphere, and that two consecutive inversions of this kind are equivalent to 
a rotation of the sphere about its center. This fact leads to the surmise that 
the invariant t’(21, 22) is somehow connected with the spherical distance of the 
stereographic pre-images of the points z, and z.. We shall therefore try to 
find a function f(u) which is such that the spherical distance E,(2,, 22) just 
mentioned is given by the formula 


E, (21, 2p) = Hela. 29). (64. 2) 


A first requirement on f(w) is that for any two positive numbers h and k, there 
should hold an equation analogous to (64.1) above, thus: 


E,(0,h +k) = E,(0,h) + E,(h,h +). (64. 3) 
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Now we have 











, , , k . 
v(O,kh+k) =h+h, v'(0, hk) =h, vhht+ i= sare: (64. 4) 
Hence the function f(#) must satisfy the functional equation 
= sd > 
H+) = 10) +t(sag ye) 2020). (64.5) 
For h= k =O, this implies that 
(0) =0. (64. 6) 
Moreover, introducing the abbreviations 
k vo (L + hy 
t= Sagan 8 oon 2 (64.7) 
we may re-write (64.5) in the form 
fh+k)—fh) _ fe)  1—vh 
k v 14h? ° (64. 8) 





Now if we let v tend to zero and denote the derivative of f(u) at u—=O0 byc, 
we obtain—noting that k must tend to zero if v does— 


ad 1 
Gti) =c se, (64.9) 


and from this equation it follows by integration that 

f(u) =carctgu, u=tg zal (64. 10) 
Up to this point, the choice of a value for c is arbitrary. But if we wish the 
distance invariant just obtained to coincide with arc length on the Riemann 
sphere of radius unity, in order to obtain agreement with the usual formulas 


of Spherical Trigonometry, we must set c== 2. Comparison of (63.5), (64.2), 
(64.10) then yields, as the defining equation for E,(41, 22), 


E,(21,2:) [24 — 2g 
tg 2 Te (64.11) 





We can verify, as an afterthought, the general validity of the functional equa- 
tion (64.5) for the functions /(«#) = c arctgw’ by means of the addition theorem 
of the tangent function. 

65. Guided by the similarity of the expressions for t’(2,, 22) and t” (2, 22), 
let us try next to replace equations (64.2) and (64.3) by the following: 
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E, (4, 2p) on g(r" (21, 29), 


| (65. 1) 
E,, (0,4 + k) = E,(0,h) + En(h,h + B)- 


Here, g(u) denotes a function to be determined, and E,(2:, 22) denotes a new 
invariant which can, as we shall show, be interpreted as the distance invariant 
of a non-Euclidean plane (see § 80 below). In place of the functional equation 
(64.5), we now obtain 


gh +b) = 6) +8 (saz) (65.2) 


Here we must keep in mind that because of (62.10), we need consider the 
Moebius transformation (62.8) only in the interior | z | < 1 of the unit circle, 
so that (65.2) need be verified only for values of h and satisfying the 
conditions 

h>=0, k2O, A+R<1. (65. 3) 


From (65.2) we obtain, by a calculation similar to the one in § 64 above, 


d 1 d liu), 
g0)=0, 2 guy =c +, -~.4 (=): (65.4) 


uz 





if we make use of the hyperbolic functions (cf. §§ 240, 243 below), this may 
also be written in the form 





2e 
ef —1 g(¥) 

“= te = tgh eo (65.5) 
ef41 


In order to preserve the analogy to the formulas of Spherical Geometry, we 
again set c = 2 and finally obtain 








E, (41,22) _ — |41— el 
tgh = ar (65.6) 


By (14.11) above, the right-hand side of (65.6) always represents a number 
< 1, so that the last equation always yields a finite real value for En(21, 22). 


Spherical Trigonometry (§§ 66-72) 


66. We consider three points 21, 22, 2; of the complex plane. We shall 
denote arbitrary re-arrangements of these points by 2, 2;, 2%, and we intro- 
duce the notation 
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a; = E,(2;, 2) (2 = 1,2, 3). (66.1) 


Here the meaning of E,(2;, 2) is that given in § 64 above, so that 





tg <i = ran a (@=1,2,3). (66.2) 
Let us assume, in what follows, that all the numbers | 2; — 2, | and all the 
numbers |1 + 2; 2,| are different from zero, i.e. that the three numbers 21, 22, 23 
are distinct and that no two of them are the stereographic projections of two 
diametrically opposite points of the Riemann sphere (cf. § 33 above). Then 
we may always assume that the three numbers a, satisfy the inequalities 


0<a,<2. (¢=1,2,3) (66.3) 


These numbers remain invariant under every Moebius transformation of the 
form (62.4) or (62.6) ; as we shall see later, they may be regarded as the 
spherical lengths of the sides of a triangle of circular arcs. 

67. We define the angles of the triangle just mentioned as follows. We first 
note that among the circles of the bundle (58.2), there is exactly one that passes 
through the points 2, and 23, and exactly one that passes through 22 and 2,3; 
for each of these two circles must also pass through the point z* = —1/z,, 
which by assumption is distinct from both z, and z,. The two circles, incident- 
ally, may coincide. On the first of these circles (the one through 23, 2,, and 23*), 
consider the arc that joins 23 to 2;* and contains 2,. On the second circle, mark 
the arc joining 23; to 23;* and containing z,. The two arcs just constructed form 
at the point 2; an angle a; that is uniquely determined by the additional 


condition 
0Sa,52. (67.1) 


The angle a; is invariant under every spherical motion (i.e., Moebius trans- 
formation generated by inversions in circles of the elliptic bundle (58.2) ). It is 
easy to determine it ; to this end, we consider the spherical motion 





-= ei? _*3—? 67.2 
Z=e 1+ 2,2 ( 7 ) 
and introduce the notation 
_ te *%3 oe 
Z,=e tae z (¢=1, 2,3). (67.3) 


We also choose a value of the parameter y that make Z, real and positive. 


Then if we set 
Zg=\Z_\¢". (-_xSo<2) (67.4) 


it follows that = -+4,. We also have the equation 


SPHERICAL TRIGONOMETRY (§§ 66-68) 57 


Z, Z_ + Z,Z, = 2|2Z,| |Z,| cos # = 2|Z,| |Z,| cosas, (67. 5) 


from which cos a3, and hence by (67.1) also the angle a; itself, can be deter- 
mined uniquely. A similar procedure leads to a; and az. 

In what follows, we shall use in our formulas not the angles a; themselves 
but rather the exterior angles 


Ai ceee ci (i= 1, 2,3) (67.6) 


of the triangle, which has certain advantages. The numbers 4; also lie in the 
interval 


0<A, <a (i = 1, 2,3). (67.7) 


Equation (67.5) now becomes 
Z,2,+ Z,Z, = —2|Z,||Z,| cos Ag. (67. 8) 


68. The angles A; are invariant under every spherical motion, since these 
motions are conformal circle-preserving transformations (cf. § 29 above). 
Another verification of this invariance is implied by the fact that the A; can 
be expressed as functions of the sides a;, a;, a, as follows. First, (67.3) 
implies that 2; == 0, so that 





|Z; =te, |Z] = te, (68. 1) 
|Z,—2Z,| a 
etl Ste 68. 2) 
|14+ Z,2,| 82 ( 


Now the last equation yields 


as 


|Z, -- Z,|? cos* > — |1+ Z, Zy |? sin? <2 = 0. (68. 3) 


But 
|Z_— Z,]?= [Ze]? + |Zy|*— (2, Z_ + ZZ), 


|1+ Z,Z,|? = 14 |Z,|? |Z,|?+ (2,2, + Z,Z,). 
Combining the last equation with (68.3) and (67.8), we obtain 
2|Z,| |Zz| cos dy = (1 + |Z,|? |Z2|*) sin? — (|Z,|? + | Z|?) cos? . (68. 4) 
It is convenient to transform this relation by using the identities 


: A 
2 “3 
1=1-—2sin - 








cos A; = 2 cos? As 


This yields the two mutually equivalent relations 
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as 


4|Z,||Z.| cost 43. = (1+ |2Z,| | Z|)? sin? > — (|2Z,| — | Z2|)? cos? >> i , (68. 5) 


4|Z,| | Z| sin? Ae = (24) + |Zal)? cos?  — (1 —|Z,||Z,|)®sin? 2. (68.6) 


Now we use equations (68.1) and ee through by the ieee 
cos? ai1/2, cos? a2/2, obtaining 


z : A a,—a . a. «59 @,—4 a. 
sin @, Sin a, cos? a = cos? —4 2 sin? > — sin? aa ae cos? ae (68. 7) 








sin a, sin @, sin? es = sin? oo 2 cos? > — cos? a sin? = . (68.8) 
69. We now set, for short, 
ae re : (69. 1) 
$= Sy— a= SES (7 = 1,2, 3), (69.2) 
which, by the way, implies 
So = Sy + Sy + 5S. (69. 3) 


With this new notation, equations (68.7) and (68.8), as well as all the equa- 
tions resulting from these two by cyclic permutations of the a; and of the A;,, 
can be written in the form 


‘ : A; : : 

sin a; sin a, cos? —- = sins; sins,, (69. 4) 
: : * A; * ‘ 

sina, sina, sin? me = sin Sg sins,. (69. 5) 


From these equations, all the formulas of Spherical Trigonometry can now 
be obtained easily and without recourse to geometric arguments of any sort. 
We first derive from the inequalities (66.3) above, using (69.1) and (69.2), 
the following relations: 


sin a; > 0, (¢=1,2,3), (69.6) 
ge aa (69.7) 
~F<s<a (i = 1, 2,3), (69.8) 
~a<5;< 59 (i= 1, 2,3). (69.9) 


By (69.6), the left-hand side of (69.5) is always 20. Now if 59 <a, then 
(69.7) implies sin s) > 0, and by (69.5) we must therefore have 
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sins; 20 (¢ = 1, 2, 3). 


By (69.8), we therefore have 
s; 20 (¢ = 1, 2,3); (69.10) 


since these last relations are by (69.9) also valid for so 2 a, they must there- 
fore always hold. 

Now it is never possible that s) > 2, since (69.9) and (69.8) would then 
imply s;>0O and s;< a2, respectively, which in turn would imply the 
inequalities 

sinss< 0, sins; > 0 


which are incompatible with (69.5). Therefore inequalities (69.7) through 
(69.9) may be replaced by the inequalities 


O<s,<s <x (i= 1, 2,3), (69.11) 


which are sharper. 


70. It remains to discuss the limiting cases. For so =a, it follows from 
(69.9) that all three s; are >0, and by (69.4) and (69.5) we must then 
also have 


A, = A, = A, = 0. (70.1) 


Next, if one of the s,—=0, then by what has been said above we must have 
So <2; and we must also have s; > 0 and s; > 0, since s; == s,—=0O would 
imply, by (69.3), that sg—sj;=a@;= 0, which would contradict our assump- 
tion that the three sides a1, a2, a3 are different from zero. Hence the assump- 
tion that s; = 0 implies, by (69.5) and (69.4), that 


sin? 4 =0, cos? = = cos? Ae =0, 


and hence that A; = 0, A; = A, =2. 

In each of these two limiting cases, the three points 21, 22, 23; lie on one 
and the same circle of the bundle (58.3). If each of the three arcs into which 
the 2; divide this circle is less than 2, then soa and the exterior angles A; 
all vanish. But if one of the three arcs is > a, then one of the exterior angles 
equals zero while the other two each equal a. In either case, the triangle 
degenerates. 

Except in these limiting cases, we are dealing with an actual (non-degenerate) 
triangle of circular arcs, since none of the exterior angles A; and none of the 
angles a; of the triangle can then be equal to either 0 or a. As for the corres- 
ponding spherical triangle, the lengths a; of its sides are, because of 5s) <<a 
and s; > 0, subject to the restrictions 
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Qt 4+ 432m, OS a,<ajt+a. (70. 2) 


Spherical triangles that satisfy relations (70.2) are called Eulerian triangles. 
We shall deal with triangles of this kind only. For more general triangles, 
some of the formulas we are about to derive must be modified suitably.* 

For every triple of numbers a1, d2, a3 satisfying conditions (70.2), there 
exists exactly one Eulerian triangle whose sides have (spherical) lengths 
@,, 42, @3. For if we use (69.4), (69.5) to calculate the number A;, and con- 
struct any triangle of circular arcs with a,, a, as two of its sides, and having 
the angle a; = 2 — As, then the third side of this triangle must have as as its 
spherical length. 

71. We shall now replace formulas (69.4), (69.5) by equivalent formulas 
of as symmetrical a structure as possible. To this end, we first multiply (69.4), 
term by term, by the following equations, which are actually identical, except 
for notation, with the first equation of (69.4) : 


Baath ae ae Maca a way 
sins; Sin S; = Sin @; Sin @; COs 7 , 


ba Ase ; : es 
sin Ss; Sin $; = sin a, sin a, cos? >? . 
After cancelling the common factors introduced on both sides, we obtain 
i i 


. A F A A 
sin? s, cos* > = sin? a, cos? ae cos* >. (71.1) 


Noting that for Eulerian triangles the factors sins,, sina;, cos.A,/2 etc. occur- 
ring in this equation are all = 0, we further obtain from (71.1) that 














: i : A; A 
sins; cos —* = sina, cos ~;+ cos >" . (71. 2) 
e 2 2 2 
Similar calculations yield 
bao dagen aA 
sin Sg cos Ai _ sin a, sin ~¥ sin a : (71. 3) 
sins, sin 4# = sina, sin AS cog At, (71.4) 
2 ' 2 2 
7 F ; : ; . A 
sin s, sin As = sina; cos _ sin s : (71.5) 


*Cf. F. Klein, Vorlesungen tiber die hypergeometrische Funktion, p. 138 ff. (Springer, 
Berlin 1932). Also H. Weber and J. Wellstein, Enzyklopddie der Elementarmathematik, 
Vol. 2, p. 340 ff. (Teubner, Leipzig 1905). 
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We now form the sum and the difference of the two equations (71.3) and 
(71.2), ‘and we then do the same for the two equations (71.4) and (71.5). 
In each of the four relations thus obtained, we transform the expressions 
(sin Sy  sins,;) and (sins; + sins,), using, for instance, 


Sg — S; So + S; . a; a;+a 
ot cos 2 t= 2 sin — cos “2. 


sin Sy — Sins; = 2 sin 3 , ; 7 





In this way we finally obtain the following system of formulas: 

















cos “i cos a + cos ae cos 3 =0, (71.6) 
sin a1 fe cos a — cos ae sin s =0, ales 
cos oS sin A — sin ss cos si = 0, (71.8) 
sin a sin A + sin ee sin ! =0. (71.9) 





These formulas were published in 1807 by the astronomer J. B. J. Delambre 
(1749-1822). A few months later they were discovered independently by 
Mollweide (1774-1825) and eventually also by Gauss. They are named some- 
times for one, sometimes for another of these men. 

An outstanding feature of Delambre’s formulas is their symmetry; the 
first terms on the left-hand sides in the four equations are quite similar to 
each other and can easily be memorized. In the first equation, and in the 
fourth as well, the second term may be obtained from the first by simply 
interchanging the lower-case letters with the corresponding capital letters. 
The same interchange applied to the first term of the second (third) equation 
yields the second term of the third (second) equation, with its sign reversed. 

72. From Delambre’s formulas, we can again obtain relations (69.4) and 
(69.5), by simply eliminating cos (A; + A,)/2, sin (A; + A,)/2 from (71.6) 
and (71.8). They, too, may therefore serve as a starting point from which 
all the remaining formulas of Spherical Trigonometry can be derived. From 
their above-mentioned symmetry it follows that for every triangle with sides a, 
and exterior angles A;, there is a triangle with sides A; and exterior angles 
a. This is the relation, on the sphere, between a spherical triangle and its 
polar triangle. 

Delambre’s formulas imply also that the size and form of an Eulerian tri- 
angle are uniquely determined once its angles a; (or its exterior angles A;) 
are given; but the A; must be subject to the following restrictiqns, analogous 
to (70.2) : 
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A,+A,+A,;<22, 0<A,;<Aj;+A,. (72. 1) 
From this we obtain the following conditions on the angles a; of the triangle: 
Oy + ty + a > 2, ata, ata, < 20. (72. 2) 

If we set, for short, 


Gide A, + A, + A; 3m — (a + & + a) 
; 3 




















2 = 2 , 
(72. 3) 
ss Aj+Ap—Aj a — (aj + &—%) 
t 2 om, 2 , 
then the equations analogous to (69.4) and (69.5) become 
sin A; sin A; cos? ae = sin S;sin S,, 
(72.4) 
sin A; sin A, sin? a = sin Sysin S;. 
From these we derive the relation 
608 Oy + Oy +r Oy Ais a; + ot Oy 
ct ae 
tg 2 Oy, + Ay — Oy ata—o, ’ (72. 5) 
cos 2 cos 2 


of which occasional use is made in Function Theory. 


Non-Euclidean Trigonometry (8§ 73-75) 
73. Let us choose three points 2,, 22, 23 in the interior of the unit circle, 
and let us assign to each pair of two of these points its non-Euclidean distance 
a= E,(2;, 2,) (2 =1,2, 3) 
(cf. §65 above). Then by (65.6), 


tgh At oa (73.1) 


[1 — 2; 24] 


These numbers are invariant under every Moebius transformation of the form 
(62.8). Hence if in analogy to § 67 we set 








Fa coe For, (73. 2) 
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then Z; == 0, and 


tgh- = |Z,|, tgh—2- = |Z,|, (73. 3) 
ay 121 = 25h 
tgh “2 = eee (73.4) 


Consider the triangle whose vertices are the 2; and whose sides are arcs of 
circles of the bundle (58.4); the angle a; and the exterior angle 4; of this 
triangle are again determined uniquely by the relations 


OSa,Sn, 054,852, | 
a (73.5) 
2, 2,+ 2,2, =2|Z,||Z,| cosa, = —2|Z,| |Z] cos Ase | 


Using the relations 
|Z, — Z|? = |Z, |? + |Z,|? — (2,2, + 2,2), 
|1— 2, Z,\2?=1+4|2Z,|? + |Z,|?— (2,2,+2,2,). 
we obtain the equation 
2|2Z,||Z2| cos As = (1+ |Z,|?| Zp|?) sinh? -— (|Z, |? + | Z|?) cosh? +, (73.6) 


whose structure is analogous to that of (68.4). 

We now introduce once more the abbreviations so and , defined by (69.1), 
(69.2) and first used in §69 above. Using this time the addition theorems 
of the hyperbolic functions (cf. § 240) rather than those of the trigonometric 
functions, we obtain the equations 


sinh a; sinh a; cos? Ae = sinhs; sinhs, , (73.7) 


t 





sinh a, sinh a, sin? f = sinhsysinhs,. (73.8) 


Here we are spared the complications which in Spherical Geometry arose out 
of the fact that the function sin u can be negative not only for negative values 
of u but for positive u as well. For equations (73.7) and (73.8) to be valid, 
it is necessary and sufficient that the relations 


S20, s,20 G@=1,2,3) (73.9) 


hold true, and these relations are in turn equivalent to the following: 
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0<a,Sa;+a, (¢=1, 2, 3). (73. 10) 


74. The remaining calculations follow the pattern of §§ 71-72. The Delambre 
formulas for the present case are 

















cosh os #k cos Ai + cos Ait An cosh 4 =0, (74.1) 

inh 21+ 4 Ai Aj—Ay inh 4% = 

sinh —>— cos —* — cos x sinh ->- = 0, (74.2) 
aj—a, . a A, + Ay a; 

cosh —>— sin > sin - cosh —- = 0, (74. 3) 

sinh 4% sin i + sin “154 sinh 2 = 0. (74.4) 


This system of formulas again enables us to calculate the remaining parts of 
a non-Euclidean triangle if we know its exterior ‘angles A;. But since these 
formulas are not as symmetric as the corresponding formulas of Spherical 
Trigonometry, it is not sufficient simply to transform equations (73.7) and 
(73.8) ; here we must actually carry out the calculations. For instance, by 
eliminating the quantities cosh (a; + a,)/2, sinh (a; + a,)/2 from (74.1) and 
(74.2) we find 


cos? A = cos? Ait Ae a At cosh? Si — cos? ees sinh? “-. (74.5) 





Using the abbreviations 


A, + Ay + As 
2 


. Spe SUAS Aes A, (74.6) 


Sy= ; 


we obtain from (74.5) the system of equations 


a 


sin A; sin A; cosh? z = sin S;sin S,, (74. 7) 


sin A, sin A, sinh? + = — sin Sg sin S;. (74. 8) 


These formulas serve to establish necessary and sufficient conditions char- 
acteristic of the angles of a non-Euclidean triangle. Let us first consider the 
relations 

O<A;San (¢= 1, 2,3), (74.9) 
which imply 


055522, -% 55, Su (=1,23). (74-10) 
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Now S,=—0 is impossible, since this would not only imply that all 4,0 
but also, because of (73.8), that all a;==0, and this would be incompatible 
with our initial assumptions. To assume that 


0<Sy<a 


likewise leads to a contradiction; for since the right-hand side of equation 
(74.8) is non-negative, all the sin S; and hence all the S; would have to be = 0, 
which is incompatible with Sy= S,+ S,+S,;> 0. 

If So =a, then by (74.8) we must have sin 4; sin 4, = 0 for all combin- 
ations of 7 and k, and from this we conclude that two of the exterior angles 
are equal to 2 while the third one equals zero. By (73.8), the resulting non- 
Euclidean triangle is degenerate. 

Therefore we obtain a non-degenerate non-Euclidean triangle only if 


Sy>a (74. 11) 


holds. Since S; 2, we must have A;= Sy—S;> 0 in this case, and since 
A, =A, we similarly find that S; > 0. Now if one of the 4; were =a, then 
the equations sin S; == 0, sin S,==0 would have to hold, as we may easily 
deduce by calculation from (74.8). This would lead to the equations 


S;=S)—-2, S;=, S,=%, 
which are incompatible with Sy)= S,+5,+5,. Therefore in the non- 


degenerate case we must have 


0<A,<2 (i=1,2,3), (74.12) 


and since the right-hand side of (74.8) can then not vanish, we also have 
0<S,<a2 (i= 1, 2,3). (74.13) 


All of these conditions will be satisfied if for the angles a; = 2— A; of the 
triangle, the relations 

O<a;,<a,togtas<a (4=1,2,3) (74.14) 
hold true. 


75. If we introduce the a; into (74.7) and (74.8) and then divide the first 
of these equations into the second, we obtain the relation 


Oy + H+ &, a; + &. — a; 
1 2 3 cos — is 1 





cos 
a. 


teh? * — : 4 (75.1) 


2 Oy, + hy — Oy rae a; + aj — Oy 
2 





cos 
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which is the analogue of equation (72.5) of Spherical Trigonometry. 

We are led to an important limiting case by letting one of the angles, say a,, 
tend to zero in the last equation. In the resulting triangle, the vertex 2, will 
then be at infinity, the two sides a, and az will each be of infinite length, and 
the length a3 of the third side will be given by the equation 











* cos eee ctg a ctg 7 —1 
i 
_ 2 cos 21 2 ctg 2 ctg “2 4.1 ° pa 
2 2 2 
Now since 
teh ay ea oe em —1 
ala aaa aaa. nar 
e2te 2 
equation (75.2) can be written in the simpler form 
e™ = ctg “1 ctg “2. (75. 3) 
2). 2 
We obtain a further specialization by setting 
na 4 
y= w= ze 
in formulas (75.2) and (75.3), which yields 
a 4, & a, ty % _é 
tgh = tgt, ev =ctg-% te(F+4) (75.4) 


The first of equations (75.4) can very easily be verified geometrically, as 
shown in Fig. 8 below. 


Spherical Geometry (§ 76) 


76. Now that we have derived the formulas of Spherical Trigonometry 
by algebraic means, we, shall add some remarks concerning their geometric 
significance. 

Let us assume first that the three points 2; considered in § 66 above lie in 
the interior | z| < 1 of the unit circle. (Incidentally, every Eulerian triangle 
can be brought into a position corresponding to this assumption.) Then the 
antipodal point 
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of each of the points 2; must lie outside the unit circle, and the relation 


_ a;+ ay—a; 
s,= 7 = 0, 
established at the end of § 69, simply states that under the above assumptions, 
the triangle inequality of Euclidean Geometry (cf. § 20) also holds for our 


metric on the sphere. 





Fig. 8 
Note that <(OBC = a,, eisai = (ABE =<.. 


OB 
Moreover, tgh =o tes — and 


an 1+ (tge/2) _ R sé 
= Tite e/2) ee +2 ): 

Now if we draw OG perpendicular to OF and extend AG 
up to the point D, then OD = e4s. 





This result enables us to define the spherical length o of a curve 


z= x(t) = x(t) +7 y(t) (0<tS1) (76.1) 


that lies in the interior | z| < 1 of the unit circle. To this end, we consider 
partitions 
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0=4<t<h<---<t4<t=1 (76. 2) 


of the interval 0 = ¢ = 1, and introduce the notation 
Z, = 2(t,) (k= 0,1,..., 2), 


p 
Ss igs E (2x1, 2x) 3 
=1 


we now define c to be the least upper bound of all the S obtainable in this manner. 

We can lift the restriction that the curve (76.1) should lie in the interior 
|2| <1 of the unit circle. All that is really necessary is that for every one 
of the partitions (76.3), each of the partial arcs joining two points, such as 
2x—1 and 2;,, can be mapped into the interior | Z | < 1 by means of a suitable 
spherical motion. 

It follows from our definition that the spherical length o is invariant under 
any spherical motion (cf. §§ 62-64). If the functions x(#) and y(t) have 
continuous first derivatives, then by using equation (66.2) and proceeding 
similarly as in the ordinary Differential Calculus, we obtain the spherical 
length o in the form of the integral 


(76.3) 


1 — 
_ f 2tdz| — ff 2Vx%+y? 
o= (St - (A a. (76.4) 


a 
+ 
nN 
x 

ce 


If we interpret the integral in (76.4) as a Lebesgue integral, then formula 
(76.4) is always meaningful provided only that o < +00 holds. 

The above definition also implies (cf. (76.3) ) that the spherical length ¢ 
of any curve y that joins two points 2, and 2, must satisfy 


o 2 E,{%, 29). 


Unless 2, and 22 are the stereographic images of two antipodal points of the 
sphere, there exists exactly one circle of the bundle (58.2) that passes through 
them. One of the two arcs into which 2, and 2. divide this circle is of 
(spherical) length oy = E,(z,, 22). But if 1+ 2,%,—=0, then there exists 
an infinite number of such arcs, all of which are then of length op = 12. 

The circles of the bundle (58.2) are the geodetic lines, or geodesics, in the 
spherical metric we have studied. They have many properties in common 
with the straight lines of Euclidean Geometry. But a basic difference between 
the two geometries lies in the fact that any two of the geodesics of Spherical 
Geometry meet in two distinct points, just as do any two great circles, the 
pre-images of the geodesics, on the Riemann sphere. 
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Elliptic Geometry (§ 77) 


77. If we replace the stereographic projection of the Riemann sphere by a 
central projection, we are led to a geometry that is related to Spherical Geometry 
and is called “Elliptic Geometry.” The geodesics of this geometry are the 
straight lines of the plane of projection; the point of intersection of any two 
such lines represents the image of two antipodal points of the sphere. But in 
this new geometry, as we shall see presently, the formulas for the invariants 
connected with angle and distance are more complicated than in Spherical 








Geometry. 
We set (cf. Fig. 9) 
0Q=r=|2|, 00'=e=lCI, (77.1) 
and obtain 
E 2 
r=te>, e=tge= 9: (77. 2) 
Using the notation 
R=it% (r+ 1) (77.3) 
we find 
R=+/)1+0?, (77. 4) 


where the plus sign applies if r << 1, the minus sign if 7 > 1. We then have 
the relations 





ee. bE 2 g 77.5 
Saar = Ral mol eee mh?) 


to every value of z satisfying zz -+ 1, (77.5) assigns a unique value of C, and 
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to every value of ¢ there correspond two values of 2. 
These formulas map, as they should, every circle 


(A —i B)z+(A+iB)z—C(1—22) =0 (77. 6) 
of the bundle (58.2) onto a straight line 


(A—71B)6+(A4+7B)F—2C=0 (77. 7) 
of the ¢-plane. 

The angle formed by two straight lines of the form (77.7) is given by the 
angle between the corresponding circles (77.6). The calculations to verify 
this fact are left to the reader. We proceed to set up the distance invariant 
associated with two points ¢, and ¢2. To this end, we go back to equation 
(68.4), into which we substitute 








A,=na—a, =a, |Z;)=n, |Z] =7%2, 
; : (77.8) 

2 sin? 4 = 1— cosa, 2 cos? > = 1+ cosa. 

This yields 
(1 — 72) (1 — 73) + 47,7, cosa = (14 73) (1 + 73) cosa, (77. 9) 
or, setting 
27; ‘ ‘ 
w= 3%, R= gt, @=1,2), (77.10) 
t + 

1+ @, 0, cosa = R, R, cosa. (77.11) 


Now note the relations 
Zero.cosa= 0,040.0, R}=14+0,6;, 
which together with (77.11) imply 
(2+ £1 Sa + Co Cx)? (1 + tg? a) = 4 (1+ 6,01) (1+ £2 Ca), 
so that we finally obtain 


(2+ 0 an +, &;)* tg?a= 4 (f, — ¢,) (fy é,) (Cy cS — le ens (77. 12) 





From this we obtain the following expression for the element of arc length ds: 
(L+ C0)2ds? = dt dé — (5-4) ; (77.13) 


or, setting €=&+i7n, 
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(1 + $9 + 3)? ds? = dé? + dn? + (n dé — Edn)? 


77.14 
= (1 + 2) dé? — 2& n dé dyn + (1 + &%) dy? ee) 


The metric based on this element of arc length is called an elliptic metric. 
If we set €¢; == 0 in (77.12) and let ¢, tend to infinity, then a converges to 1/2. 
From this we conclude that in an elliptic metric, the total length of a geodesic 
is always finite, and that if the metric is normed as is the particular one we 
have introduced above, this finite total length is in fact always equal to 2. 

The “elliptic plane,” incidentally, is a one-sided closed surface. 


The Rotations of the Sphere (§§ 78-79) 


78. Let us turn again to Spherical Geometry, the formulas of which are 
much easier to manage, and let us find the invariants of the spherical motions 
(62.6). The fixed points 2) and 23 = —1/z, of these motions are the stereo- 
graphic images of two antipodal points of the Riemann sphere, and they are 
the roots of the equation 


y 2+ (6—d)my+y=0- (78. 1) 

The angle # of the corresponding rotation of the sphere can be obtained by 
noting that, by § 55 and formula (62.6), 

cos? & y= Ox Os 

2 4(66+ 77) 





(78. 2) 


holds. If we use equation (62.4) to represent the above spherical motion, 
then it follows from (62.5) that (78.2) may be replaced by 


6 sin g/2 
nae 3 
con $= nae (78.3) 
In this case, we may write, in place of (78.1), 
Ae fe 
ae * 2 + 2cos-$-2z—ae? =0, (78. 4) 
and from this it follows that 
a zi 
be? = 2 eos” (78.5) 





2 12%, 


In order to calculate the quantities a and m from (78.3) and (78.5), we 
first set 
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7 o 











te =u, tez =r, m%=N. (78.6) 
This implies 
oP 6 1 22 
sin’ = ayy cos? Piper *=GroN aaa (78.7) 
Hence on the one hand, 
pig 4N 
(T= NP + ut)’ 
and on the other hand, by (78.3), 
us u?(1 + v2) = uz y2—1 
~ Te ut ~  1l+u2 ? 
so that 
4N og 2 
(1—N)? UeU 1 
and finally 
wo ite. (78.8) 
The last equation of (78.7) now yields 
a zesie (78. 9) 








(i-N)iv—(1+N) ° 


We shall also make use of the relations 








Zo(1 —e**) 
1+ 2 % e# o° 
A similar calculation shows that 
ig [tin Net?41 
ef = =— a 
l—-iu N+ei9 


Now if we substitute the above expressions into (62.4), we finally obtain the 
rotation of the sphere in the form 


_ (@q Ze? 9+ 1) z— 2, (1 —€?9) 
0 = Lal 2") 24 yy rer) (78. 10) 
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Here, 2) denotes the fixed point, and @ is the angle of rotation of the sphere. 

79. If we fix the value of 2) and allow # to vary, then the images w (under 
(78.10) ) of any given point z of the plane will describe a curve all of whose 
points are at the same spherical distance from 2). If 29 == 0 then this curve 
is evidently a circle of the z-plane, and it must therefore be a circle for any 
other value of 2 as well, since every spherical motion (62.6) is a circle- 
preserving transformation. 

Conversely, we may assign an arbitrary circle (23.3) and can then use equa- 
tion (39.1) to find two points that are related to each other by inversion in 
the given circle and that are at the same time the stereographic images of two 
antipodal points of the Riemann sphere. To do this, we merely have to replace 
zand w, in (39.1), by Z and — 1/2, respectively, which yields the following 
equation for 20: 

(A —1 B)2—2Cz—(A+iB)=0. 


In this way we can calculate the spherical center of any given circle. 





Non-Euclidean Geometry (§§ 80-81) 


80. As we know from § 62 above, inversions in the circles of the hyperbolic 
bundle (58.4) map the interior | z| <1 of the unit circle onto itself. We 


Fig. 10 


may therefore consider the interior of this circle to be an image of the non- 
Euclidean plane (Fig. 10). The “straight lines” of the non-Euclidean plane 


74 Part One. III. Euctmean, SPHERICAL, AND NoN-EuCcLIDEAN GEOMETRY 


then correspond to arcs of circles orthogonal to the unit circle and lying in 
its interior. The unit circle | z|— 1 itself will be called the horizon of the 
non-Euclidean plane. 

For this non-Euclidean geometry, almost all the axioms of Euclidean 
Geometry are valid: Through any two points there passes exactly one non- 
Euclidean straight line; therefore two straight lines intersect in no more than 
one point. The axioms of congruence for triangles likewise remain valid if 
we interpret the group of transformations (62.8) [or (62.9)] as non- 
Euclidean motions. 

There is, however, the following difference between Euclidean Geometry 
and the particular Non-Euclidean Geometry we are considering: Every non- 
Euclidean straight line has two distinct end points, which are improper points 
of the line and whose images lie on the horizon | z| = 1; any given point of 
the disc | z| < 1 can be connected to a point of the horizon by exactly one 
non-Euclidean straight line. Two non-Euclidean straight lines with a common 
end point are said to be parallel. 

Therefore if we are given a point P of the non-Euclidean plane, and a 
non-Euclidean straight line g not passing through P (see Fig. 11), we can 


C B 


i a 


Fig. 11 


always draw through P two parallels AB and CD to g. If we consider the 
pencil of non-Euclidean straight lines passing through P, we see that these 
lines are divided into two classes by the parallels 4 PB and CPD to g; those 
lines of the pencil that pass from P into the sector APD will meet g at some 
point, while those that pass from P into the sector APC have neither an 
ordinary point nor an end point in common with g. Lines of the second class 
are said to be ultra-parallel to g. Hence in the geometry we are here con- 
cerned with, Euclid’s postulate to the effect that through a point P not ona 
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straight line g, there is at most one straight line not meeting g, is not valid.) 

81. The Moebius transformations (62.8) constitute the group of non- 
Euclidean motions. According to results we obtained earlier, there are there- 
fore two invariants under non-Euclidean motions (just as there are under 
Euclidean rigid motions), namely the distance invariant E,(21, 22) given by 
equation (65.6), and the angle invariant, which in our above mapping of the 
non-Euclidean plane onto the disc | z| <1 coincides in this disc with the 
ordinary concept of angle. This last fact may also be expressed by saying that 
our mapping of the non-Euclidean plane onto the interior | z| <1 of the 
Euclidean unit circle is a conformal mapping. 

But we can also map the non-Euclidean plane onto the disc | z| < 1 in such 
a way that every non-Euclidean straight line is transformed into a chord of 
the unit circle. To this end we merely have to set, very much as in § 77 above, 

22 4 


= -, g= 2, 81.1 
oti 14V1—¢t eon 





This maps the circles of the bundle (58.4) onto the straight lines 
(A —t B)C+(A+71B)C+2D=0 (D< A?+B*) (81.2) 


But the mapping (81.1), which is not conformal, leads to rather involved 
expressions for distance and angle (cf. § 77 above). 

Relation (73.10) above states that the familiar triangle inequality of 
Euclidean Geometry holds in a non-Euclidean metric as well. From this fact 
it follows that in Non-Euclidean Geometry, just as in Euclidean and in 
Spherical Geometry (cf. § 76 for the latter), the length of a rectifiable curve 
may be defined as the least upper bound of the lengths of inscribed polygons. 
Instead of the integral (76.4), we here obtain the formula 


1 


om [Zt = [20 dt. (81. 3) 
0 


1—2z2 1 — (x? + y%) 


* Starting with the geometry of circles in the Euclidean plane, we have found a geometry 
in which Euclid’s Eleventh Postulate is not valid. Hence this postulate can not be a conse- 
quence of the remaining axioms of Euclidean Geometry. This result was published by N. J. 
Lobatchevsky (1793-1856) shortly before 1830, and by J. Bolyai (1802-1860) shortly after 
1830. Gauss had discovered it several years earlier but did not publish his discovery. 
Lobatchevsky later arrived at a much more complete result, which first brought into proper 
perspective the fundamental significance of Non-Euclidean Geometry. He was able to show 
that from the remaining Euclidean axioms together with the assumption that there exist 
at least two intersecting straight lines not meeting a given third line, it is possible to derive 
all the formulas of Non-Euclidean Trigonometry that we obtained in §§ 73 ff. above. 
Lobatchevsky thus demonstrated the “uniqueness” of Non-Euclidean Geometry. 
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The quantity o is an invariant under all non-Euclidean motions. If 2,, 22 denote 
the end points of the arc whose length is o, then we always have o = E,,(41, 22). 


Non-Euclidean Motions (§§ 82-83 ) 


82. The non-Euclidean motion 





wae? 27? (82.1) 


l—az 
can be regarded as the product of two reflections, the first in the circle 
az+az—aa(l+22z=0 (82. 2) 
and the second in the straight line 
az—ae'?z=0. (82. 3) 


The straight line (82.2) is the non-Euclidean perpendicular bisector of the 
line segment that joins the two points z= 0 and z= a (see Fig. 12). Simi- 


SZ 
sas 


Fig. 12 


larly, the straight line (82.3) is the non-Euclidean perpendicular bisector of 
the line segment that joins z—=a and z=ae'®’. The angle formed by the 
lines (82.3) and Oa is therefore equal to p/2. For the non-Euclidean motion 
(82.1), the rational invariant (55.2) has the value 
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sin? @/2 
ja Sree (82. 4) 
Now if, first, we have the case 4 < 1, then the two non-Euclidean straight 
lines (82.2) and (82.3) intersect at some point 2) of the non-Euclidean plane. 
In this case, the motion may be regarded as a non-Euclidean rotation about 
the point 29. By § 55 above, the angle of rotation # is given by the equation 
A= cos? 9/2, so that 


cost 9 _ sin? g/2 





Tan: (82. 5) 

Second, if 4 >1 then the two non-Euclidean straight lines (82.2) and 
(82.3) have no point in common. In this case, the fixed points F, F’ of the 
non-Euclidean motion (82.1) are the points of intersection of the circle 
| | ==1 and the (Euclidean) perpendicular through the point 1/a onto the 
straight line (82.3). The points F and F’ are the end points of the non- 
Euclidean straight line that cuts each of the two non-Euclidean straight lines 
(82.2) and (82.3) at a right angle. Hence the motion (82.1) is a translation 
of the non-Euclidean plane in the direction of the non-Euclidean straight line 
just described. Let s denote the non-Euclidean length of the line segment 
through which the translation carries the non-Euclidean plane. To find s, let 
us consider the non-Euclidean motion 


_ z—tghs/2 |. 
cs —ztghs/2+1’ (82. 6) 


this motion is a non-Euclidean translation of length s in the direction of the 
real axis. By § 55, the quantity 4 for the Moebius transformation (82.6) is 
given by 

4 


Am (1 — tgh? s/2) 


= cosh? : 

If we compare this result with (82.4), we see that for the Moebius trans- 
formation (82.1), the (non-Euclidean) length s of the translation along the 
non-Euclidean straight line FF’ is given by the equation 





s __ sing/2 
cosh —- = Viner . (82. 7) 


For 4 = 1, finally, we obtain a third and last type of non-Euclidean motion. 
In this case, we have 
sin?-2 =1—-aa, (82. 8) 


and the Moebius transformation (82.1) is parabolic; it has a single fixed 
point, located at one of the end points of the non-Euclidean straight line (82.2). 
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A non-Euclidean motion of this kind is called a limiting rotation, because it 
can be obtained by means of a limiting process from the rotations discussed 
above. This limiting process consists in making the center 2) and the angle } 
of the rotation tend to infinity and to zero, respectively. We would of course 
be equally justified in using instead, if we wished, the term limiting translation. 

The limiting rotations can be generated, as we know from § 51 above, as 
products of two successive reflections in two parallel non-Euclidean straight 
lines. Since any two given pairs of such straight lines can be mapped, one 
onto the other, by means of a suitable non-Euclidean motion, it follows that 
all limiting rotations are equivalent non-Euclidean motions. 

By a method similar to that of § 78 above, we find the following formula 
for the non-Euclidean rotations : 


(1 — Zp Z #9) z — z9(1 — e* 9) 


O = 7,1 9) 24 (9 — 2 5,) 


(|z|<1). (82.9) 


For the non-Euclidean translations we obtain, setting tgh s/2 =o and denot- 
ing the two fixed points by e*”, e”, 


oes [(et P+ ef 2) o+ (ef vi — et ¥a)] 2—2a elitr) (-1 <6<1). (82.10) 


2a z—[(etvir+etvr) o — (et vi— et va)] 


In order to find a corresponding formula for the limiting rotations, we set 
Z=ge'” in (82.9) and we then let @ tend to unity and vw tend to zero, but 
in such a way that the value of u in wv = (1 — N)/(1 +N) converges to a finite 
real number. Then in the limit, 
ety 
Oo Teie 


» 


and we obtain the limiting rotation in the form 


(1+7u) z-—eiv 
etyz—(1—-iu) ’ 


w= (—co<u<oo). (82.11) 


We can obtain the same formula also from (82.10) by means of a suitable 
limiting process. 

83. Since the non-Euclidean motions (82.1) are generated by reflections 
in two circles of the complex plane, it follows that each of these Moebius 
transformations leaves invariant the circles of a certain pencil of circles. To 
the extent to which they are contained within | z| <1, these circles can be 
interpreted in very simple terms in the language of Non-Euclidean Geometry. 

First, if the non-Euclidean motion is a rotation, then each of these circles 
is a locus of points 2 having a constant non-Euclidean distance from the center 
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2 of the rotation. Therefore the circles may be regarded, in this case, as 
being non-Euclidean circles. 

Second, if the motion is a translation along a non-Euclidean straight line g, 
then the above invariant curves are arcs of circles of the complex plane that 
join the end points F and F’ of g to each other; these arcs may be regarded as 
lines of constant non-Euclidean distance from g, and are called hypercycles. 

Finally, if the motion is a limiting rotation, then the invariant curves are 
so-called oricycles in the non-Euclidean plane. Their Euclidean images in 
|2| < 1 are circles tangent to the horizon | z | = 1 from within. The oricycles 
may be regarded as non-Euclidean circles of infinite radius, or as the loci of 
points having the same distance from a non-Euclidean line that lies at infinity. 

Conversely, every circle of the complex plane that is entirely contained in the 
interior of | z |= 1 is the image of a non-Euclidean circle whose center we 
can easily construct ; and every circle tangent to | z |= 1 from within is the 
image of an oricycle ; and finally, every arc of a circle that connects, in | z| < 1, 
two points F, F’ of the horizon | z | = 1, is the image of a line that maintains 
a constant distance from the non-Euclidean straight line having F and F’ as end 
points, i.e. the image of a hypercycle. 


Poincaré’s Half-Plane (§§ 84-85) 


84. The first to construct a conformal mapping of the non-Euclidean plane 
was H. Poincaré (1854-1912). This mapping is especially convenient for 
many problems of Function Theory, and it consists in identifying the horizon 
with the real axis, and the non-Euclidean plane with the upper half-plane, of 
the complex plane. 

Under the above mapping, the non-Euclidean straight lines correspond to 
semi-circles and half-lines contained in the bundle (58.6) (see Fig. 13). The 


Fig. 13 


non-Euclidean motions are represented here by non-loxodromic Moebius 
transformations of the form 
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az+b 
cz+d 


w= 





(a,b,c,d real) (84.1) 


that assign to every real value of z a real value of w (or the value w—= oo). 
It is easy to see that if a Moebius transformation has the property just men- 
tioned, then it is always possible to choose its coefficients a, b,c, d as four real 
numbers. In addition, every point z of the upper half-plane—i.e., every 2 for 
which i(z — z) > 0—must be mapped by (84.1) onto a point w of the upper 


half-plane, i.e. onto a w for which i(w—w) > 0. Now since (84.1) implies 
that 


= = 7— 2 
— (%— 2) @—w) = “277 (ad— 00), 
we must have 
ad—bc>0. (84.2) 


Conversely, every Moebius transformation (84.1) satisfying condition (84.2) 
represents a rigid motion of the Poincaré half-plane, since a transformation of 
this kind can be compounded from the following types: 


w=2z+h  (h real), 
w=kz (Rk real and > 0), (84. 3) 





v= — ’ 


Zz 
and each of these can be generated by two successive reflections in non- 
Euclidean straight lines of the Poincaré half-plane. 
85. If 2, is a point of the Poincaré half-plane, then the Moebius trans- 
formation 


24,—2 
1 
v= 





(85. 1) 


24-2 
maps this half-plane conformally onto the interior | w| <1 of the unit circle. 
It is clear that this mapping may be regarded as an isometric mapping of the 


non-Euclidean plane, and that therefore the distance invariant E,(2:, 22) of 
the Poincaré half-plane can be obtained by writing 


E,, (21, 22) = E,, (wz, Ws) = E,(0, We), (85. 2) 


where £,,(0, we) is given by the formulas in § 65 above. In this way we find 








(85. 3) 


From this last formula, we obtain the following expression for the element 
of arc length ds of the Poincaré half-plane: 
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|az| 
y 


ds = (g=x+iy, y>0). (85.4) 
It is very easy, incidentally, to verify by direct calculation that the right-hand 
side of (85.3) is invariant under all transformations (84.3) and is therefore 
a distance invariant. 


Chordal and Pseudo-Chordal Distance (§§ 86-88) 


86. We shall denote by 7% (21, 22) one-half the ordinary Euclidean distance 
(i.e., one-half the length of the straight chord) between the two points of the 
Riemann sphere that correspond, by § 31, to the two points 41, 22 of the com- 
plex plane. The quantity 7(2:, 22) is sometimes very convenient as a measure 
of the distance between 2, and 22, and is called the chordal distance between 
2, and 22. If two points of the unit sphere are at spherical distance s from 
each other, then their straight-line distance is equal to 2 sin s/2._ Hence the 
above definition implies that 


x(%, 2) = sin a ; (86. 1) 


Using (64.11), we may write 


. Ey (21, 22) tg? E,/2 |2y — 2,|? 
sin? —s¢L "2 7 = 17 *2 86.2 
2 1+ tg? E,/2 [4 Zg/? + [L + Zy 24 |?’ ( ) 





from which we obtain 


[21 — 2e| 
4 (21, 5) = : 86. 3) 
(1, 2) Va +14) 0+ l9/%) ( 








If we let 22 tend to © in (86.3), we find that 


1 
41,00) = —__—.. 86. 4 
x (21,00) Jisiak ( ) 
Using the notation of § 66, and relation (70.2), we have 
A+ ag+4, S22, a; Sa,+ ay; (86. 5) 


by having replaced each symbol < in (70.2) with the symbol =, we are 
insuring the validity of relations (86.5) not only under the assumptions of 
§ 66 above, but for entirely arbitrary positions of the three points 21, 22, 23 as 
well. Now (86.5) implies that 
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o< “s < ee <a 3 <2, (86. 6) 


and from this we obtain 








sin 7 < sin “1% 
(86. 7) 
+ ay ay + ag ay «Ay + ay 
- in sin —2. 
sin —- cos - + sin->- cos-3- < s a ie 2 


Hence if 21, 22,23 are any three points of the complex plane, we always have 
the relation 


HX (21, 22) < (21, 2s) + x (22, 2s) » (86. 8) 


even if one of the numbers 2;, 22,23 equals o. This relation is simply the 
triangle inequality applied to a triangle inscribed in the Riemann sphere. (A 
triangle of this kind can of course never be depencrate in the sense of having 
three distinct collinear vertices.) 

The use of the chordal distance 7 (21, 22) instead of the ordinary distance 
| 22— 2,| is very advantageous in many investigations, not only because the 
improper point o is [by (86.4)] on an equal footing, in this metric, with 
the other points of the complex plane, but also, and mainly, because 


vate 29) S 1 


always hold true. By (86.2), %(21, 22) attains its upper bound unity if and 
only if 1 + 22.2: =0, i-e. if and only if 2, and 22 correspond to two antipodal 
points of the Riemann sphere. 

87. A distance invariant of Non-Euclidean Geometry that is in some ways 
similar to the chordal distance x (21, 22) is represented by the function 





(21, 2.) = tgh ees _ eat 2 beg oy... Pee De (87D 


which we shall call the pseudo-chordal distance! between the two points 2; 
and z.. The similarity is explained by the fact that the function tgh x is always 
monotonically increasing and less than unity (cf. § 243 below). With the 
notation of § 73 above, we also obtain from (73.10) that 


tgh a, + tgh a, 


tgh a, S tgh (a, + %) = ang tghag+ 1 


< tgh a, + tgha,. 


*In the Poincaré half-plane, the formula for pseudo-chordal distance is, by (85.3), 


plzz, 2) = | (23 — 29) [(24 — %q) |. 
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From this it follows that 
(21, 22) < plzz, 23) + (Ze, 25) (87. 2) 


Therefore the pseudo-chordal distances between the vertices of a non- 
Euclidean triangle can always be used as the lengths of the sides of a Euclidean 
triangle. On the other hand, it is not possible to map the non-Euclidean plane 
onto a surface in space in such away—as one might try to do in analogy to 
Spherical Geometry—that the pseudo-chordal distance between two points is 
the same as the ordinary Euclidean distance between their image points. This 
is connected with the fact that the triangle whose sides are the w(2;, 2%) has 
larger angles than the corresponding non-Euclidean triangle. 

88. A last remark: By (86.1) and (86.3), the spherical length of a curve 
may be defined as double the least upper bound of the “chordal lengths” of all 
the polygons that can be inscribed in the curve. 

Similarly, the non-Euclidean length of a curve lying in |z| <1 may be 
defined as double the least upper bound of the “pseudo-chordal lengths” of all 
the polygons that can be inscribed in the curve. 


PART TWO 


SOME RESULTS FROM POINT SET THEORY 
AND FROM TOPOLOGY 


CHAPTER ONE 


CONVERGENT SEQUENCES OF NUMBERS AND 
CONTINUOUS COMPLEX FUNCTIONS 


Definition of Convergence (§§ 89-90) 


89. An infinite sequence 21, 22,... of complex numbers is said to converge 
to zero if the sequence of absolute values of these numbers converges to zero 
in the ordinary sense (i.e., in the real domain). Similarly, the equations 


limz,=a, limz, =oo (89. 1) 


nm=oo n=0oo 


are to be merely another notation for 





lim |z,—a|=0, lim 


n= 00 ”% =00 lal 


= 0. (89. 2) 


If we make use of the concept of chordal distance (cf. § 86 above), we can 
rewrite relations (89.2) in a more symmetric form; for, the equation 


lim y(z,, 4) = 0 (89. 3) 


n=0o 


is equivalent to the second equation of (89.2) if a= oo, and to the first if 
a=+ o. It is sufficient to verify this statement for a= o0,. since 























1 
x(z, oo) = x(—, 9) (89. 4) 
holds true. 
To this end, assume we have 
|z,| 22|a)/+1 (@ +00) (89.5) 
this implies that 
ee | aie ae Ae ee 
lanl poet z, | 2la|/+1 2” 
ta ee 
; oa ea Zn 2 
a 1 
|Z, —4@| = |2,| rs > = lal j 
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and from these inequalities we obtain, using (86.3), 








1 1 1 
n? > ; > —— + . 
Mins ) 72 Vit+ G/lz,/)1 0+ lal) ~ 41+ ial? oe) 
Now if we set 
# = [1+ (1+ 2|al)?] (1+ al?) (89. 7) 
then for 
lz,]<2|a|+1 (89. 8) 
it follows that 
|Z,—4| <Ay(Zq, a). (89. 9) 


These arguments show that the first equation of (89.2) is a consequence of 
(89.3). Conversely, (89.3) follows from (89.2), since y(z,,@) <|z,—4| 
always holds. 
We may therefore define the equation 
lim z, =@ 
n=0O 
to have the meaning 
lim y(z,,@) = 0, 
n=0o 
and in this definition, both the limit a as well as any of the 2, may assume the 
value infinity. 
90. We can apply to convergent sequences of complex numbers some of 
the elementary arithmetical operations, as follows: The equations 
lmz,=a, limw,=0 (90. 1) 
n=0co n = 0O 
imply the further equations 
lim (z, + w,)=a+, limz,w,=ab, (90. 2) 
m=0co n=0o 
provided only that the operations occurring in (90.2) are meaningful (cf. § 30 
above). 
For if, first, the two numbers a and 3 are finite, then we can obtain (90.2) 
by using the relations 


| (Zn + Wn) — (@+ b)| S[z,-—a| + |e, — |, 
|Zn W, —@b| <|z,—a||w, —5|+|a||w, — b|+|5| |z, — a. 


Second, if a= o and b +0, then we can assume without loss of generality 
that all the w, satisfy 
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b 
\w,| > A . 
This implies that 
: 1 
ee ee en 7 56, 
Zn Wn lB] [2,1 n=co nen 








and from this follows the second equation (90.2), with ab = o. 
Third, if a= oo and b=+ o, then 





lim -“". — 0, lim (1 + oa) = 1, 


n=oo N n= 00 n 


and hence by the preceding case, 





lim (z, + w,) = limz, (1 + on ) = oo. 


n%=00 %=00 : n 


This completes the proof of the statement at the beginning of this section. 


Compact Sets of Points (§ 91) 


91. A well-known theorem of the Theory of Sets of Points states that in 
every bounded infinite set of points there can be found a subset which is a 
convergent sequence of points. Point sets that have this property are called 
compact. The great advantage of adjoining the number infinity to the finite 
complex numbers, and of the definition of convergence given at the end of 
§ 89 above, lies mainly in the fact that the (extended) set of all complex 
numbers is thus made compact. 

For if Mt is any infinite set whose elements are finite complex numbers or 
the number oo, then we must have one or the other of the following two cases: 
Either there are, for every given natural number 1, infinitely many elements 
in M that lie outside the circle | z |= 1; in this case, Nt contains sequences 
of numbers that converge to o. Or there exists a natural number N which 
is such that no more than a finite number of points of Mt lie outside the circle 
| z |= N. In this second case, the existence of a convergent subsequence of Nt 
is guaranteed by the theorem stated at the beginning of this section. Therefore 
the set Yt is compact. 

This result leads to the following consequences. If {2,} is any given 
infinite sequence of complex numbers, then among its infinite subsequences 
there is at least one, say { 2,’ }, that converges to some complex number a. 
Now if the original sequence { 2, } is not itself convergent, then there must 
exist a positive number & such that the relations 


X (2x4, 4) > &o (w = 1, 2, ...) 
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hold for infinitely many natural numbers k,. Then if fay } is any convergent 
subsequence of {z,,,}, the limit b of {z;/} must be different from a. 

We therefore have the following theorem: An infinite sequence of complex 
numbers converges tf and only if all of its convergent subsequences have the 
same limit. 

This theorem can be substituted to good advantage for the so-called Cauchy 
convergence criterion; incidentally, the latter is an almost immediate conse- 
quence of the former. 


The Cantor Diagonal Process (§ 92) 


92. In many problems it is necessary to select convergent subsequences 
simultaneously from several, or sometimes even from infinitely many, sequences 
of numbers. We consider the array 


Ay, Bq, «++, Ain --- 

Ag}, Ago, «++, Aon «+ 

edusites aentelastana (92. 1) 
ami» Ame) » ann 


consisting of infinitely many rows and columns, and we select from the first 
row a convergent subsequence 


Gi) 13> awieey Nin a etn 


the limit of which we denote by a,. For the subscript j,, we shall below also 
write k,, for short. Next we select from the sequence 


Goi, Goi. Safey Go5y eee 
a convergent subsequence, which we denote by 


G25 Goi.) ey Goi auase 


and whose limit we denote by a2. For jo2, we shall write ke, for short. 
Continuing in this way, we obtain for every i= 1,2,... a convergent 
sequence of numbers 


a (92. 2) 


t5iq9 F455, gaa, 
whose limit is denoted by a. Each time, we agree to use k; to stand for ju. 


Now if we consider the sequences 


Bins Gity s+) Fiktgrs vor (¢=1,2,...) 
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we see that each one of them is, except for a finite number of initial elements, 
a subsequence of (92.2) (for the same value of 7), and must therefore con- 
verge to a. Thus by crossing out certain of the columns in the array (92.1), 
we have managed to obtain a new array in which all the rows are convergent 
infinite sequences. The method of selection that was used here is called the 
Cantor diagonal process. 


Classification of Sets of Points (§§ 93-94) 


93. The terminology of Point Set Theory is used also in the Theory of 
Functions. For instance if 25 is the limit of a convergent sequence of points 
21, 22,... all of which are distinct from zo and are contained in a set 4 of 
complex numbers, we shall say that 2) is a point of accumulation! of A. We 
shall similarly call 2) an interior point of A if there exists a positive number e 
such that all points 2 whose chordal distance from 2p satisfies 


x(%9,2) Se 


belong to the set A. With these definitions, the concepts of point of accumu- 
lation and of interior point are meaningful also if 29 == 0. 

The interior points of the complementary set A’ of A are called exterior 
points of A. The points of the (extended) complex plane that are neither 
interior nor exterior points of A are said to constitute the frontier of A. The 
frontier points belonging to A constitute the boundary Ry of A, while the 
others—those belonging to A’—constitute the boundary Ry of A’. 

Finally, a point of A is said to be isolated if it is not a point of accumulation 
of points of A. 


94, We shall also classify sets of points in a similar way. An open set is 
one that consists entirely of interior points; a closed set is one that contains 
all of its points of accumulation; a set is said to be dense-in-itself if each of 
its points is a point of accumulation of the set. A point set that is both closed 
and dense-in-itself is said to be perfect. 

If a set is open, its complementary set is closed, and vice versa. The only 
set of complex numbers that is both open and closed is the extended complex 
plane itself. 

By forming the union A+ Hy of a set A and the set Hy, of its points of 
accumulation, we obtain the smallest closed set 4 that contains all the points 
of A. The point set 4 is called the closure of A. 

The complementary set A, of the closure A’ of the complementary set 4’ of 
A is the largest open subset of A. This point set A, is called the open kernel of A. 


1 Also cafled a limit point of A. 
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The union of a finite or of a denumerably infinite number of open point 
sets is itself an open point set. 

The intersection of a denumerable infinity of closed, non-empty, nested point 
sets 

A, 24,2 4;2°--: 

is itself a closed and non-empty point set. We can prove this statement as 
follows: In each of the point sets A, we select a point z,, and from the 
sequence {z,} we select a convergent subsequence with limit w, say 


2ayo Sm peas (my < mg < mg <---). 


Now if m is any given natural number, and if we choose 7 large enough for 
n; > m to hold, then the sequence 


Zags Zayyge oo 


consists entirely of points of Am, since the sequence of sets A, is nested. There- 
fore since A,, is closed, the limit w of the above sequence of points also belongs 
to Am. This holds true for m= 1,2,..., so that w must belong to the inter- 
section D of all the A,; hence D is not empty. And since every point of 
accumulation of D must belong to D, the set D is closed. 


Complex Functions (§§ 95-98) 


95. By assigning to every point 2 of a point set A, of the z-plane a point 
w of a second complex plane, we define a one-valued (or single-valued) 
complex function 

w= F(z), (95.1) 
whose domain of definition is the point set A,. Equation (95.1) gives a 
single-valued mapping of the point set A, of the z-plane onto some point set A, 
of the w-plane. To each point of A, there corresponds a well-defined point of 
A,» ; but every point of 4,, may be the image of several points, even of an infinite 
number of points, of Az. (We also speak of this as a many-to-one mapping of 
A, onto Ay.) In extreme cases, all the points of 4, may correspond to a single 
point w, of the w-plane; the function F(z) == wy is then a constant (or con- 
stant function). 

If we set z==x+iy,w=u-+iv, then the one equation (95.1) is equiv- 
alent to two equations of the form 


u= (x,y), V=Y(%,y)- (95. 2) 


But for our purposes, the representation (95.1) of the mapping will be prefer- 
able by far to the more explicit description of the same mapping by means of 
the system of equations (95.2). 
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96. Let 2 be a point of accumulation of A,, but not necessarily a point of A, 
itself. Then there exist sequences { 2, } of points of A, that converge to 2. 
By means of the equations 


Wn = F(2z,) (n=1,2,...), (96.1) 


’ 


we determine the sequence { w, } of the image points of the z,. It may happen 
(as for instance in the case of the function F(z) =z) that the sequence { wy } 
is convergent whenever the 2, converge to 2). If so, then the limit w» = lim wy 


must be the same for all the possible sequences { w, } that one obtains from 
(96.1) ; for if we have 


wv, =F(z), wi! =F(z") (n=1,2,...), 


cd 
; (96. 2) 
. af 24 
lim z, = lim 2’ = 2p, 
n=0o n=00 


then the sequence 


, wm ’ mr 
21, 215 225 2g, + 


also converges to 2, and the limit wo (which exists by hypothesis) of the 
sequence 

wy, wy, 3, Ws, cee 
satisfies the equations 


lim w, = lim w)’ = wo. (96. 3) 
Now assume that the point.2) belongs to the domain A, of definition of F(z). 
Then we must have, in particular, 


Wy = F(z), (96. 4) 


since we may set all the 2,’ = 2, in the above argument. We say in this case 
that the function F(z) is continuous at the point 2). But even if 2) is not a 
point of A,, we can define F(2)) by means of equation (96.4), in which we 
substitute for wo its value from (96.3). After this extension of its domain 
of definition, the function F(z) is continuous at the point Zo. 

Note that in the above definition of continuity, both 2) and w») may assume 
the value oo. 


97. Let us assume that every point ¢ of some closed subset B; of A, is a 
point of accumulation of 4,, and that F(z) is continuous at all these points ¢. 
We assign a positive number 6 and consider all the pairs z,¢ of points for 
which the three relations 


z€A,, CEB, yz, <6 (97. 1) 


hold true. We then determine the number 
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e(6) = sup x(F(z), F(¢)), (97. 2) 
where the pair 2, ¢ is subject to relations (97.1). The (real) function e(6) 
is clearly monotonically increasing, which implies the existence of the limit 
lim e(6) = & . (97. 3) 
8=0 


In order to determine &), we select a sequence of numbers 6, that satisfies the 
two conditions 


6, > 6,>6;>-, limé,=0, (97. 4) 


"%=0o0 


and we assign to each of the numbers 6, a pair 2,,¢, of points for which 
znEA,, ChEB~, x(2ns Sn) < Sn, 


(5p) fo . 
UF (zn), F (Sn)) 2 cy sag 23 


(97.5) 


We may assume without loss of generality that the sequence of points ¢, 
converges to a point Cy (cf. § 91 above). Since we have assumed B, to be 
closed, €) must belong to B, and must therefore be a point of continuity of 
F(z). Considering that (97.4) and (97.5) imply the relations 


lim z, = lim f, = fo, 


we now obtain 
lim F(z,,) = lim F(¢,) = F(£) 


and finally 
2. S lim 7(F (es), F(C,)) Os 


Hence we have proved that 


lim e(6) = 0. (97.6) 
6=0 
98. The importance of this result is pointed up better if we rephrase it 
somewhat. Equation (97.6) states that to every positive number €, we can 
assign at least one number 6 >0 which is such that e(6) << ¢. For every 
6 selected in this way, the assumptions 


z€A,, CEB,, yx(2z,0)<6d (98. 1) 


lead to the relation 
x(F(2), F(é)) <e. (98. 2) 
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This result yields us a new insight if B, consists of a single point; it shows 
that the above definition of contiriuity is equivalent to the definition given 
by Cauchy. 

If A, is a closed point set on which F(z) is continuous, then we may set 
B,=A,, and the above result therefore contains also the theorem which 
states that any function defined and continuous on a closed point set must 
be uniformly continuous on that set. 


The Boundary Values of a Complex Function (§ 99) 


99, If a complex function F(z) is defined on a set A of points of the 
complex plane and if ¢ is a frontier point of A, then we can find sequences 


of points 2,, 22, ..., 2,, ... that converge to ¢ and for which, at the same time, 
lim F(z,) = a (99. 1) 
y=oo 


exists. A number a of this kind is called a boundary value of the function 
F(z) at the frontier point C. 

Let us denote by W the set of boundary values of the function F(z) at the 
point ¢. For W, the following theorem holds: 

The set W of boundary values (at 2) is always a closed point set. 

For if a) is a point of accumulation of W, and if {a,} is a sequence of 
boundary values for which 7(a,, 0%) <<1/m holds, then in every circle 
xz(z, 6) <1/m there exists at least one point 2, for which y(F(2,),%n) < 1/n 
From these it follows that y(F(z,), %) < 2/n, and a is therefore a boundary 
value of F(z) at the point ¢. 

If the point o is not a boundary value of F(z) at ¢, then there is a neigh- 
borhood of ¢ in which F(z) is bounded. For otherwise, there would be in 
every circle (2,6) < 1/m at least one point z, for which|F(z,)| >, and the 
value oo would then be a boundary value of F(z) after all. 

Similar reasoning shows that if a=: © is not a boundary value of F(z) 
at the point ¢, then the function 

1 
F(z)—a 


must be bounded in a certain neighborhood of ¢. 


CHAPTER TWO 


CURVES AND REGIONS 


Connected Sets of Points (§§ 100-101) 


100. Of special importance in the sequel will be some concepts that have 
the property of invariance under topological mappings (i.e., mappings that are 
one-to-one and bi-continuous). We shall take up first, among these concepts, 
that of connectivity. If A is a planar set of points that contains the point 2o 
but does not contain the point z= 1, then the line segment O1 contains at 
least one point of the frontier of A; for this reason, the line segment is said 
to be connected. We are thus led to the following general definition: 

A point set E containing at least two distinct points is said to be connected 
of for every point set A that contains at least one but not all of the points of E, 
the frontier B of A also contains at least one point of E. Point sets that consist 
of a single point are also classified as connected sets. 

This definition of connectivity immediately implies the following criterion, 
which is often useful: A point set E ts connected if and only if for any choice 
of two points P and Q belonging to E, there is at least one connected subset 
E(P, Q) of E that contains P and Q. Hence the union E of a denumerable 


infinity of nested connected sets 
Ee Oa ee 


is always itself a connected point set. Furthermore, the sum A + B of two 
open point sets 4 and B that have no point in common (i.e. that are disjoint) 
is not connected; for, the frontier of A contains no points of A + B, while 
both A and its complementary set A’ do contain points of A + B. 

We shall list here, without proofs, some additional properties of connected 
sets ; for the proofs, we refer the reader to pertinent sources.? 

A point set A, is said to be open (closed) relative to a second point set A 
if A, can be represented as the intersection of A with an open (closed) point 
set. Therefore if A is the sum A, + A2 of two disjoint sets one of which is 
open relative to A, then the other one must be closed relative to 4. Now we 
can state the following Main Theorem of the Theory of Connectivity: A point 


*C. Carathéodory, Reelle Funktionen, Vol. I, pp. 71 ff. (New York, Chelsea 1946). 
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set E is connected if and only if it does not contain any proper subset E, that 
is both open and closed relative to E. 

A different formulation of the same result is as follows: A point set E is 
connected if and only if it can not be represented as a sum E, + E, of two 
non-empty, disjoint sets both of which are open relative to E (or: both of 
which are closed relative to E). 

A point set that is open and connected is called a region. A closed connected 
point set, or a point set consisting of a single point, is called a continuum. 

The result just stated now implies the following: An open point set is a 
region if and only if it can not be represented as a sum of two non-empty, 
disjoint, open point sets. Similarly, a closed point set containing at least two 
distinct points is a continuum if and only if it can not be represented as a 
sum of two non-empty, disjoint, closed point sets. 

We note also that every connected point set is dense in itself, and that 
every continuum containing at least two distinct points is therefore a perfect 
point set. 

If we add to any (non-closed) connected point set any part of its set of 
points of accumulation, the resulting point set is itself connected. 

101. We shall state some additional theorems on connected point sets that 
follow almost immediately from those listed above: 

The union E,+ E, of two connected point sets is itself connected if and 
only if one of the two sets E,, E, has at least one point in common with the 
closure of the other. 

The following theorem belongs to an entirely different order of ideas: 

The image of a connected point set under a single-valued, continuous map- 
ping is itself a connected point set. 

This last theorem is of special importance, not only because it can often 
be used to construct particular connected sets, but also, and primarily, because it 
shows that the property of connectedness is a topological property of point sets. 


Curves (§ 102) 


102. The simplest type of connected point set in the complex plane is 
an open straight-line segment. If we add to such a segment one or both of 
its end points, we obtain a half-open or a closed line-segment, respectively, 
and these are likewise connected. 

The continuous image (i.e., image under a continuous mapping) of a closed 
line-segment 0 = ¢ = 1 is called a continuous arc (or curve) on the Riemann 
sphere or in the complex plane. A continuous arc can therefore be represented 
by an equation of the form 
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z= 2(t) = x(t) +7 y(t), (102. 1) 
where the functions x(t), y(#) are continuous, so that the function 2(¢) is 
continuous in the metric of the chordal distance (cf. §86 above). Hence a 
continuous arc is a closed, connected point set, and therefore it is a continuum. 

We shall occasionally make use of polygonal trains; these are special con- 
tinuous arcs in the complex plane, and consist of a finite number of straight- 
line segments laid off end to end. 


Regions (§ 103) 


103. An open point set every two of whose points can be joined to each 
other by a polygonal train within the set, is connected (by § 100), and is 
therefore a region. From this it follows that the interior and the exterior of 
a circle in the complex plane, i.e. the point sets 


jz—al<y7, |z-al>~r7, (103. 1) 
both are regions. Similarly, the open point sets 
x(z,a)<eS1 (103. 2) 


on the Riemann sphere are connected and hence are regions. 

Conversely, it is easy to show (e.g. by means of Lindeloef’s Covering 
Theorem) that any given region in the complex plane or on the Riemann 
sphere can be covered by a union of at most denumerably many elementary 
regions 

Ey, E2, Es,... 


of the form (103.1) or (103.2), and in such a way that each of the regions EF, 
has a point in common with at least one of the regions that precede it in the 
above sequence. 

It follows from this that any two points of a region of the complex plane 
can be connected to each other by a polygonal train all of whose points belong 
to the given region. This last property therefore constitutes a necessary and 
sufficient condition for an open point set to be a region, and this condition 
is a very convenient one with which to operate. 

Every open point set can be represented as the sum of at most denumerably 
many disjoint open regions. 

A region is also called a neighborhood of each of its points. 
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Neighborhood-Preserving Mappings (§§ 104-105) 


104. Except for constant functions, most of the functions that occur in 
Function Theory are continuous functions 


w = F(z) (104. 1) 


whose domain of definition is a region G, and that satisfy the following addi- 
tional property (cf. § 144 below): Let 2o be any point of G,, let wo = F (20) 
be the image point of 20 in the w-plane, and let A, be any subset of G, that 
contains 29 as an interior point; then the image A, of A, under the mapping 
given by the function (104.1) contains wo as an interior point. A mapping 
that has this property is said to be neighborhood-preserving ; and indeed, a 
mapping of this kind maps any open connected subset of G, onto an open con- 
nected subset of the image Gy of G,, ie. it does indeed “preserve” regions 
(or neighborhoods). 

105. If a continuous function w= F(z) defined in a region G, always 
maps two distinct points of G, onto two distinct points of the w-plane, then 
the mapping represented by the function can be proved to be neighborhood- 
preserving and bi-continuous (i.e., continuous in both directions). But the 
proof of this theorem is rather complicated. Fortunately, in the Theory of 
Functions we can manage without this general theorem, since we will always 
know in advance that all the mappings to be considered are neighborhood- 
preserving, so that it only remains to show that the inverse function 


z= Dw), (105. 1) 


which is defined in the region Gy, is continuous. 

To prove continuity of the inverse function under the assumption stated at 
the beginning of § 105, we consider a point 2) of G, and its image point wy 
of G,, as well as a sequence {w,} of points of G, converging to wo. Every 
point w, is the image of exactly one corresponding point z, of G,. A circular 
disc 7(z, 29) <e€ of the Riemann sphere corresponds under the mapping to a 
point set £,, that contains wy as an interior point. This implies that no more 
than a finite number of the points of {w, } can fail to belong to the point set Ew. 
Hence all but at most finitely many of the points of {2,} are contained in the 
above circular disc, and the sequence of points {z,} must therefore converge 
to 2. 

The mapping given by (105.1) is also neighborhood-preserving. To show 
this, we consider any circular disc y(w, wy) <€ of Gy» and assume that wp 
is the image of the point 2) of G,. Since the function F(z) is continuous, it 
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follows that any sufficiently small circular disc (2, 29) < 6 is mapped onto a 
point set that is interior to y(w, wp») < e, and the latter disc is therefore the 
image of a point set which contains 29 as an interior point. 


In particular, therefore, every subregion of G, is the image of a subregion 
of Gz. 


Jordan Curves (§§ 106-109) 


106. If we want the curves with which we shall work to have certain 
essential properties from among those properties shared by the familiar types 
of analytic curves, we must add special conditions to the definition of con- 
tinuous curve (or arc) as given in §102 above. We shall specialize this 
definition in two different directions and introduce Jordan curves on the one 
hand, and—in § 114 below—rectifiable curves on the other hand. 

By a Jordan arc we shall mean a continuous arc having no double points 
(i.e. no points of self-intersection) ; thus a Jordan arc is not merely a con- 
tinuous image but a one-to-one and continuous image of a closed straight-line 
segment. 

By a Jordan curve, or simple closed curve, we shall mean a closed Jordan arc, 
i.e. the one-to-one and continuous image of a circle (e.g. of the circle | z| = 1). 
The main theorem concerning Jordan curves, the so-called Jordan Curve 
Theorem, is not especially easy to prove; probably the shortest proof is the 
one given by Erhard Schmidt.1| We can state this theorem as foilows: 

Every Jordan curve y is the frontier of two disjoint regions G, and Gz 
which together with y fill out the entire Riemann sphere. 

The most general Jordan curves have, like the triangle, the property of 
dividing the plane into two regions.’ Since we have adjoined the point z= 0 
to the other points of the complex plane, we can no longer differentiate a priori 
between the exterior and the interior of a Jordan curve. 

The Jordan curve theorem is supplemented by the following observation: 
Each of the two regions G, and G, defines a “side” of the Jordan curve y. 
Two points of the complex plane lie on the same side of y if and only if they 
can be joined by a continuum that does not meet y. 

107. The following theorem is easy to prove and is very convenient for 
many applications: If two points 2’ and 2” lie on the same side G, of a Jordan 
curve y and if the chordal distance from the curve of each of them is less than a 
number ¢ > 0, then the two points can be connected by a polygonal train 


1E. Schmidt, Uber den Jordanschen Kurvensatz, Sitz.-Ber. Berlin. Akad. Wiss., 1923. 
? In contrast to this, it should be noted that the most general continuous curves, as defined 
in § 102 above, may fill out entire regions, even the entire Riemann sphere. 
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each of whose points is interior to G, and at a chordal distance less than 
é from y. 

We also note the following generalization of the Jordan curve theorem: 
Let a Jordan curve y lie in the interior of a region G, and consider the two 
open point sets G’ and G” that are the intersections of G with the two sides 
G, and G, of the curve; then G’ and G” must each be connected, and there- 
fore must themselves be regions. Hence y divides G into two subregions. 

108. Let y\ and y@) be two Jordan curves that have no points in common 
(see Fig. 14 below). Let y® lie on the side G® of y™ and let y lie on the 
side G2) of y®. The region GW , whose frontier is y, contains points of 
G but contains no points of y®; therefore G() , being a connected point set, 
can not contain any points of G®. Hence G) is a subset of G2. Similarly, 
we find that G{2) is a subset of GY). All the other points of the (extended) 
complex plane are in the intersection GQ) G2) of the two regions GQ) and 
GY). By the preceding section, this intersection is itself a region, so that 
every point of the extended complex plane lies either on one of the two 
curves or in one of the three regions G , G{2), and GY) GY . 

A similar train of reasoning leads to the general result that n mutually disjoint 
Jordan curves y), y@, |... y™) divide the complex plane into (m + 1) regions. 

But for any given n = 3, there are 
several topologically different relative 
Gf 6 2) positions possible for the Jordan 
curves, as may be easily verified, for 
instance, with circles. The most impor- 
tant case is that of “complete separa- 
ation” of the Jordan curves. We say 
that the curves y®) are completely 
separated if any (m—1) of them 
always lie on one and the same side of 
the m-th curve. Another definition of 
complete separation of Jordan curves, 
easily shown to be equivalent to the one 
just given, is the following: Of the (n + 1) regions into which the n curves 
y divide the complex plane, one is bounded byallthecurves y®,... ym, 
while each of the n remaining regions is bounded by a single curve +). 


yD y@) 


Fig. 14 


109. Let us consider three completely separated curves y, y2), y®) lying 
in a region G, (see Fig. 15 below). Then any two of these curves, say (2) 
and y%), lie on one and the same side of the third curve, y. 

By § 107 above, we can find connected point sets lying in the interior of Gz 
that connect a point of +2 with a point of »( without meeting y§). Hence 
the fact that the three given Jordan curves are completely separated can be 
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verified by means of a construction entirely within G,. 

We now consider a topological mapping of the region G, onto a region Gy. 
This mapping transforms the three given Jordan curves y$ into three Jordan 
curves y(!), and it transforms any connected subset of G, that joins y@® with 
y> into a connected subset of G, that joins yf with y). 

This implies that the three curves y are themselves completely separated. 
The same result applies to any number of completely separated curves lying 
in G,. 





Therefore the property of being completely separated within a region ts a 
topological property of Jordan curves. 


Simply and Multiply Connected Regions (8§ 110-113) 


110. Let us consider a region G, that contains not only all the points of a 
given Jordan curve y, but that contains also the set G,’ of all the points of the 
extended complex plane that lie on one of the two sides of yz. 

Let (the interior of) G, be mapped onto a region Gy» of the w-plane by 
means of a topological mapping that transforms y, into y» and G,’ into Gy’. 
We shall prove that G,’ must contain all the points of the extended w-plane 
that lie on one of the two sides of y». For if this were false, then at 
least one point w of the frontier of G, would lie on the same side of yw 
as Gy’. Let w,,w2,... be a sequence of points of G, that converges to w; 
we may assume all of them to lie on the same side of y» as Gy. Their pre- 
images 21, 22,... all lie on the same side of y, as G,’, and these must therefore 
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all be themselves contained in G,’.. Hence any point of accumulation ¢, of the 
sequence 21, 22,... must itself lie either in G/ or on y, and must therefore be 
an interior point of G,. Its image point wo. must therefore be an interior point 
of Gy» and hence cannot be a point of accumulation of the sequence #1, wz,°:-. 
This contradiction yields the truth of the statement that we set out to prove. 

We have proved at the same time that if G,’ contains frontier points of G,, 
then G,” must contain frontier points of Gy. For if G,’ contains no frontier 
points of G,, then it follows from our above result that all the points of G,’ 
are interior points of G;,. 


111. In considering the above topological mapping of G, onto Gy, we 
made no mention of what happens to the frontier points of G, under the 
mapping. The frontier points ¢ of G, not only may fail to have an image in 
the w-plane or on the Riemann w-sphere, but it may actually happen that for 
every given frontier point ¢ there exist sequences {2,} of points G, that 
converge to ¢ while their images in the w-plane do not converge. This will 
be the case, for instance, if we map the circular disc | z | < 1 topologically 
onto itself in such a way that each of its radii is mapped onto a spiral that 
approaches the circle | z |= 1 asymptotically (see Fig. 16 below). 

It is all the more remarkable that on the basis of the result proved in § 110 
above, we can find certain properties of the frontier of G, that are invariant 
under topological mappings of (the intertor of) Gz. 





Fig .16 Fig. 17 


The frontier of a region G, is a closed point set. We shall say that a region G, 
is simply connected if its frontier B, is a single continuum. Thus if the frontier 
of a region is a Jordan curve, the region is simply connected. For instance, 
the circular disc | z | < 1 is simply connected, and so is the half-plane tz > 0. 
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But a circular disc with a cut along a radius is a simply connected region whose 
frontier is not a Jordan curve, and by piling up cuts of this sort we can con- 
struct simply connected regions of a very complicated nature. 

We shall see later on that any two simply connected regions can be mapped 
onto each other topologically, and even conformally, so that the above-mentioned 
complications of the frontier are not essential features—in the sense of not 
being invariant under topological mapping of (the interior of) the region. 

If G, is a simply connected region, and y a Jordan curve entirely contained 
in G,, then all the points of the plane lying on one of the two sides of y must 
also be contained in G,, since the frontier of G, could not otherwise be a. 
continuum. Conversely, if the region G, is not simply connected—e.g. if its 
frontier consists of a finite number = 2 of mutually disjoint continua—then 
it is easy to show (by using the fact that two disjoint continua have a positive 
minimum distance from each other) that there exist Jordan curves y lying 
in G, that contain frontier points of G, in both of their two sides. These facts 
lead to a new definition of simple connectedness, entirely in terms of interior 
points of G;: 

A region G, 1s simply connected if, and only if, every Jordan curve y that 
lies entirely in G, has one of its two sides lying entirely in Gz. 

112. In Function Theory we have to deal mainly with regions whose fron- 
tier consists of a finite number of continua. We shall say that a region is 
doubly connected if its frontier 8, is the sum of two disjoint continua, and 
more generally we call a region n-tuply connected if B, is the sum of n 
mutually disjoint continua. 

The number 1, called the connectivity of the region, is invariant under 
topological mappings of the region. The proof of the fact, for instance, that 
the topological image G, of a simply connected region G, is itself simply con- 
nected, follows directly from the discussion in the preceding section and from 
the theorem proved in § 110 above. 

If we want to apply similar arguments to multiply connected regions, we 
must consider systems of p completely separated Jordan curves lying within 
an n-tuply connected region G, and having the property that the “in-between” 
region whose frontier consists of all the » curves is the only region, among 
those into which the system of curves divides the Riemann sphere, that con- 
tains no points of the frontier of G,. If 


2<p<n, 


then we can always find such systems of curves (cf. Fig. 17 above) ; but if 
p > -n, the construction can not be carried out. 

Under a topological mapping of G, onto a region Gy, the system of curves 
y is mapped onto a similar system of curves y”). The connectivity of Gy 
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must therefore be = 7; but it cannot be >, since we could otherwise find 
(n+ 1) completely separated curves y%) which would have as their pre- 
images (+ 1) completely separated curves y” having the property 
described above. 

113. Thus for determining the connectivity n of a given region G, of 
finite connectivity, we have a choice of three mutually equivalent criteria. 

First, n equals the number of continua that make up the frontier of G,. 

Second, is equal to the connectivity of any region G, that is a topological 
image of G,. 

Third, m is equal to the maximal number of completely separated Jordan 
curves that can be drawn in G, and that have the additional property described 
in the preceding section. 

We shall state a fourth criterion, based on a definition we shall give presently. 

A Jordan arc that connects an interior point of a region G with a frontier 
point of G, all of its points except for this frontier point being interior points 
of G, is called a free cut of the region G. A Jordan arc both of whose end points 
(which may coincide) are frontier points of G, and all of whose remaining 
points are within G, is called a cross cut of G. It is easy to prove that a cross 
cut of a simply connected region G divides G into two simply connected 
regions G’ and G”. 

Now to give the fourth criterion for the connectivity n. We may characterize 
n in terms of the maximal number N of cross cuts that can be applied to G 
without disconnecting G into more than one connected component; it can be 
proved that n=N+1. 

In conclusion, we note the fact that the complementary set of any continuum 
in the complex plane consists of at most denumerably many regions each of 
which is simply connected. 


CHAPTER THREE 


CONTOUR INTEGRATION 


Rectifiable Curves (§ 114) 


114. We consider a continuous arc y of the complex plane, as defined in 
§ 102 above, i.e. the continuous image (image under a continuous mapping) 
2(t) of a straight-line segment 


*istsT (114. 1) 
of the t-axis. Let us subdivide this segment by means of the points 
<4 << Shy <t,=T (114. 2) 


into a finite number of subintervals. To each of these points ¢, there cor- 
responds a point 2,—=2(t,) of the curve. If we connect consecutive points 
2% and 2441 by means of line segments (see Fig. 18 below), we obtain a 
polygonal train inscribed in y. 





pe 
lo by bole ty by by bp 
Fig. 18 


The length of the inscribed polygonal train is given by the number 
[21 — Zo] + [22 ~ Z| +--+ + [2n — Zn-a|. (114. 3) 


We shall say that the continuous arc y is rectifiable if the lengths of all 
possible inscribed polygonal trains, corresponding to all possible partitions 
(114.2), have a finite least upper bound. This least upper bound (abbreviated 
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as l.u.b.) is then called the length of the arc y. 

Every sub-arc of a rectifiable curve is itself rectifiable. If a rectifiable curve 
is subdivided into a finite number of sub-arcs, then the length of the whole 
curve equals the sum of the lengths of the sub-arcs. 


Complex Contour Integrals (§§ 115-119) 


115. Let us consider a continuous and bounded complex function F(z) 
that is defined at all the points 2(¢) of a rectifiable curve y. With every parti- 
tion (114.2) of the interval (114.1) we associate, just as in the preceding 
section, the points 2; == 2(t;), and we form the number 


S = Feo) (2, — 2) + F(2) (2. — 21) F 2+ + F(2n-1) (Zn — 2n—1) 


n (115. 1) 
=») F (2x1) (2 — 2%-1)- 
B=1 
Let us also consider a second partition 
p= hd ae aT (115. 2) 


of the same interval (114.1), obtained by adding further points of division to 
those of (114.2), and let us compare the corresponding new sum 
Ss’ => F(z;_) (z; = 21) (115. 3) 


{=1 


with S. 

Now we assign to each number t;’ of the system (115.2) the largest of the 
numbers #; < tj <... < tj that belongs at the same time to the system (114.2), 
and we denote the latter number by t;*. Then if we set z* = z(¢*), we can 
re-write the sum (115.1) in the form 


S = J) F(e#,) (@j — 3-1)- (115. 4) 
Equations (115.3) and (115.4) imply that 
9 —S=) (Fes) — Fet,)] ( — 24-0). (115. 5) 
1=1 


We denote by 6 the largest of the differences 


(ty = to), (te = ty), car | (tn < tn), 
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and we determine the number 


Lub. of |F(2(’)) — F(z(t’))| 


(115.6) 
fore a7 (6° Ver —r'-S tT. 
For each of the terms occurring in (115.5), we now must have 
|F (es) — F(eh)| < e(8), 
since |fj — t#'| < 6 always holds. 
This implies that 
m 
|S’— S| SD) |Flej) — Fe#)| 14 - 3a 
<1 (115.7) 
< «(6) > |zi— z_,| 
j= 


Hence if we denote the length of the given curve y by L,, we may write 
|S’— S| Se(6) L,. (115. 8) 


A similar inequality can be obtained even in the case that the points of division 
(115.2) do not contain among them all the points of division (114.2). In 
order to obtain this inequality, we consider the new partition 


b= <a << <H= T, 
consisting of all the points ¢, and all the points ¢;’, and we compute the sum S” 
that corresponds to this partition. By (115.8), we then have 
|S’— S| <a6)L,, |S”"—S'| Se(6)L,, 


where 6’ denotes the largest of the numbers (tj _ ty). Hence we have, in 
any case, 


IS'-S|s 





S”—S|+|S"-S'| S [e(6) + e(6)] L,. (115.9) 
116. Let us now consider an infinite sequence of partitions 

=< P<... < MoT (116. 1) 

of the interval (114.1), and let us denote by 6“) the largest of the differences 


“ = 4), for 7=1,2,...,m,. Let us also denote by S“), in analogy to 
(115.1), the sums 
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nk 
SO = SF (2B) (ef — 24). (116. 2) 
j=1 
If we set 
e®) — @(6), (116. 3) 


then by (115.9), we have the relations 
|s)— Sete) < [el + gk +P] Ls (116. 4) 
Now if we assume the sequence of partitions (116.1) to be so chosen that 


lim 6 = 0, (116. 5) 


k=0oo 
then because of the continuity of the functions z(t) and F(z) it follows that 


lim e*) = 0 (116. 6) 
k= 00 
must also hold. By (116.4) and by Cauchy’s Convergence Criterion, the 
sequence of sums S$), S@),... must therefore converge to a number J. This 
number is called the contour integral of F(z) along the curve (or contour, 
or path) y, and is denoted by 


J= [FQ az. (116. 7) 


The justification of this terminology, and of the notation (116.7) as well, 
will be substantiated by the following arguments. First, it follows from (116.4). 
by passing to a limit, that 


[s@ = J| = lim |s® = Ser?) < el) L,. (116. 8) 
p=oo 


Hence the degree of approximation of J by the sums S) depends only on 
6“) and can be estimated uniformly for all the partitions for which 6“) does 
not exceed a fixed number 6. Hence every choice of a sequence of partitions 
satisfying condition (116.5) leads to one and the same limit. 

Moreover, the method of evaluating the integral J can be modified in 
various ways, and the modified procedures may be used for deriving the 
main properties of the contour integral. 

117. The possibility of modifications in the evaluation is based on the 
following argument. We associate with each of the sums (116.2) a new sum 


nk 
T#) = 3° pW, » (117. 1) 


i=1 


consisting of the same number of terms, where the terms pi are so chosen 
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that we may write 


(k) 
Pj- 2 
F(2, # ogee < 9") (j=1,2,...,”,), (117.2) 
je 
where 
lim n*) _—0. (117. 3) 
k=0 


Then we have 
mk 
[SOS 7) 2a) DS) | a4 Sg? Ly, 
j=1 
which implies 


lim | S® — T®| = 0, 
epree (117. 4) 
| 7! _ Jl = [s#)_— J| ae | 7 — S| < (e) + 7) Lis 


and hence also 
J = lim T™, (117.5) 
k=00 
118. A first method for defining the numbers gf” in such a way that 
conditions (117.2) and (117.3) hold simultaneously, is to write 


(& 
Pi = FGM) (2 — 2), 


(118. 1) 
Chaar), Wisi sa, 


i.e. to replace the numbers F(z;~ ®) |) in the sum (116.8) by the numbers F(c 1)» 
where ¢{), denotes any point grliatsoever of that sub-arc of y which connects 
the points :z\"), and 2;“*) with each other. 

If F(z) is defined not only on the curve y but also in a region G that 
contains y, then one may sometimes replace the number ¢!" in the first of 
equations (118.1) by the number (¢’+ ¢”’)/2, where ¢’ and ¢” are any two 
points of the above-mentioned sub-arc of y. 

By way of giving examples of such calculations, let us first set F(z)= 1, 
then F(z) = z, and finally F(z) = 2’. If we denote the initial point of y by 2o 
and the end point of y by Z, we obtain for F(z) = 1 that 


SH =3 (2) — PH Za ai (118. 2) 


7=1 
so that, in the limit, 


J= [dz=Z-%. (118. 3) 


For F(z) = 2, we consider the sums 
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vi tk) (glk) — 5fH) ) — F518) (p(k) — fk 
Sh) eo Psi Cake sar) Pam -24 (zi — 2f*),), (118. 4) 
{= i= 
and find that 
SH 4 TH — 22 — 22, 
This implies 
(k) (k) 2_ 72 
[2dz=lim 2 +7 258 (118.5) 
2 2 
Fd k=0o0 
Finally, if F(z) = 2 we set 


nk 
SM = J" (2fh,)? (2) — 20), 


7=1 
nk 


TH = Dy)? (2(#) Es if) ) ; 


7=1 


nk 


(118.6) 
zi 2, \* 

uit = SO (aes ) (a — af. 
17> 


From this we obtain that 


sH4 TH 4 4 UH) = 2 (Z3— 28), 
and, by passing to the limit, that 


ee 


Y 


(118.7) 





(118. 8) 
119. Let us now assume that the curve 
2(t) = x(t) + 2 y(é) (StST) (119.1) 
is continuously differentiable, i.e. that the two real functions x(t), y(t) have 
continuous first derivatives. Then if we set 


F(z(t)) z(t) = A(t) +7 BY, 


the equation 


(119. 2) 
where A(t) and B(t) denote real functions continuous in the interval 
t) StST, the integral of F(z)2’ over the interval tj =t=T, defined by 


T T T 
J* = /F(2) 2 dt= / A(t) dt+i/ BQ de, (119.3) 
‘| f y 
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is meaningful. The integral (116.7) is also meaningful, since the curve (119.1) 
will presently be shown to be rectifiable. We shall then proceed to prove that 
the two integrals (116.7) and (119.3) have the same value. 

We denote the maximum of | 2’(#) | on the curve y by w; then |x’()| Su 
and |y'()| Sm. For any subinterval'¢, ,S¢< 4; it then follows that 


ty t 
23 — 2a -/ x'(t) dt + lve dt, (119.4) 
tia tis 
which implies that 
25-4] S2u(6-t). (119.5) 


The length of any polygonal train inscribed in y is therefore at most equal to 
2u(T— to), and the curve y is therefore rectifiable. 

Arguments involving inequalities of a very similar nature will now make 
it possible for us to compare the integrals J and J* with each other. We 
introduce the notation 


(8)= Lub. |F(2(4)) 24) — F(z(te)) 2'(é2)| for |[2—A]<6, (119.6, 
4(6) = Lub. |2’(21) — 2’(4) | for |f,—4|<6, (119.7) 


where ft, and ft; are any two points of the interval tj [t<=T. Now for any 
partition of the interval of integration into subintervals #4, <i St, satis- 
fying |t; — t4\ <6, we have 


S x(8) (t;-—t-1). (119. 8) 





tj 
| [FGO) #0 at — Fees) 2a) (te) 


tj 
On the other hand, 
| (25 — 24-4) — 2"(ts-a) (4) — 4-2) | SAO)  — t4)- (119.9) 
Therefore if M denotes the maximum of|F(z)| on the curve y, then 
|F (25-1) (25 — 25-1) — F(@sa) 2 (tsa) (ts — 4-4) | SM A(6) (t; -— 44), 
and hence, by (119.8), 





S [(6) + MA(8)] (; — 4). (119. 10) 





[ FG) #0) dt Fle.) (4) 


From this, considering on the one hand the sum S defined by (115.1) and 
on the other hand the integral J* defined by (119.3), follows the inequality 
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[J*— S| S [x(6) + MA(6)] (T — 4), 
and from this combined with inequality (116.8) we finally obtain 
|J*— J| Se(6) L, + [x(6) + M A(6)] (T — &). (119. 11) 


The left-hand side of this last relation does not depend on 6, while the right- 
hand side must converge to zero if 6 does. From this follows the equation we 
wanted to prove, namely, 


ea J. (119.12) 


The Main Properties of Contour Integrals (§§ 120-122) 


120. Let us subdivide the curve y into sub-arcs 1; Yes ---» Ym, each 
oriented so as to have the same sense of traversal as y itself. We denote the 
integral of F(z) along y and y, by J, and Jy, respectively. From the fact 
that all of these integrals may be regarded as limits of sums of the form (116.2), 
it follows that 


Ty =Jnt Ty tit Sem (120. 1) 


If we associate with y the sense of traversal opposite to the one originally 
given, we shall regard the resulting curve as a new curve and denote it by y—?. 
In this connection, we have the identity 


Jy t+ Jya=9, (120. 2) 


which we can prove by first approximating J, and J,. by sums S and T, 
respectively, for which S + T=0O. 

Finally, from the calculation of the contour integral J as the limit of approxi- 
mating sums S‘) we derive the formula 


vi [F (2) + G(2)] dz = re F() dz + if G(2) dz. (120. 3) 


121. If the function F(z) is defined and continuous throughout a certain 
neighborhood of the curve y, then all polygonal trains inscribed in y and 
having sides of sufficiently small lengths will also lie within this neighborhood. 
Let us consider a sequence of such inscribed polygons, whose lengths we 
denote by 2, and which we assume to have been chosen in such a way that 
the lengths of their longest sides tend to zero as m runs through the sequence 
of the natural numbers. We denote the value of the integral taken along the 
polygon 1, by J,,,- Using inequalities established earlier for contour integrals, 
we can now easily verify that the following relation holds true: 
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D Cc J, = lim J. 


Mp ° 


(121.1) 


122. We denote by Q a square ABCD of the 
complex plane, with sides parallel to the coordinate 
axes and of lengths 2a, and having its center at the 
origin (see Fig. 19). We propose to evaluate the 
integral 


Fig. 19 =f, (122.1) 


where the square Q is to be traversed in the sense ABCDA. By §119 
above, we may write 


j= i, + [ait a eae =| Sar (122. 2) 


In the sum on the right-hand side, we combine the first term with the third, 
and the second term with the fourth, and we find, upon setting tas, that 


1 1 
2ids —2ids 2 ds 
J i a1 +f ey i rosa 
~1 0 
As is well known, the integral on the right-hand side equals 1/4 (cf. § 237 
below), so that we finally obtain 











@ = 2ni. (122. 3) 


The Mean-Value Theorem (§ 123) 


123. Let us denote by M the maximum of the modulus | F(z) | of F(z) 
on the curve y. By (116.2) above, we may write 


" 
[s®)<M J" |2— 2,|=<ML,. (123. 1) 
j=l 
Passing to the limit (as k > 0, cf. § 116 above) in (123.1), we obtain the 


general formula 
[ F(2) dz|<ML,. (123.2) 
y 
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If| F(z) | < M at some point zo of y, then there is a sub-arc 7; of y on which 
|F(z)| < M — « holds, so that 


| JF) dz = (M 


Hence the equality sign will hold in relation (123.2) only if | F(2z)| equals 
the constant M everywhere on the curve y. 

In the case that the curve y is a segment of the real axis, or more generally, 
any straight-line segment, the necessary (but of course not sufficient) con- 
dition |F(z)|=M for equality in (123.2) may be replaced by a stronger 
condition. For in this case, relation (123.2) becomes 


abet M(L=L)< ML: (123.3) 





<M (T—1+,). (123. 4) 








Now note that any two complex numbers a and 3 satisfying 


ja} <M, |b} SM, aed 
must satisfy 


|a+b|<2M. 


Hence if the interval t) < ¢ < T contains two interior points #4; and f, (with 
ty < t,) for which F(t.) == F(t,), then we must have 


|F(4,) + F(t.)| =2M—-2e (e>0). (123.5) 
Then there must exist a positive number h/ for which, on the one hand, 
<t<hth<h<hth<T, (123.6) 
and on the other hand, for O< s<h, 
[FQ +s) +F@+5)|<2M-—e. (123. 7) 
We may write 
[ee yar= rans [ars fears rt +5) +Flé+s)] ds. (123.8) 
hth +h 


If we now apply inequality (123.3) to the various integrals on the right-hand 
side of (123.8), we obtain 
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T 
fk F(t) dt 


bo 


<M (T —t,—2h)+ (2M—e)h=M (T—t)—eh. (123.9) 








Thus unless the function F(t) is actually a constant in the entire interval 
to St ST, the relation | F(t) |= M implies that 


T 
i= 
bo 


with the equality sign excluded. 


<M (T-4,), (123. 10) 








PART THREE 


ANALYTIC FUNCTIONS 


CHAPTER ONE 


FOUNDATIONS OF THE THEORY 


The Derivative of a Complex Function (§ 124) 


124. A one-valued complex function f(z) defined in a region G is said 
to be differentiable at a point 25 of this region if there exists a finite function 
~(2; 2) that is continuous at the point z= 2 and satisfies the relation 


H(z) = f(20) + (2 — 20) plz: 20) (124. 1) 


at all points 2 of G. 

The conditions on w(z; 20) imply that if f(z) is differentiable at the point 
Zo, then f(z) must also be continuous at 29. Furthermore, the assumption 
that m(z; 20) is continuous at z= 2 means that the limit 


(29; Zo) = lim 9(z, 29) (124. 2) 
r=% 


exists; we shall denote this limit by df(z0)/dz or by f’(20), and we shall 
call it the derivative of f(z) at the point 20. 

Equation (124.1) determines the function ¢(2; 20) uniquely at all those 
points z= 2, at which f(z) is defined. 

Hence if f(z) is differentiable at the point 2, then the value /’(z) = Y(z9; 29) 
of the derivative of f(z) at 20 is also determined uniquely. We shall find it 
convenient, in what follows, to write 


P(20, 20) = F(Z), P(25 2) = f (Zo) + R(z; 2)- (124. 3) 


In this notation, the condition that f(z) be differentiable at the point 2 can 
be expressed by means of the formulas 


f(z) = f(%) + (2 — 29) f'(z0) + (2 — 2) R(z; 29) | 
lim R(z; 2) = 0. | 


z= 2 


(124. 4) 


Most of the arguments of the ordinary Differential Calculus can be applied 
to the differentiation of complex functions and lead to the same formulas for 
calculating the derivative of the sum, of the product, and of the quotient of 
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differentiable functions. The same holds true for the “chain rule” for differ- 
entiating a composite function g(f(z) ). 


Integrable Functions (§§ 125-127) 


125. Let y be a rectifiable curve with 2, as its initial point and 2 as its 
end point. In § 118 above, we arrived at the following formulas: 


fuar—», [tae-Z—4, [ea- 3-3. 0125.9 
Y y ? 
Thus the value of these contour integrals depends only on the choice of the 
end points, and does not depend on the particular curve y chosen to connect 
these end points. 
We shall say that a function f(z) defined and continuous in a region G is 
integrable in G if the value of the contour integral 


[ HC) dt (125. 2) 


is the same for all rectifiable curves y that lie entirely in G and have the same 
initial point z) and end point z. 

Thus if 2 is held fixed and if the end point 2 of y is allowed to vary, then 
the contour integral (125.2) represents a one-valued function F(z) of 2, 
called an integral of f(z). 

Let z and z + h be two points of G and let y, be any rectifiable curve that 
lies in G and joins z to +h. Then every integral F(z) of f(z) must 
satisfy the relation 


F(z +h) — F(z) = if f(t) at. (125. 3) 


If | h| is sufficiently small, then the two points z and z + h may be joined 
by a straight-line segment lying within G. This segment can be represented 
in terms of a real parameter ¢ by means of the equation 


z+ht (0<#<1). (125.4) 


Equation (125.3) can in this case be written in the form 


1 
F (2 +h) = F(z) + [Het hy nat (125. 5) 
0 


= F(z) + hfe) +h Reiz+ h), 
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where 


1 
R(z:z +h) = [ve + ht) —f(2)] dt. (125. 6) 
0 


Since the function f(z) is continuous in the region G, the above R(z;z+h) 
must converge to zero if h does. Hence F(z) is differentiable in G, and 
specifically, F(z) is a function defined in G whose derivative 


F'(z) = f(2) (125.7) 


equals the given (integrable) function f(z) (see also § 146 below). 

126. We found earlier (cf. §120 above) that the value of the contour 
integral of a function f(z) taken along a curve y is the negative of the value 
of the contour integral of f(z) taken along the curve y—? obtained by re- 
orienting y so that the sense of traversal is opposite to that of y. From this 
fact it now follows that for f(z) to be integrable in a region G, it is necessary 
and sufficient that the integral of f(z) along every closed curve in G be zero. 





Fig. 20 


We now introduce the following definition: A function f(z) will be called 
integrable in the small in the region G if the integral of f(z) is zero whenever 
it is taken along the boundary of any triangle that is contained, with its 
interior, in G. 

Now we shall prove that if a region G is simply connected, then any func- 
tion f(z) that is integrable in the small in G must also be integrable in the 
large in G (ie. must be integrable in G in the sense of § 125 above). 

To this end, we shall first prove that any simple closed polygon $8 can be 
triangulated, i.e. that each of the two regions into which $8 divides the Riemann 
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sphere (or the extended complex plane) can be represented as the union of a 
finite number of triangles whose interiors are mutually disjoint and which 
are obtained by drawing a certain number of the diagonals of B (see Fig. 20 
above). 

Assume we had proved this last fact for all n-gons (1.e., polygons having 
n sides). Consider any given (n + 1)-gon; through at least one of its vertices, 
say through A, we can pass a line of support? to the (n + 1)-gon. For con- 
venience, we shall call the interior of the polygon that one of the two regions 
bounded by the polygon (cf. § 106 above) which has no points in common 
with the line of support. Now if BA and AC are the two sides of the polygon 
that meet at A, then either the line segment BC is a diagonal of the polygon 
and interior to the polygon, or there exists at least one vertex V of the polygon 
that lies on BC or in the interior of triangle 4 BC. Among these vertices V, 
there must be at least one for which the diagonal AV lies in the interior of 
the polygon, and a diagonal like AV divides the (n + 1)-gon into two polygons 
of at most n sides each; these two polygons can be triangulated by the induc- 
tion hypothesis, and therefore so can the (n + 1)-gon. 

Now let $8 be any closed simple polygon all of whose points belong to G; 
since G is simply connected, the interior of §§ must also belong to G, and 
therefore so must the interior of each of the triangles occurring in a tri- 
angulation of the interior of 8. If f(z) is integrable in the small, then its 
contour integral along each of the triangles of the triangulation must be equal 
to zero. Let us traverse each of these triangles in the positive sense, i.e. in 
such a way that the exterior normal to any side of the triangle has the same 
relative position to this side as the positive x-axis of the complex plane has 
to the positive y-axis, and let us form the sum of the contour integrals along 
all the triangles of the triangulation; this is a sum of zeros. But the contour 
integrals along the diagonals used in the triangulation will also cancel out in 
pairs, since each of the diagonals is traversed twice—namely, once in each of its 
two (opposite) directions. Thus there remains in the sum only the contour 
integral along the polygon $8 itself, and hence this contour integral equals zero. 

Any (not necessarily simple) closed polygonal train a, whose sides may 
cross each other or may partly coincide, can be regarded as being composed 
of a finite number of simple closed polygons $8 and of line segments, each of 
the latter being traversed twice (in opposite directions) as 2 is traversed 
once. Therefore the contour integral of f(z) along 2 must equal zero. Finally, 
if y is any closed rectifiable curve lying in G, then the integral of f(z) along y 
may be considered as the limit of the integrals of f(z) along any sequence 
J, 72,... Of approximating polygonal trains inscribed in y, and must there- 


*TLe., a straight line through A which is such that the interior of one of the two half- 
planes bounded by the line is free of points of the polygon. 
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fore also be equal to zero. Thus we have proved the result stated earlier in 
this section, since we have shown that f(z) is indeed integrable in the large in G. 

127. If G is not simply connected, then there may very well exist func- 
tions f(z) that are integrable in the small in G but whose contour integrals 
along certain closed rectifiable curves lying in G are not equal to zero. For 
example, we shall soon see (cf. § 129 below) that the function 1/z is integrable 
in the small in the region 0 < | z| <1, while according to § 122 above, there 
exist closed curves y in this region along which the integral of 1/z does not 
vanish. But even in this case, we can arrive at a general result along the 
lines of the result of § 126 above. 

Let us consider a finite number of completely separated simple closed poly- 
gons 2, %1,..-, Am (cf. § 108 above) lying in G, and let us assume that these 
polygons are the frontier of a subregion $8 of G that is confined to some finite 
part of the complex plane. We may assume that every point of G is inside 
the polygon a) and outside each of the polygons m,...,7%m. It is then 
possible to triangulate §8, each of the triangles of the triangulation lying in G, 
along with its interior. The sum of the integrals of f(z) along all of these 
triangles will then be equal, by the same reasoning as was used in § 126 
above, to the integral of f(z) along the frontier of 8 traversed in a certain 
sense ; 1) must be traversed in the positive sense, and each of m,...,%m in 
the negative sense. From this and from the assumption that f(z) is integrable 
in the small, it follows that the integral of f(z) along 2» is equal to the 
sum of the integrals of f(z) along 7,, 22, ...,,,, provided that all of these 
(m+ 1) polygons are traversed in the same sense. 

In this result, the (m+ 1) polygons may be replaced by (m+ 1) recti- 
fiable Jordan curves; the details of the proof of this, by means of a limiting 
process, will not be set down here. 

But we shall prove the following theorem, which will be very useful to us 
in the sequel. Let G be a region obtained from a simply connected region G’ 
by removing from G’ a finite number of points &,,&,...,6. Then every 
continuous and bounded function f(z) defined in G that is integrable in the 
small in the region G 1s also integrable in the large in this region. 

To prove this, consider any simple closed polygon a) lying in G (and there- 
fore lying in G’). The formula 


[te dz =0, (127. 1) 


which is what we have to prove, will certainly hold true if none of the points 
&; lies in the interior of a). If some of the points &; do lie in the interior of 7, 
then we surround these by squares 2m.) T%mgs +++» my (k Sp), also interior to 
Mo, and by the preceding result we then have 
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[te dz = [#2 dz+-- + ie) dz. (127. 2) 


7m, "nk 


(To insure that the squares %m;. are all inside 25, we merely have to choose 
the length « of their sides smaller than a suitable positive €).) If M is an 
upper bound of | f(z)| in G, then by the inequality (123.2) for contour 
integrals, we have 

[12 az 


v 
mj 


<4Me (j=1,...,), (127.3) 


7, 





and (127.2) together with (127.3) now yields 


[te a 


mo 


<4kMe. (127. 4) 








Since this last relation holds for any ¢ < & , it follows that (127.1) must 
hold, and the theorem is proved. 


Definition of Regular Analytic Functions (§ 128) 


128. A complex function that is differentiable at every point of a region G 
is called a regular analytic function’ in G. We shall see later that the same 
concept can also be defined in terms of other properties. For instance, the 
property of being representable by power series (cf. § 208 below) is one 
that many authors use to define regular analytic functions. Other basic 
properties that might be used for the same purpose are the fact that these 
functions can be represented as contour integrals (see § 131 below), or the 
fact that they are integrable in the small (see § 129 below). The definition 
which we have adopted here is not only the simplest in concept, but it also 
allows for the fastest development of the theory of analytic functions. 

Thus the results of § 124 above show immediately that the totality of ana- 
lytic functions regular in a region G constitutes a “field’”’ of functions, i.e. that 
the sum, difference, product, and quotient (if the denominator is +- 0 through- 
out G) of two analytic regular functions are themselves analytic regular func- 
tions in G. The composite function g (f(z) ) formed from two analytic regular 
functions g(#) and f(z) is also regular in G, provided that the substitution 
of f(z) for uw in g(#) is meaningful whenever 2 is in G. 


* Sometimes just analytic function, or just regular function. 
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Every constant may be considered as an analytic function (in any region) 
with an identically vanishing derivative. The function f(z)= 2 is a regular 
analytic function (in any region), having as its derivative the constant 1. 
From this and from the preceding paragraph it follows that any polynomial 


P(z) =a@g9+a,z2+a,27+---+ a, 2" 


is an analytic function regular in the whole plane. Similarly, any rational 
function 

P(z) 

Q(z) 





is a regular analytic function in any region of the complex plane throughout 
which Q(z) + 0 holds true. For example, the fractional linear function 


az+B 


eee («d6—By +0, y + 0), 


which we used earlier in the theory of Moebius transformations (cf. § 24 
above), is regular in the whole complex plane except at the point z= — 6/y. 


Cauchy’s Theorem (§ 129) 


129. We shall now prove the theorem to the effect that every function 
that is regular in a region G must also be integrable in the small in this region. 
This theorem was discovered? by A. L. Cauchy (1789-1857) in the year 1814, 
and forms one of the foundation stones on which Function Theory rests. 

What we must show is that for every complex function f(z) which is 
differentiable in the interior and on the boundary of a triangle A, the integral 


= | (2) dz (129. 1) 


has the value zero. To this end, we connect the mid-points of the sides of 
the triangle 4, obtaining in this way four new triangles which we denote 
by A’, A”, A’, and Al) (see Fig. 21). We denote by J’,...,/@Y the 


*Cauchy proved the theorem only under the assumption that the derivative f’(z) be 
continuous in G. It was not until around 1900 that P. Goursat made the discovery— 
which created quite a stir—that the theorem remains valid even if any assumption of 
continuity or even of boundedness of f'(z) is dropped, as long as f’(z) is just assumed to 
be finite in G. For this reason, some authors nowadays call the theorem, justifiably, the 
Cauchy-Goursat theorem. On the other hand, almost all the applications of the theorem in 
question were found by Cauchy himself, so that the historical inaccuracy attaching to our 
above designation of the theorem is quite defensible. The proof used in the text is a little 
simpler than Goursat’s original proof, and is due to A. Pringsheim (1850-1941). 
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Fig. 21 


integrals of f(z) along these four triangles, each traversed in the same sense 
as was the original triangle in (129.1), and we then have 


J a J’ + ti + 7 + J), (129. 2) 

Since this implies that 
FSP 1417 1+ (7 + (™ (129. 3) 
there must be among the numbers J’, ..., JY) at least one whose modulus is 


not less than | J|/4. We denote by A, the first one of the triangles A’, ..., Al) 
for which the corresponding contour integral has the property just mentioned. 
Thus if we denote this contour integral by J,, then 


J) s4|Al- 


Similarly, we can determine a triangle A, lying in the triangle 4: and coin- 
ciding with one of the four congruent triangles into which A, can be de- 
composed, and being such that the contour integral J, of f(z) along 4, satisfies 


[Ji] S4 | Jel. 
Continuing in this way, we obtain a sequence 
A2 A, 2. A, 2: (129. 4) 


of nested triangles which is such that the corresponding contour integrals 
J,J,,Jo,... of f(z) along these triangles satisfy the relations 


Wils4|LAlseli]s-- S4 lJal (129. 5) 


for every natural number n. 
Let L be the perimeter of the triangle A and let L, be the perimeter of An. 
We note that 


— a (129.6) 


which follows directly from our construction of the sequence of triangles. The 
triangles of the nested infinite sequence (129.4) have a common point 2), and 
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by hypothesis f(z) is differentiable at 2), so that equations (124.4) hold. 
We can therefore write 


In= [tle a2 
e 
= | (flea) + (@ = 2) f ea)] de + | (a = 29) R(@s 29) de. 
Ayn An 


By § 125, the linear function which forms the first integrand in the last line 
is integrable, and hence 


ie y (2 — 2) R(z; 2) dz. (129.7) 
n 
Let mm be the least upper bound of | R(z; 20)| for 2 ranging over (the 
interior of) the circular region 
[eeaze| SLs (129. 8) 
Then by the second relation of (124.4), we must have 


lim y, = 0. (129.9) 


"m= 0O 


On the other hand, the triangle 4, lies within the circular region (129.8), so 
that equation (129.7), together with (123.2) and (129.6), yields the inequality 


L2 


By (129.5), this implies the inequality 
|J| SL? (129.11) 


for all values of n, and thus we see from (129.9) that we must have J = 0, 
which is what we had to show. Hence Cauchy’s Theorem is proved. It may 
be rephrased as follows: Every complex function f(z) that 1s differentiable 
at every point of a region G must be integrable in the smallin G. 


Cauchy’s Integral Formula (§§ 130-131) 


130. Let G be a simply connected region with 2) as one of its points, and 
let G* be the region consisting of all the points of G other than 2). If f(z) is 
a function that is bounded and regular in G, then the function 
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g(2) = MMe) oe (130. 1) 
is regular and bounded in G*, since f(z) is differentiable at the point 2), so 
that for 2 close to 2, the function g(z) assumes values close to f’(2.). By 
Cauchy’s Theorem, g(2) is integrable in the small in G*, and hence by § 127, 
g(z) is also integrable in the large in G*. 

Therefore if y is a rectifiable (closed) Jordan curve lying in G*, then 
we have 


ms 4) — flo) _ gz — 0 (130. 2) 


Z—2y 


which may also be written in the form 


i(z0) leas = ee eel laaley (130. 3) 


z— 2 


Let us now make the additional assumption that the point 2) lies in the finite 
region G, bounded by y, the “interior” of y. Then Cauchy’s Theorem and 
the result of § 127 yield 








aaa -/. (130. 4) 


where x is a square with 2, at its center, with its sides parallel to the coordinate 
axes, and lying entirely in the interior of y. By § 122 above, the right-hand 
side of (130.4) equals 227, so that (130.3) may be replaced by 


_ i f(z) dz 
Y 


We now consider the curve y as fixed and the point 2) as a variable point in 
the interior of y. With a slight change of notation (writing z instead of 2 
and ¢ instead of 2), we may re-write (130.5) in the form 


f(z) === ib He) ae (130. 6) 


221 ¢-—2z 
Y 








This relation was discovered by Cauchy and is called the Cauchy Integral 
Formula. Before discussing it in greater detail, we shall study some general 
properties of the integral on the right-hand side of (130.6). 

131. To this end, we consider a rectifiable curve y, not necessarily a Jordan 
curve nor even closed, and a finite region G whose closure G contains none 
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of the points of 7. We consider also a complex function m(¢) defined and 
sectionally continuous on ¥ and satisfying |y(¢)|< Mon y. (We use ¢ here 
as a generic notation for points of 7.) We shall show that the function f(z) 
defined by the equation 


eit Pe P0) at (131.1) 


is a regular analytic function in G, whose derivative f’(z2) is likewise analytic . 
in G. 

To prove this, we note first that there must be a positive number 6 > 0 
such that for every point ¢ of y and for every point z of G the relation 








|t—2|>6 (131.2) 
holds. x 
Then if z and zg + h are any two points of G, we have 
ae eee ae ¢ 
fGen fae Oe: 
z+ h) z oe (2+ 4)] a (131.3) 
CHa t CEE Fm 
From this and from (131.1) above, it follows that 
e+ h) = ft) +h Tae dt +hR(zi2+h). (131.4) 
oa 
Here, 
pat 
Rei z+ h) ce ere (131.5) 
so that, by the Mean Value Theorem of § 123 above, 
[Rees z+h|< +0 7, (131.6) 


holds. These formulas imply that f(z) is differentiable at every point of G 
and has the function 





ie) = [eee at (131.7) 


as its derivative. : 
We can show similarly that the derivative f’(z) of f(z) is likewise a regular 
analytic function in G, by using instead of (131.1) the identity 
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1 —_)  __ 24 MB —4)—28] 
(C — (z+ h)}? (¢ — 2)? (¢—2)8 (¢—2)8 [6 —(z+ Aj]? * 





(131.8) 


Hence the function f(z) has a second derivative f(z) which is given by 
the contour integral 





f"(2) =2 J eat. (131.9) 


Thus we have proved the theorem stated earlier in this section. 


Some Basic Properties of Analytic Functions (§ 132) 


132. The fact expressed by relation (130.6) above is in a certain sense 
the converse of the result we proved in the preceding section. For, (130.6) 
shows that if a function f(z) is regular in a region that contains a rectifiable 
Jordan curve along with the interior of this curve, then f(z) can be repre- 
sented by an integral of the form (131.1). 

By § 131 above, any function f(z) represented by a Cauchy Integral (130.6) 
has a derivative that is itself differentiable; also, any analytic function can be 
represented, in some neighborhood of every point of its region of regularity, 
by Cauchy Integrals; hence it follows that the derivative of a regular analytic 
function is itself a regular analytic function. 

This implies immediately that every regular analytic function has derivatives 
up to any order, and that all of these derivatives are themselves regular analytic 
functions. 

Now by § 125 above, every function f(z) that is integrable in a region G is 
the derivative of at least one function F(z), and F(z) is thus a regular 
analytic function in G. Hence by the last theorem above, the function f(z) is 
itself differentiable and is therefore an analytic function in G. 

Moreover, we know from § 126 that any function that is integrable in the 
small is also integrable in the large in any circular disc that lies within the 
domain of definition of the function, and we are thus led to the following 
general theorem, called Morera’s Theorem: 


If a function f(z) is single-valued, continuous, and integrable in the small 
in a region G, then f(z) is a regular analytic function in G. 


Riemann’s Theorem (§§ 133-134) 


133. We are now in a position where we can easily prove an important 
theorem that was first stated by Riemann (1826-1865) and which we shall 
therefore call Riemann’s Theorem. Let G, be a region obtained from a region G 


RIEMANN’S THEOREM (§§ 131-134) 131 


by removing from G a single point &, and let f(z) be an analytic function that 
is regular and bounded in G,. Then if 20 is any point of Gi, the function 


g(2z) — Le Ae) (133. 1) 


zZ— 2 

is regular and bounded in the region G, that is obtained from G by removing 
from G the two points € and 2. By § 127 above, g(z) is integrable in G,; 
hence if y is a rectifiable Jordan curve whose interior contains the two points 


g, and &, then we have 
[aan — f(2o) es 0: 


z2—% 
From this we conclude, lke i in § 130 above, that the equation 


te) = oer [FE (133. 2) 








zZ— 2% 
Y 

holds true for all those points 2) of G, that lie in the interior of y. Now the 
right-hand side of the last equation represents an analytic function that is 
regular in the region interior to y, hence also at the point = & which was 
excluded up to now. The result implied by this may be put as follows: Let 
f(z) bean analytic function that 1s regular at all the points of a neighborhood 
of the point €, with the possible exception of & itself, and assume that f(z) is 
bounded in this “punctured” neighborhood. Then there exists one and only 
one complex number a with the property that the extension of the domain of 
definition of f(z) produced by setting {(&) =a yields a function that is not 
only continuous at & but also regular at §. 

134. By way of example, let f(z) be a function that is regular in a 
neighborhood of 29 (including 2, itself) ; then the function 


g(e) = he (134. 1) 


satisfies the hypotheses of the last theorem in a certain neighborhood of 20, 
and we can therefore complete the definition of g(z) in such a way as to 
arrive at a function for which 2 itself is a point of analyticity. In order 
to evaluate g(2.) and the successive derivatives g’(z), g’’(2),--., we must 
differentiate the relation 


(z — 29) g(2) = f(2) — Flo) (134. 2) 
(n + 1) times in succession, and we obtain 
(z — 29) * (2) + (H+ 1) g@) =f" 7). 
From this we obtain for n = - 1,2,..., setting z= 2p, that 


gle) = Flea), Be) =P Ca)s oe OME) = GeO). (134.3) 


CHAPTER TWO 


THE MAXIMUM-MODULUS PRINCIPLE 


The Mean Value of a Function on a Circle (§ 135) 


135. Consider an analytic function f(z) that is regular at every point of 
the closed circular disc |z—20|7. If x denotes the boundary of this 
disc, then by the Cauchy Integral Formula we have 





221 C¢—2z 


Ke) = a7 [ HO) ae (jz—29| <7). (135.1) 


Now note that 


C=2,+7(cos#+isin 9), (135. 2) 
Se < (—sin9 + icos 9) =i (C— a), (135.3) 


so that we may re-write (135.1) in the form 





i= if H(¢) sas ad. (135.4) 


If we set z= 2 in this relation, we obtain 


Heo) = a | H(6) 48, (135.5) 


and this shows that if f(z) is regular within and on a circle, then its value at 
the center of the circle equals the mean value of the values assumed by f(z) 
on (the boundary of) the circle. 

Hence if we use M, to denote the maximum of the modulus | f(¢)| as ¢ 
ranges over the points of the circle |z—2 |= 7, then by the Mean Value 
Theorem of § 123 we obtain 


[*(@)| < M,, (135. 6) 
and the results of § 123 also show that the equality sign applies in (135.6) 
only if the function f(¢) ts a constant on the boundary of the circle. 


132 
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The Maximum-Modulus Principle (§§ 136-139) 


136. The last result can be generalized quite considerably; in fact, the 
following theorem holds true: If f(z) is an analytic function that is regular 
and not identically a constant in a region G, and if M denotes the least upper 
bound of | f(z) | in G, then at every point 29 of G we have 


[f(20)| + M, 


hence—equality being explicitly excluded— 


|f(20)| < M. (136. 1) 


To prove this theorem, assign 29 in G and let G, be the subset of G con- 
sisting of all the points of G at which 


f(z) + F(Z) (136. 2) 


holds. Since f(z) is a continuous function, G, must be an open subset of 
G; since f(z) is non-constant in G, the set G, is not empty; since 2 lies in G 
but not in Gi, the latter set is a proper subset of the former. The region 
G being connected, it contains at least one frontier point 2, of G: (cf. § 100 
above). Since the open set G, does not contain any of its frontier points, 
the definition of G, implies that at the point 2, of G, 


f(z) ‘ f (20) (136. 3) 
must hold. 


Now 2, is a point of accumulation of Gi; we can therefore find a point 22 
of G, such that the closed circular disc 


jz—z| S|z—%| 


is entirely contained in G. By (136.2) and (136.3), we have f(z.) + f(41). 
Hence f(z) can not be constant on the circle x which forms the boundary of 
the disc (and which contains 22), since relation (135.5) would otherwise imply 
that f(2:)—=f(22). Thus if M’ denotes the maximum of | f(z) | on, then 
by the remark at the end of the preceding section, 


[f(z)| <M sM (136. 4) 


must hold, and inequality (136.1) now follows from (136.3) and (136.4), 
so that the theorem is proved. 

137. We shall consider next the boundary values of f(z), as defined in 
§ 99 above. If a is a boundary value of f(z) at a frontier point ¢ of G, then 
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the number | a| is of course a boundary value of | f(z)| at ¢. Hence we 
always have 


|a| <M. 


Now let M’ denote the |.u.b. of the moduli of all the possible boundary values a 
that may occur as ¢ ranges over all the frontier points of G. We certainly 
have M’=M. 

On the other hand, the region G contains sequences { 2; } of points for which 
the numbers | f(z) | converge to M, and without locs of generality we may 
assume that the sequence 21, 22,... itself converges to a point 2. Except in 
the case of a constant function f(z), such a point 2) cannot be an interior 
point of G, since we would otherwise have 


t(2o) = lim f(2,), 
n%=00 
which would imply | f(z.) | ==, contrary to the result of § 136 above. 
Hence 2» must be a point of the frontier of G, and M is therefore a boundary 
value of | f(z) | at this point. This shows that M’ = M. 

We note that if f(z) is not only regular in G but is also continuous on the 
closure G of G, then | f(z) | must assume its maximum M at one point, at 
least, of G (cf. § 96), and any such point must lie on the frontier of G (except 
in the case of a constant function f(2) ). 

138. Now let m denote the greatest lower bound (g.l.b., for short) of the 
modulus | f(z) | of a function f(z) regular in a region G, and let m’ denote 
the g.l.b. of the moduli of the boundary values a of f(z) on the frontier of G. 
Let us assume that m’ >0. We must then distinguish between two basically 
different cases. 

The first case is that of a function f(z) which does not vanish at any point 
of G. In this case, 1/f(z) is a regular function in G, and the preceding section 
then applies to show that 


1 1 Tr 8 
= ——= lub. ——— in G. 138.1 
= —-= Lub. of qari ( ) 


For non-constant functions f(z), we furthermore have at every point of G that 
But if there exists at least one interior point 2) of G at which 


| f(z) | << m’ (138. 3) 
holds, then we have 


m' >m=0, (138. 4) 
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and in this (second) case, the function f(z) must have zeros in G. Thus we 
have proved the following theorem: 

Let f(z) be an analytic function that is regular and non-constant in a 
region G, and let m’ denote the greatest lower bound of the moduli of the 
boundary values of f(z). Let m denote the g.l.b. of | f(2) | in the interior of G. 
Then if m’ > 0, we have m’= m if and only if f(z) has no zeros in G. 

139. This theorem represents a very important criterion for establishing 
the existence of zeros of f(z)—a criterion not only of fundamental importance 
in theoretical investigations (cf. §§ 199, 170 below) but one that can also be 
used for numerical calculations. The latter use is possible because for a veri- 
fication of the inequality (138.3), an approximate calculation of m’ and of 
f(20) is sufficient. 


Schwarz’s Lemma (§§ 140-141) 


140. A theorem discovered by H. A. Schwarz (1843-1921) yields sur- 
prisingly far-reaching results on the behavior of regular analytic functions. 
Consider a complex function f(z) that is regular in the interior 


jz) <1 (140. 1) 


of the unit circle and for which the Lu.b. of its modulus | f(z) | does not 
exceed 1 within this circle. Assume further that 


{(0)=0. 


Then by § 134 above, the function f,(2) defined by the equations 





f(a) = ABH. _ 10 o<id<0.| 
140. 
A(0) = #0) 


is regular in the disc (140.1). Let 2) be any point of this disc and let 7 be 
any positive number satisfying the condition 


|—|<r<1. (140. 3) 


Then by the Maximum-Modulus Principle there is at least one point ¢ on the 
circle | z|==7 for which 


|Aled)|  |A(c)| = ABE = 1 (140. 4) 


holds. Now by one of our assumptions, we have |f(¢)| $1; hence for all 
values of 7 satisfying (140.3), we must have 
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1 
lfx(Zo)| S os 
and hence also 


|fa(zo)| Slim = = 1. (140. 5) 
r=1 


Therefore unless the function f(z) is a constant of modulus unity, we must 
have | /,(z)| <1 at every point z in the interior of the unit circle. Hence (140.2) 
above now implies that 


IPO) <1, [fz < el. 
These last relations must therefore always hold true except in the case that 
f(z) = e*%, in which case we have 


f(z) = e'* 2, 


and we have therefore proved the following theorem: 


ScHWarz’s Lema: Let f(z) be a function that is regular in the unit circle 
and that satisfies 


f0)=0, |f(z)| <1 (0<|z|<1). (140.6) 
Then it follows that 
IO). <1, [f2)|< lz] (0< |z| <1), (140.7) 


unless f(2) is a linear function of the form 


f(z) =e? 2. (140. 8) 

In etther case, we have the relations 
IfO| <1, |A2)| Sal, (140. 9) 
and any one of the conditions | f’(0)|==1 or |f(z)| = |20| (for at least one 


intertor point 2 of the unit circle) ensures that we have the second case 
(140.8). 

141. Retaining the notation of the preceding section, let us assume that 
the function f,(2) defined by equations (140.2) vanishes at the point z—0. 
Then the arguments of the last section may be applied to the function f,(2) 
in place of f(z), and serve to establish the existence of a function f2(2) 
that is regular within the unit circle and for which the relations 


| fa(z) | S1, f(z) =z f(z) (|z| < 1) 


both hold. Furthermore, if we also have f.(0) = 0, then there exists a func- 
tion fs(2) with similar properties. Let us assume that this process can be 
repeated n times and that we have found a function f,(2) for which 
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[fol2)| SU, f(z) = 2 A(z) = 2? falz) = ++ = 2" fal) (141.1) 
holds. Under these assumptions, we obtain 
If)| S ||" (JzZ] <1). (141.2) 


The Zeros of Regular Analytic Functions (§§ 142-143) 


142. If the function f(z) discussed in the preceding section is not iden- 
tically equal to zero, then after a finite number of steps we must get to a 
function f,(2) for which 

fn(0) + O (142. 1) 


holds. For if f(z.) 4:0 at a point 2) of the disc (140.1) and if 








If(e0)| S Jol*, (142. 2) 
then we may write 
( : y's eee (142. 3) 
l2ol 7 ~ If(20) | 
Let us set 
En eog., gave a (142. 4) 
[29] : 29! 
As is well known, 
Li kp<(1+p)t, (142. 5) 


an inequality which can immediately be verified by induction on k; and com- 
parison of (142.3) with (142.4) and (142.5) yields the relation 


(1 — |f(2o) |) 1201 
as [f(2o)1 (2 — 1201) ” 2) 
from which our statement follows. 

Thus for any f(z) that satisfies the same hypotheses as in Schwarz’s 
Lemma, the following additional result holds true: Either f(z) is identically 
equal to zero throughout the interior of the unit circle, or there is a natural 
number n = 1 for which 


H(z) =2" fn(2),  fn(0) + 0. (142. 7) 


143. This result enables us to derive a general property of the zeros of 
regular analytic functions. Let us consider a region G and a function f(z) 
that is regular in G. Let A be the set of all those points of G that are points 
of accumulation of zeros of f(z). Since f(z) is continuous, every point of A 
must itself be a zero of f(z). 


138 Part THREE. I. FOUNDATIONS OF THE THEORY 


Therefore, if d = G then f(z) must vanish at all the points of G. But if 
A=+G and if A is not empty, then G contains at least one frontier point 2 
of A. This point 20, being a point of accumulation of points of A, must itself 
be a point of A; on the other hand, every neighborhood of z) must contain 
points of G that are not points of accumulation of zeros of f(z), and hence 
must contain points at which f(z) 4=0. From this it follows that f(z) cannot 
vanish identically in any neighborhood of 2. 

We choose r small enough for the closed circular disc 


|z—2)| <r (143. 1) 


to be contained within G. The l.u.b. M, of | f(z) | on this disc is +0. The 
function 


ot) = =~ Ney +r) (143. 2) 


then satisfies all the hypotheses of Schwarz’s Lemma in the unit circle 
| «| <1, and m() does not vanish identically within this circle. Therefore 
by the preceding section, there is a natural number m for which 


p(u) = u" p(w) (p(0) + 0) (143.3) 


holds, and hence there is a positive number #= 1 such that for |u| <#, 
the function @(u) has only the one zero u—O. But this means that in the 
circle |z — 29| <7 3, the function f(z) itself can have no zeros other than the 
single point 2, and we have thus arrived at a contradiction to the assumption 
that 2 is a point of Jd. Therefore the assumption that A is neither empty nor 
identical with G is also untenable, and we therefore have the following theorem: 

If a function f(z) ts regular and not identically equal to zero ina region G, 
then the set of zeros of f(z) n G ts etther empty or consists entirely of isolated 
points. In proving that G cannot contain any points of accumulation of zeros 
of f(z), we made essential use of the fact that G is an open point set. It may 
very well happen that the zeros of f(z) in G have points of accumulation on 
the frontier of G. Using methods to be developed later, we shall even be able 
to construct examples of functions f(z) for which every frontier point of G is 
a point of accumulation of zeros of f(z). 

As a corollary of our proof, we have also obtained the following important 
theorem : 

If the analytic function f(z) ts regular and not constant in the region G, 
and if 2 is a zero of f(z) in G, then there exists a natural number n and an 
analytic function g(z) regular in G for which 


f(z) = (2 — 0)” gl) (g(Zo) + 0). (143.4) 
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Preservation of Neighborhoods (§ 144) 


144. Our results immediately imply that an analytic function regular in a 
region G cannot be constant throughout a subregion of G without being con- 
stant throughout all of G. Now it is not very difficult to establish a much 
more precise result. 

Let f(z) be an analytic function that is regular and not a constant in a 
region G; also, let 2) be any point of G. We set 


Wy =f(2), (2) =7(z) — wo (144.1) 


and we have thus defined a function g(z) that is regular and not constant 
in G and that vanishes at the point 2. Then by § 143 above, there are in G 
closed discs 


|z—2z | <7 (144. 2) 
on whose boundary the function @(z) has no zeros. We denote by Ze the 
minimum of | 9(¢)|, where 

C=xatre’®, (144. 3) 


with # varying over all real values. In the same disc (144.2), we form the 
function 


(2) = f(z) — w = oz) — (@ — ®), (144. 4) 


regular in G, and we note that 


\w(o)| = |e(o)| —|w— wo] =2e—|w— |. 
Then for 


|w—w|<e, (144.5) 
we find on the one hand that at every point of the circle (144.3), 
|y(f)| >, (144. 6) 
while on the other hand we have at the center z) of the same circle that 
| v0) | = | plo) — (w — wo) | = |w — wo] <e. (144. 7) 


By § 138 above, the function y(z) must have at least one zero in the interior 
of the disc (144.2), so that there is in the disc 


|z—2| <r (144. 8) 
at least one point for which 


f(2) =v (144. 9) 
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holds. Here, w is any point in the disc (144.5) of the w-plane. This result 
shows that the mapping given by equation (144.9) 1s neighborhood-preserving 
at every point 29 of the region G (cf. § 104 above). 

This implies the following corollary: Let f(z) be a function regular in G 
whose modulus | f(z)|, or whose real part Rf(z), is constant throughout 
some subregion G, of G. Then the mapping (144.9) cannot be neighborhood- 
preserving at the points of G,, and therefore the function f(z) must itself be 
a constant throughout the entire region G. 


The Derivative of a Non-Constant Analytic Function 
Cannot Vanish Identically (§§ 145-146) 


145. Consider a function f(z) that is regular and not constant in a region G. 
For any given point 2) of G, we may write 
f(z) = Heo) + (2 — 20)? g(z),  g(zo) +9 (621). (145.1) 
Differentiating this, we obtain 
"(2z) = (z — z,)?-1 A(z), 
I (2) = (2 — 2)?" Al) (145.2) 
h(z) = p g(z) + (2 — 20) B'(2)- 


Thus we have h(z,) = ~ g(2o) + 0, so that f’(z) cannot vanish identically. 
Hence if the first derivative of a regular analytic function f(z) vanishes 
identically, the function f(z) must be a constant. 


146. Now let f(z) be a function that is regular and integrable in the 
region G; the second of these conditions is a consequence of the first if G is 
simply connected. We choose a point 2 of G and we set 


F(z) a / f(£) a¢, (146.1) 


where the path of integration y is any rectifiable curve that*lies in G and 
joins 2) to z. Then the following relation holds: 


F,(z) = f(2). (146, 2) 


Let F(z) stand for any analytic function that is regular in G and satisfies 
the differential equation 
F'(z) = f(z) (146. 3) 
in G. Then if we set 
y(2) = F(z) -— F,(2), 
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it follows that g'(z) = 0, so that by the preceding result, g(z) must be constant 
in G. 
Conversely, every function of the form 


F(z) = F(z) + C (C= a constant) (146.4) 


is a solution of equation (146.3). Hence just as in the real domain, we are 
able in the complex domain as well to write down all the solutions of the 
differential equation (146.3). 


CHAPTER THREE 


THE POISSON INTEGRAL AND HARMONIC FUNCTIONS 


Determination of an Analytic Function by its Real Part (§ 147) 


147. The theorem on preservation of neighborhoods for the mappings 
w==f(z) (cf. § 144 above) will enable us to develop for the real part f(z) 
of an analytic function a theory quite analogous to that we obtained in §§ 136 ff. 
for the modulus | f(z) |. : 

Let f(z) be an analytic function which is regular and not constant in 
some region G. Since the mapping w= f(z) preserves neighborhoods, there 
must then exist, in every neighborhood of any given point z of G, at least one 
point 2’ and at least one point 2” such that 


RHz’) < Riz) < KE”) 


holds. Hence if m and M denote the greatest lower bound and least upper 
bound, respectively, of Rf(z) in G, then we have 


m<Rf(z) <M. (147. 1) 


Let us now assume that the function f(z) is continuous not only at the 
interior points of G but also at the points of the frontier y of G. Then the 
minimum and the maximum of #tf(z) must be assumed at certain points of y; 
and this is true not only for non-constant functions f(z) satisfying relations 
(147.1) at interior points of (G + y), but also for f(z)— const. (which 
implies m= M). 

In particular, we have the following theorem: An analytic function f(z) 
which is regular in the interior and at the points of a (closed) Jordan curve y, 
and whose real part KRf(z) is constant along the curve y, must itself be a 
constant.* 

All of the conditions in this theorem are necessary, as the following examples 
show. First, if the curve y is not closed, then f(z) need not be constant, as 
the example 

f(z) =¢2 


* Note that for the modulus | f(z) |, an analogous theorem does not hold. This is because 
at a point where f(z) is regular, —f(z) must likewise be regular, whereas 1/f(z) need 
not be. 
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shows ; the real part of this function vanishes identically on the entire real 
axis. Next, the real part of the function 





1—z 
f2(2) = 1+2z 
is zero everywhere on the circle | z| 1 except at the point z——1, at 


which f.(z) fails to be regular. Thus the conclusion of the theorem may be 
upset if the given function fails.to be regular even at a single point of y. 
Finally, the function 


fs(2) =i (2+ +) 


is regular at all the points of the circle | z| = 1, and its real part vanishes 
on this circle. But f3(2) is not regular at z= 0, and the theorem is therefore 
not applicable. 

The last theorem implies the following: An analytic function regular in 
the interior and at the points of a (closed) Jordan curve is uniquely determined, 
to within a pure imaginary additive constant, by the values taken on by its 
real part along the curve. 

In the special case where the above Jordan curve is a circle, there is a simple 
way for calculating the function f(z) from the values taken on by its real part 
on the circumference of the circle. We now turn our attention to this problem. 


Transformations of Cauchy’s Integral for the Circle (§§ 148-149) 


148. Let the analytic function f(z) be regular in a region which contains 
the closed circular disc | 2 | 1 in its interior. Let z be any fixed number 
for which | z| <1; then the expression 


f(g) z 
1—7¢ 





represents a regular analytic function on the closed disc | ¢| <1, where its 
denominator does not vanish. If * denotes the boundary of this circle, then 
Cauchy’s theorem of § 129 above yields the formula 








‘ : 
= mr /TOR dt (z| <2. 


x 


If we set, like in § 135 above, 


t=ect=costtisint, “=i, (148. 1) 
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then we obtain 





1 P z¢ 
0-55 fH) ee 
On the other hand, (135.5) yields 
HO) = Jaq | HC) at. 


Adding the last two equations term by term, we obtain 





Now (148.1) implies that Cf = 1, so that 
1 ¢ ig 


1-20 (1-20) 0 G2 





Hence (148.4) may be re-written in the form 


10) = [N0) ey ae. 


(148. 2) 


(148. 3) 


(148. 4) 


(148.5) 


By (135.4), the Cauchy Integral Formula for f(z) may here be written in 


the form 


fe) = ay [MO Ly 


(148.6) 


Let us use q(t) to denote the real part of f(z), as a function of ¢, on the 


circle (148.1), ie. let us set 
yl) = RO) = > Ue) + He). 
Addition of (148.5) and (148.6) then yields 





fe) + 0) = xe [00 Ay at. 


(148. 7) 


(148. 8) 
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Let A be the imaginary part of f(0), i.e. let 


#0) —#0) _ 
=o =41 A é (148. 9) 


Also note that setting 0 in (148.8) yields the relation 


0) + 7(0 1 
HOI) et 4 p(t) dt. (148. 10) 


If we now subtract equation (148.10) from (148.8), we obtain, as our final 
result, 


f(z) = (148. 11) 





Since we can always transform any given circle into the unit circle by means 
of a very simple mapping, we may regard the last formula to be the solution 
of the problem posed at the end of the preceding section. 

149. Equation (148.11) is extremely useful. Among other things, it en- 
ables us to calculate both the real part and the imaginary part of f(z) in the 
interior of the disc | z| <1, provided we know the number A and the real 
part of f(z) on the boundary | z |= 1 of the disc. To this end, we introduce 
polar coordinates by writing 


z=r(cos#+ sind), f(z) = U(r, 8) +7 V(r, 9). (149. 1) 


We further note that 





f+e2 _ (6+4) G2) 
c— €—2) €—2) 
_ @=-74) + @o—-270) (149. 2) 


Q+2z)— (76420) 


(1 —r?) + 2irsin (# —?) 
(1 + v?) —2 7 cos (# — 2) 





Substituting the last eae into (148.11), we obtain 


1-7? 
Z/s 1—2rcos(@ see rr Be (149. 3) 








: Boe 2rsin (8 —1) 
V(r, v)=A + 22 / et) 1—2rcos (@—1t) + 7? dt. (149. 4) 
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Similarly, in rectangular coordinates we have 





=x+ty, f(z) = u(x, y) +7 0(x, y). (149. 5) 
1— x2 y2 
u(x, y) - 2/00 (x — cos t)? + (y — sin ft)? ae, 49:9) 
Py 


2ycost —2-xsint 
x —cost)? + (y—sint)? 








v(x, y) = A+ ra | 9) - dt. (149. 7) 


br. 4 


Poisson’s Integral (§§ 150-152) 


150. The q(t) of the two preceding sections was the real part of a given 
analytic function that was regular on and within the unit circle ¢=e*'. From 
now on, however, we shall assume that q(t) stands for an arbitrary, sectionally 
continuous function... Using arguments quite similar to those of § 131 above, 
we can show that the function f(z) defined by the resulting new right-hand 
side of (148.11) is regular at all points of the interior | 2 | < 1 of the unit circle. 

The analytic functions obtainable in this way share a property that was 
discovered by H. A. Schwarz. We shall prove that the real function that 
equals ~(B) on the unit circle and coincides with the real part U(r, 8) of f(2) 
in the interior of the unit circle, is continuous as a function of both variables 
rand 9 at every point of continuity of p(B). 

This implies, for instance, that arbitrary continuous boundary values 


(9) = Kile”) 


can be prescribed for an analytic function f(z) that is to be regular in the open 
disc | z| < 1 and the real part of which is to be extendable to a continuous 
function on the closed disc | z | = 1. On the other hand, we can of course not 
assign the complex values of 


p(3) = fle”) 


arbitrarily, since the corresponding function f(z)—if it exists at all—is 
already determined to within an additive pure imaginary constant as soon 
as 9(3) = Ry() is assigned. 
151. In view of these facts, a detailed study of the integral on the right- 
> Tf it were not that we want to avoid explanations that lead too far afield, we could even 


assume q(t) in the sequel to be any swmmable function, representable as a limit of continuous 
functions (cf. Vol. 2, § 312). 
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hand side of (149.3) is called for. This integral was first investigated by S. D. 
Poisson (1781-1840), and it is for this reason called a Poisson Integral. 
Many of the most important properties of the Poisson Integral (149.3) 
derive from the simple fact that the coefficient of w(t) in the integrand is 
positive whenever r <1. More precisely, the following inequalities hold: 
l+yr 1—?? 1-7 1-7 1-—yr 


eo = = 
1l—yr (l—7)? 2 1—2rcos(@—t) +7? = (147)? l+y7- (131.1) 











On the other hand, if w(t) equals a (real) constant c, the integral (149.3) 
can be evaluated explicitly. For if we choose f(z) = c, then by what was said 
earlier the real part U(r, #) of f(2), as given by equation (149.3), must also 
equal c. In particular, for c= 1 we have 





1 f 1—r? 
oT ictres@ape re ¥=1 O<r<1). (151.2) 


1m 


We can now derive the analogue of the Maximum-Modulus Principle directly 
from the make-up of the Poisson Integral, without worrying about whether 
or not the value U(r, #) of this integral can actually be interpreted to be the 
real part of a regular analytic function. To this end, let m and M be two 
constants, of any sign, for which 


m= ot) SM (-xaSt<a), (151.3) 


so that [M — /(t)] is a non-negative function of ¢; then we have 


1-7? 
‘1—2,7 cos (@—1) 4 72 dt 20. (151. 4) 





It follows similarly that m= U(r,#). If p(t) is not a constant, then we 
must have m < U(r, #) < M; the simplest way to see this is shown in § 156 
below. This implies, in particular, the following theorem: 


For r <1, |p(t)| Se implies | U(r, 8)| Se. (151.5) 

152. Now it is easy to set down Schwarz’s proof for the continuity of 

U(r, 9) ata point r = 1, F = B under the assumption that g(t) is continuous 

at f= %). We first extend the domain of definition of the function p(t), 

which so far is just the half-open interval — 1 S¢ < 2, by agreeing to make 

g(t) a periodic function of period 22 defined for all finite values of ¢. Then 
for all real values of a, we have the relation 
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a+a 
1 aed 
U(r, 8 + a) = on [ g(t + a) 1—2rcos (@—1) 4 7? a 
-t +a 








1 : 1-7 
oi zz | vt + a) 1—2rcos (@—1?) + r? dt, 


in which we made use of the fact that the integrand is of period 2a. It is 
therefore sufficient to prove Schwarz’s Theorem of § 150 under the additional 
assumption that #) = 0, which makes the calculations a little more convenient. 
We assign a positive number ¢ and then determine a 6 between O and 2/2 

such that 
}et) — 9(0)|<e for |t}<26. (152. 1) 


For short, we shall denote the interval | ¢ | << 26 by 4,, and the sum of the 
two intervals -m S¢< —26 and 26<t<a by Az. Then if we set 


1-—r 


Wir, 8) = 5 i (p)- PO] zap HE = 12), (152.2) 





it follows from (149.3) and (151.2) that 
U(r, 8) — y(0) = W,(r, 3) + W,(r, 9). (152. 3) 


Now note that the function W, (7, 8) may be regarded as a Poisson Integral, 
with the factor p(t) of (149.3) replaced by [p(¢) — g(0)] in the interval A, 
and by zero in the interval 4,. By (151.5) and (152.1), we therefore have 


Wir, ®)| Se OSr<1-xaS<6<a). (152.4) 


As to W,(r,#), we shall investigate this function for values of # that 
satisfy the condition | #| < 6; then if f ranges over the interval 42, we always 
have 


8< [9-41 < 3%, cos (P—#) < cos 6, 
and this implies that 
1—2rcos(®@—t) +7? >1-—2rcosd+r?. 


The right-hand side, considered as a function of 7, attains its minimum for 


ry =cos 6, and the value of this minimum is sin?.6. Now let VM be an upper 
bound for | p(t) |; then |p(¢)— p()|< 2M, and the Mean-Value Theorem 
of § 123 applied to (152.2) yields 


2M 


2M ( 4M 
sin? 6 


sin? 6 


|W,(r, #)| < 1-Prjy< (1 —7). (152.5) 


Tue CaucHy-RIEMANN Equations AND Harmonic Functions (§§ 152-153) 149 


In the region 

e sin? 6 
|®|<6, 1l-r< ra 

we therefore have |W,(r, #)| <<, and hence by (152.4) and (152.3), 
| U(r, #) — 9(0)| < 2e. (152.7) 


We have thus proved the result of Schwarz stated earlier. 

No analogous result can be expected to hold for the integral (149.4), if 
only because the denominator 27 sin (#— ¢) changes its sign within the in- 
terval of integration. It may very well happen that | U(r, #) | is bounded in 
the entire disc while the corresponding | V(r, #) | assumes arbitrarily large 
values; this is the case, for instance, for the function discussed in § 158 below. 





(152.6) 


The Cauchy-Riemann Equations and Harmonic Functions 


(8§ 153-156) 


153. From the definition of differentiability of a complex function given 
in § 124 above, it follows easily that the real part u(x, y) and the imaginary 
part v(x, y) of an analytic function f(z) have continuous first partial deriva- 
tives with respect to x and y. We can therefore use the chain rule to take 
partial derivatives with respect to x and y of both sides of the relation 


K(x +74) = u(x, y) +7 (x,y), (153. 1) 
and we obtain 
i Ou a Ov 7, _ OU . Ov 
fe te ag CMa +45 oe 


OG t2 Seas (153. 3) 








The differential equations (153.3) are called the Cauchy-Riemann equations. 
Since the analytic function f(z) is differentiable any number of times, the 
functions u(+, y) and v(x, y) have continuous partial derivatives of all orders. 

Thus it follows from the Cauchy-Riemann equations, by differentiation, that 


0?u 074 0=u 





ai oe Se (153. 4) 
Hence if for any function F(x, y) we introduce the notation 
2 
5 gga cecle pd (153.5) 





Ox? " Oy? ? 
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then (153.4) implies that 
Au=0. (153. 6) 


The expression (153.5) is called the Laplace operator, or Laplacian, of F. 

154. A function u(*, y) defined in a region G of the (4, y)-plane is said 
to be a harmonic function (or a potential function) if it satisfies the following 
three conditions: 

a) u(x#,¥) is a continuous function of the two variables x, y at every 
(interior) point of G; 

b) At every point of G, the derivatives 


Ou 024 Ou O2u 
Ox’ Ox? ” oy’ Oy? 





exist, and 0u/0x is a continuous function of « while Ou/dy is a continuous 
function of y. 
c) The equation 4u—0 holds everywhere in G. 


We note that this definition assumes neither the continuity in y of 0u/0x 
nor the continuity in x of 0u/dy, and that as far as second partial derivatives 
are concerned, only the existence of those listed in b) is assumed. It turns 
out, however, that the condition 4 u—= 0 implies the existence and continuity 
of all the partial derivatives of u, of all orders; in fact, the following theorem 
holds true: : 

Let u(x, y) be a function that is harmonic in a region G, and let k be any 
circular disc that is contained within G. Then u(x, ) is the real part of an 
analytic function that is regular in x. 


If the region G contains the circular disc 
(x — %)? + (¥ — Yo)? SR’, 
then the function 
u*(E, 4) = u(% + RE, yo + R7) 


is harmonic in the disc 2 + 7? < 1, and it clearly suffices to prove the theorem 
under the assumption that G is the interior x7 + y? < 1 of the unit circle and 
that u(*, y) is defined and continuous on the closed disc x? + y? <1. 


155. Let u(x, +) stand for the value of the Poisson Integral on the right- 
hand side of (149.6) with 
y(t) = u (cos #, sin t). 
The function 


(x, y) = (u(x, y) — u(x, y)] — = (x? + y?—1), (155.1) 


i 
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where € denotes any positive number, is continuous on the closed disc 
x2 + y? < 1 and vanishes identically on the boundary of this disc. Since the 
functions u(x, y) and u(x, y) are harmonic and since A(x?+ y?—1)=4, 
we must have 


AD +e=0 (155. 2) 


at every interior point of the disc. 

From these facts it now follows that ®=0O. For if we had ®(+,y) <0 
at any point, then the continuous function ®(+, y) would have to assume its 
minimum at an interior point (#0, 0) of the closed disc x2+ y2 <1. On 
the straight line y= yo, the function ®(+#, yo) of « would then have a mini- 
mum at + = +, so that at the point (40, Yo), we would have? 





> 0. (155. 3) 


Similarly, we find that at (40, yo), we have 


0® 07d 


Oy = 
Now (155.3) and (155.4) imply that 4® = 0, and this is a relation that 
contradicts equation (155.2). Hence the inequality ®(+, y) = O must hold for 
all positive values of ¢, and (155.1) therefore implies that u(x, y) 2u(+, y). 
If we interchange u and u in the defining equation of ®, the same argument 
as used above yields “(+, y) 2 u(x, y), so that we obtain 


u(x, y)—= U(x, y). 


Since the function “#(+, y) is by its definition the real part of an analytic 
function, we have thus proved the theorem stated in § 154 above. 

156. Let u(4, y) be a function harmonic in a region G, and let K be a 
circle that is contained, along with its interior, in the region G. If (40, o) is 
the center and o the radius of this circle, it follows from § 135 above— 
considering the real parts of the two sides of relation (135.5)—that 


u(%9, Yo) = za | u(%q + @cosB, ¥o+ esin B) dd (156. 1) 


*For if 0@/0x + 0 holds at the point (40, yo), then the value @(x9, 79) can not be a 
minimum of the function P(x, y). If we had 0@/dx = 0.and 02D/dx# < 0 at this point, then 
for (#— +o) positive and sufficiently small, 0®(x, y9)/0x would be negative, and at such 
points (4, yo) the Mean-Value Theorem of the Differential Calculus would yield 


D(x, Yo) — D(x, Vo) <0. 
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must hold true. The same result can be obtained from the formulas of § 149 
above. Now while there are, of course, complex functions that are not analytic 
but for which the Mean-Value Theorem of § 135 holds nevertheless (the above 
u(#, y) is an example of such a function), the analogue (156.1) of relation 
(135.5) can actually be used to characterize harmonic functions. In other 
words, we shall prove the following theorem: If a continuous function u(x, y) 
defined in a region G satisfies equation (156.1) at every interior point 
Zo = 4 + iyo of G and for every number @ for which the disc |z—%| Se is 
contained in G, then u(x, y) 1s a harmonic function in G. 

To prove this theorem, let m and M be the g.1.b. and the l.u.b., respectively, 
of u(#,y) in G. By the method of § 136 above, we can show that the 
hypotheses of our theorem imply the inequalities 


m < U(X, Vo) < M 


(equality signs excluded) for every interior point (+0, yo) of G, provided 
only that u(+, y) is not a constant in G. 

From this it follows, just as in § 147 above, that if u(+, y) is continuous 
on the closure G of G and constant on the frontier (G—G) of G, then 
u(x, y) is constant throughout G. 

Now let |2— |< @o be a disc Ko whose closure is contained in G, and 
let u(%, y) be the harmonic function defined in Ky whose boundary values, 
on the circle |z— z9| = @9, coincide with those of (+, y). Then by what has 
just been said before, the function w(4+, y)—=u(*, y)—(x, y) must vanish 
identically in Ky, because equation (156.1) holds for w(+, y) in every circle k 
that is contained in Ko, while on the boundary of Ky we have w(x, y)==0. 

Hence we have 


u(s, y) = u(x, y) 


in Ko, so that u(+,¥) is a harmonic function that satisfies the differential 
equation Au = 0. 

It is a truly remarkable fact that the existence of all the derivatives of 
u(x,¥) follows from the validity of the integral equation (156.1) for the 
circles that are contained in G. 
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Harnack’s Theorem (§ 157) 


157. If the function g(t) is non-negative everywhere, then we may deduce 
from relations (151.1) above the following inequalities for the Poisson Integral : 











1 1—y, P 1 P 1-7? 
2x x [owas sz | 90 1—2rcos(@—t)+7? dt 
-n ao : x (157.1) 
+ 
S ge tay | oa. 


Hence if we note that 


holds, we see that the values of the Poisson Integral in the disc | z |Sr<l 
must lie between the two numbers 
1—,r l+,r 


Tera Se a ra 








In particular, for r= 1/2 we obtain 
1 
Zz Mo S u(x, y) S3 uy. (157. 2) 


This result can be generalized as follows. Let u(x, y) be defined and non- 
negative, not in a disc but in any arbitrary region G, and let B be any given 
closed subset of G; then we can obtain an inequality on u(z) analogous to 
(157.2) and valid for every point z of B, of the form 

sy S u(x, y) Shy, (157. 3) 
where 2) is a point of B and u(29) = mu. 

To prove this generalization, we may assume that B is a connected point set, 
since we could otherwise enlarge B suitably so as to make it connected. d 
denoting the distance between the closed set B and the frontier of G, we cover 
the plane with a net (grill) of squares of sides d/4 in such a way that the 
(fixed) point 2) is a vertex of four squares. We then form the closed set B’ 
consisting of all the squares that have at least one interior point or boundary 
point in common with B. The set B’ covers B and has a distance = d/2 
from the frontier of G. 

We denote the finitely many vertices of sqt:ares that belong to B’ by 
20,..-+,p, and we draw the circles k;: |  — 2, | == d/2, having these (p + 1) 
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points as their centers. The (p + 1) discs cover B’ and are themselves con- 
tained in (the interior of) the region G. If we consider the Poisson Integral 
for the circle Ky with center 2), we obtain for the points closest to 2) among 
21,...,2p the following inequality, analogous to (157.2): 


1 
z%s u“(z;) S3 up. 


Continuing in this way step by step, we obtain for each of the vertices of B’ 
a similar inequality on u(2,), so that we may finally write 


ap Wz) Sulz) SH u(e) G=12...,0). (157-4) 


Now we note that the closed discs 
Je-al st G= 19 ..059) 


cover the point set B’, and therefore cover B as well, and that every point z in 
the interior or on the boundary of any of these discs satisfies the inequalities 
1 
31 (Zo) < u(z) < 3ptl U(Z9) - 

We have thus obtained the following theorem: Let u(z) be a non-negative 
harmonic function defined and not identically equal to zero in a region G. 
Then on any given closed subset B of G, the function u(z) has a greatest lower 
bound and a least upper bound that depend only on uo, on G, and on B, and 
are independent of the particular choice of the function u(z). 


Harmonic Measure (§ 158) 


158. Consider a fixed point 2 in the interior | z| < 1 of the unit circle, 
and an arc (1 SY Sq, on the circle | z| = 1 itself (see Fig. 22 below). 
Through z and through the end points of the arc 91 92, we draw the chords 
@, 9 and w, y,, and we shall show that the arc w; S w S mp, considered as a 
function of z, can be expressed in terms of a Poisson Integral. To this end, 
we first observe that the triangle whose vertices are z, ¢*?, and e*® is similar to 
the triangle whose vertices are z, e*® , and e*”. Hence for q’ tending to Gs 
we obtain the relation 

dw q 
male (158. 1) 
where q is the distance from z to e*”, while p is the distance from z to e??. 
Moreover, setting z =- 7 e*®, we obtain from a well-known theorem of Plane 
Geometry the relation 
ég=(l-rn) +7 =1-77. 
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Hence we finally have 














—# = 
ie Of = [teen — Toe (158. 2) 
Now if we write 
u(x, =a, (158. 3) 
we obtain the relation 
@: 
Wl) = a | areca (158.4) 


Pr 


The right-hand side of (158.4) represents a function that is harmonic in 
the disc | z | < 1 and that, by Schwarz’s Theorem of § 150 above, equals unity 








Fig. 22 


at every interior point of the arc %1 S y S 2 and equals zero at every interior 
point of the complementary arc of | z|—=1. 

The level lines of the harmonic function u can be determined as follows. 
We draw the circle that passes through the three points e*”, z, and e*™, and 
we denote by 6 the angle at which this circle intersects the unit circle (see 
Fig. 23 below). From elementary Plane Geometry we find that w = 26, so 
that, by (158.3), 


u(x, y= 2. (158. 5) 


Hence the level lines are arcs of circles through the end points of the arc @, @2- 
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For the arc gy, < p< q, that is, for 62, we obtain u—1; for the 
complementary arc, that is, for 6 == 0, we have u—0. 

The function u(#, y), which is called the harmonic measure of the arc 91 2 
at the point z, may be given a second geometric interpretation that is just as 
simple as the first one. 

To this end, we consider the disc | z| <1 as a representation of a non- 
Euclidean plane, and we shall determine the non-Euclidean angle w* that is 





Fig. 23 Fig. 24 


p=2y, o= 28, a=BP+y 
a=6+ 9/2, hence ow =2«4-—p9=26 
subtended at the point 2 by the portion og, of the horizon. From Fig. 24 
above, we see that 
a=A+% A=H+H, 


hence 
wot*=atutyv=2a-—p=o. 


The angle qw* is therefore proportional to the harmonic measure of the arc (1 2 
at the point z. 

This interpretation shows that the harmonic measure is invariant under all 
non-Euclidean motions. 

Remark. The concept of harmonic measure can be greatly generalized. If 
we translate the point z to the center of the disc |z|=1 by means of a 
non-Euclidean motion, then the harmonic measure of the arc 9, <p <Q, 
becomes the Euclidean angle that is subtended by this arc at the center of the 
circle. Now if we replace the arc 9, < » S $2 that figured in the above dis- 
cussion by any Lebesgue-measurable subset of | z |= 1, then a construction 
similar to the above leads to harmonic functions that are called the harmonic 
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measure of the given set with respect to the point z. In the sequel, however, 
we shall not make any use of this generalization, in spite of its fundamental 
importance. 


An Inequality of Riemann (§ 159) 


159. The Cauchy-Riemann equations (cf. § 153 above) enable us to prove 
a theorem due to Riemann that is often very useful. Let y be a Jordan curve 
having a sectionally continuous derivative, let G be the interior region of y, 
and let P(x, y), Q(#, y) be two functions that have continuous derivatives 
in the closed domain (G + y). As is well known, the following relation then 
holds true: 





7 (P(x, y) dx + O(x, y) dy] = i | ( = se )dedy. (159. 1) 
Y G 


Now let f(z) = (+, y) + iv(%,y) be an analytic function regular on the 
closed domain (G + y), and consider the integral 


[« dv = |[(u v,dx + uv, dy). (159. 2) 
x: 


Y 
Using the Cauchy-Riemann equations, we set 


P(x, y)=uv,=—uny, Ox, y)= uv, =UU,, 


0Q OP _ (du \? Ou \? 
dx dy (5) + (SE). 
and upon comparing (159.2) with (159.1) and (159.3), we obtain 


ye dv ah (2) + (3) dx dy. (159.4) 





Now noting that 


175) _ Ou - Ov Ou . Ou " _ ( ou\? Ou \? 
(= 5. 78g oe ye: “MOPHG.) Hla) 
holds, we see that unless the analytic function f(z) is a constant, we have 
[ua =| [If @Paxay >, (159. 5) 
Y Gc” 


and the left-hand side of (159.5) can vanish only if f(z) is a constant. 


CHAPTER FOUR 


MEROMORPHIC FUNCTIONS 


Extension of the Definition of Analytic Functions (§§ 160-161) 


160. We shall from this point on make it admissible for an analytic func- 
tion to assume the value oo in the interior of its domain of definition. Further- 
more, we shall allow the domain of definition to be any open connected point 
set G of the extended complex plane, which may also include the point z== 0 
as an interior point. To this end we must supplement the definition given in 
§ 128 above, which we shall do as follows: 

A function f(z) is said to be analytic at a point 2) += 0 of its domain of 
definition if either f(z) itself or 1/f(z) is a regular analytic function (in the 
sense of § 128) in a certain neighborhood of 2. If 2== 0 belongs to the 
domain G of definition of f(z), then f(2) is said to be analytic at z= 0 if 


g(t) = (+) (160. 1) 
is analytic at t=O. 


According to this definition, a function that is analytic at all the points of G 
must be continuous in the chordal metric in G. Note that by our definition 
the constant o is also an analytic function. Because of the exceptional role 
played by this particular function, some caution is required in the formulation 
of general theorems on analytic functions. To try to exclude the constant 0 
from the field of analytic functions would, however, lead to even greater com- 
plications in many cases, so that the definition we have adopted above will be 
the most useful on the whole. . 

161. Ifa non-constant analytic function f(z) is regular at a point 29 == 0 
(that is, if there is a neighborhood of 29 in which f(z) is regular), then we 
may write 


= (z — 2)" g(z), 
f(2) = (2 — a9)" gle) er 
n = 0, g(%) +0, g(z) not constant for #=0. | 
But if f(z) is not regular at 29. we must have 
1 (z — 25)™ 
= (zy — 2 \™ f(z) — 270 
Gy eg NS. aaa 
: : 
m>0, g(%) = ha) * 0, 


158 


OPERATIONS WITH MERomorPHIC Functions (§§ 160-163) 159 


so that 


f(z) = gow for z+ 25, f(z) =o. (161. 3) 


z— 2) 


In this case, f(z) is said to have a pole of order m at the point z. The two 
cases (161.1) and (161.3) can both be written in the form 


H(z) = (2 — 20)” g(2), 


(161.4) 
nS 0, (2%) + 0,00; if ~=0, then g(z) non-constant. 


An analytic function for which poles are explicitly allowed is called a 
meromorphic function. 

By a discussion just like the one above, we find that any non-constant func- 
tion analytic at zg oo can be written in the form 


fe) =e (=), g(0) +0; (161.5) 


here, is an integer and g(t) is an analytic function regular in a disc | t | <r. 
The function (161.5) is said to have a pole of order » at z= 0 ifn >0, 
and a zero of order (—n) at z= 00 ifn <0. 


Operations with Meromorphic Functions (§§ 162-163) 


162. Consider two functions f,(2) and f,(z) meromorphic in a region G 
and neither one identically equal to 0. Then to begin with, we can form 
the sum 

5(z) = fy(z) + fa(z) (162. 1) 


in accordance with the rules given in § 30 for all those points 2) of G that are 
not poles of both f:(z) and f2(z) simultaneously. We can verify immediately 
that the sum is an analytic function at all these points 20. 

But if 2) is a point at which both the given functions have the value o, 
then we may write 


A(z) = Ee, f(z) = wo BaF) 


z— 2) ™ 
Assume first that m, > m.; then we set 
h(2) = ex(e) + (@ — 20)" gale), 
and for z= 2 we obtain 
(h(2) = 81(2) * 9). 
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But we can define the function s(z) also at the point 2 itself, by requiring 
5(z) to be continuous at 29 in the chordal metric; the extended function s(2) 
then has a pole of order m, at the point 2). We proceed similarly if m, < m2. 
Third and last, if m, = mz and if g.(z) + g.(z) does not vanish identically, 
we may set 


&1(2) + o(z) = (z — 29)? h(2) (h(zo) + 0). 
Then for z= 2) and in a certain neighborhood of 2), we have 


s(z) = (2 — 29)?-™ h(z). 


Once more, the function s(z) can be extended to a function analytic at 20. 

If p=™m,, then s(z) is regular in some neighborhood of z,. We see, in 
fact, that the sum s(z) may even have a zero of any order at 2). In the 
extreme case—excluded up to now—that g,(z)+ (2) =0 holds, we must cor- 
respondingly set s(z)=0. But if p< m,, then s(z) has a pole of order 
=m, at 2. 

We use the same method for defining the product, the difference, and the 
quotient of two functions meromorphic in G. The product 


(2) = A(2) fle) (162. 2) 


of the two given functions is first calculated in the region G* that is obtained 
from G by removing the poles of both f,(2) and f2(z). The function p(2) 
is a regular analytic function in G* and we can easily see that it can be 
extended to a function that is analytic and chordally continuous in G. The 
meromorphic function extended in this way is defined to be the product of 
the two functions f:(z) and f(z). 

The difference f.(z) — fi(2) may be considered as the sum of f2(z) and 
the product (— 1)f.(z). The quotient 








can be treated similarly, since 1/f,(z) is analytic in G if f,(2) is analytic. 


163. The derivative f’(z) of a meromorphic function f(z) is regular at all 
those points of the domain G of definition of f(z) at which f(z) itself is 
regular. At the poles of f(z) and at z= o (if the latter point is contained 
in G), f’(2) can be extended to a function that is continuous in the chordal 
metric at these points. 

To prove these statements, consider first a point 29 + 0; if in a certain 
neighborhood of 20 we have 

(= EP 21, ele) +0), (163.1) 


Z— 2)? 
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then 
f'(2) — P g(z) + (2 — 2p) g’(z) A(z) 


(z— 2) 2 +1 ~ (z—2y) P+) ’ 
h(zo) = —P g(2) +0. 


In a certain neighborhood of the point == o, we can in any case set 








(163.2) 


fle) = 2" e(—) (g(0) +0) (163.3) 


z ‘ 


if f(z) is not constant, and from this we obtain for z= oo that 


(163. 4) 





From these equations we see that the derivative of a meromorphic function 
is itself a meromorphic function. 

But it is not true that every meromorphic function is the derivative of a 
meromorphic function; by (163.2), the poles of f’(z) at points 2) += oo are 
at least of order 2, and by (163.4) the zeros of f’(z) at z= © are at least 
of order 2. 


Partial Fraction Decomposition (§ 164) 


164. If the function f(z) has a pole of order m(m=1) at the point 20, 








then 
_ gle) 
fe) = fhe (ga) + 0) 
8 (20) 8(2) — & (29) 
~ aay + aa (164. 1) 
8(2Z0) 61(2) 
Se ee a + G aT (m,<m, 2;(%) + 0). 


By repeating this process a suitable number of times, we obtain f(z) in the form 


(@) = Sat Ge tt t+ Ae, (164. 2) 


Z— zy) (z — 2 zZ—2% 


where h(z) is a meromorphic function regular at the point 2. As to the 
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coefficients dy, 01,..-,@m, we have dm == g(20) += 0; the remaining coefficients 
may assume the value zero. The representation of the function f(z) in the 
form (164.2) is called a partial fraction decomposition of f(2) at the point 2o. 

Similarly, for a function f(z) that has a pole of order m at z= 0, we can 
find in a certain neighborhood of z = oo a representation 


f(2) = am 2" + Amy 2-2 baz h(=), (164. 3) 


where h(t) is regular in a neighborhood of t=O. 


Isolated Essential Singularities (§§ 165-166) 


165. Let us consider a punctured disc 
0<|z-al<r (165. 1) 


and a function f(z) meromorphic in this region. 

First, if f(z) is bounded (165.1), then it must be regular in this region; 
by Riemann’s Theorem of § 133 above, f(s) can then be defined at 29 in such 
a way that f(z) is regular in the whole disc | z—2)| <r. 

Second, if there exists at least one positive number ¢ and at least one finite 
number a for which, at all the points of (165.1), 


|f(z) —a| > e, (165. 2) 
it follows that 
1 1, 


in this case, the function 1/(f(z)—a) is meromorphic, and since it is 
also bounded, there is an analytic function g(s) regular in the whole disc 


| ¢—20.| <r for which 
1 


ie) —a 
f@) = 


then defines an analytic function f(z) that is meromorphic in the whole disc 
|z—2)|<r. This case always obtains if the given f(z) has at least two 
different boundary values at the point 2. 

Thus in each of the two cases we have discussed, we can suitably define 
f(20) so as to extend the function f(z) to a function continuous at 29 in the 
chordal metric. However, there do exist analytic functions (cf. § 219 below) 
that are meromorphic, or even regular, in the punctured disc 0 < | z—2.| <r 


= g(2) (165. 4) 
holds. The equation 





1 
wate (165. 5) 
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and which cannot be extended to a function continuous in the whole disc 
|z—2.|<4r. 

In this last case, we say that f(z) has an (isolated) essential singularity at 
the point 2). The above discussion now shows that an analytic function cannot 
be bounded in any neighborhood of an essential singularity, nor can it satisfy 
an inequality of the form (165.2). To express these facts in a single state- 
ment, we may put them as follows: The chordal distance cannot satisfy 


u(f2), a) > € 


throughout any neighborhood of an essential singularity, where e denotes a 
positive number and a denotes either a finite complex number or the number oo. 

This result is equivalent to the following theorem, called Weierstrass’ 
Theorem: 

The values of an analytic function f(z) that has an essential singularity at 2o 
will, in any given neighborhood of 20, approximate every finite complex num- 
ber a as closely as we wish. Using the concept of boundary values (cf. § 99 
above), we may rephrase Weierstrass’ Theorem as follows: At an essential 
singularity 2) of an analytic function f(z), every point of the Riemann sphere 
is a boundary value of f(z). 

166. We can make Weierstrass’ Theorem more precise by making use of 
the property of preservation of neighborhoods (cf. § 144 above). Consider 
any circle x. of the w-plane having a given point a as its center. In the z-plane, 


we consider a sequence k,, k2,... of concentric circular discs 
ky: |2—2%|STn, | 
; 166.1 
WoO > >, limr,=0. | ( ) 
Now if the function 
w= f(z) (166. 2) 


has an essential singularity at the point 2 and if f(z) is meromorphic at all 
the other interior points of k:, then by Weierstrass’ Theorem there is in the 
punctured disc 


kt: O<|z-—ap<n 


at least one point 2, whose image w, = f(2,) lies in the interior of the circle %o. 
Furthermore, by the theorem on Preservation of Neighborhoods there is a 
closed circular disc x, with center at w, and wholly contained in the interior 
of x9, and which is such that every point of x, is the image of at least one point 
of k,". Similarly, by Weierstrass’ Theorem there is in the punctured disc 


RF: O<|z-2|<12 
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a point z2 whose image we = f(z2) lies in the interior of %,, and in x, there 
is a closed disc %, with center at we and such that every point of %, is the 
image of at least one point of ke”. Continuing in this way, we obtain an 
infinite sequence of nested circular discs 


Hy 2H, 2g 2°" 
in the w-plane having at least one common point w (cf. § 94 above). By our 
construction, each of the infinitely many punctured discs ,” contains a point Cn 


for which 


wo = f(Cn) (n= 1,2,...) 


holds. These points ¢, are all distinct from 2) and by (166.1) converge to 20; 
hence there must be infinitely many different ¢,. Furthermore, the choice of 
the number a, and of the radius of the circle x in which w lies, was arbitrary. 
We can therefore restate our last result in the following form: 

If 20 is an essential singularity of the meromorphic (or regular) function 
f(z), then in the w-plane there is an everywhere-dense set {w} of points w 
for each of which the equation 


o= f(z) 


has infinitely many solutions in every neighborhood of 20. 
In fact, as we shall see later, the point set {w} always covers the entire 
Riemann sphere with the exception of at most two points (cf. Vol. 2, § 417). 


Liouville’s Theorem and its Application 
to Polynomials (§§ 167-169) 


167. An analytic function that is regular everywhere in the finite complex 
plane (1.e. for all z=+ 0) is called an integral function (or entire function). 
Let f(z) be an integral function that is bounded, so that we have 


[*(z)| <M. (167. 1) 


If r is positive and if we set 


z=ru, p(u)= Heat. , (167.2) 


then m(w) is a regular analytic function in the circle | «| <1 and satisfies 
all the conditions of Schwarz’s Lemma (cf. § 140 above). Hence by this 
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lemma, we have | p(#)| < ||, so that for | z| <7, 


eAE IE) 
Seat 


oS) <4, [tefl <- 


Y 


(167. 3) 


The second of these inequalities holds for every z and for every r >| 2|. If 
we let r go to infinity, we find that f(z) (0). This result, established by 
Liouville (1809-1882), may be stated as follows: 
LiouvILLe’s THEOREM: Every bounded integral function is a constant. 
168. A simple generalization of Liouville’s theorem leads to an important 
property of polynomials. By a polynomial of degree n is meant an integral 
function of the form 





P(z) = ag 2 + ay 224-0 + ayy 2Z+4, (ao #9). (168.1) 


We shall prove the following theorem: 


Let f(z) be an integral function that does not vanish identically. If there 
exist two positive numbers r and M and a natural number n such that the 
relation 


[2)| <M |2*| (168. 2) 


holds for all z satisfying | 2 | > 1, then f(z) is a polynomial of degree n at most. 
For n= 0, this theorem is simply Liouville’s theorem of the preceding 
section; for, a non-zero constant is a polynomial of degree zero, and every 
integral function bounded for | z| > 7 must be bounded in the whole plane. 
To prove the theorem by induction we assume it to be valid for (n — 1) 
and consider an f(z) satisfying the conditions of the theorem. We may assume 
without loss of generality that r > 1. If we set 


0 ee (168. 3) 


z 


then Q(z) is an integral function (cf. § 134 above) which for | 2 | > 7 satisfies 





10(2)| <= e+ 10H 
7 (168. 4) 





M \2"| + {f(O) | 12"1 (M + |#(0)|) |2"-4}. 


lz] 


By the induction hypothesis, Q(z) is therefore a polynomial of degree (n — 1) 
at most, except if Q(z) is identically zero. Hence 
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#2) = 2 Ql) + #0) (168. 5) 


is a polynomial of degree m at most, and the theorem is thus proved for all 
values of n. 

The converse of the theorem we have just proved is also true, since if k =n, 
a k-th degree polynomial P;(z) satisfies for all | z| > 1 the relation 


|P,(2) |< (|@o| + |ay] +--+ + Jagl) [2*]. (168. 6) 


Therefore there exist numbers M > 0 such that | P,(z)| <M |z|" holds when- 
ever |z| > 1. Thus the polynomials of degree n at most are precisely those 
integral functions for which the hypotheses of the last theorem hold true. 


169. Let P,(z) = a) 2" + -+-+@, be a polynomial of degree n. If we set 
P,,(2) = & 2" + f(z), (169. 1) 


then the function f(z) either vanishes identically or else is a polynomial of 
degree (n—1) at most. In any case, there exist positive numbers M such 
that for |z| >1, 


[#(z)| <M |2"-1| (169. 2) 


holds true. The last two relations imply that 





M 
[ao] [2"| S|P,(z)| + ri tz (lz| > 1). (169.3) 
For all z subject to the condition 
Ei eee 
14o| 
it then follows from (169.3) that 
| 
|P,(2)| > 2" |e], (169. 4) 


so that we have the following theorem: 


If P»(2) is a polynomial of degree n, then there exist positive numbers m 
and r (r >1) such that 


|P,,(z)| > m|2"| (169. 5) 


holds for all z for which |z| >. 
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The Fundamental Theorem of Algebra (§ 170) 


170. If we now set | 2 | = 7. and choose the positive number r, > r large 
enough for 
m1 > |P,(0)| (170. 1) 


to hold true, then by § 138 above, the analytic function P,(z) must have at 
least one zero in the disc | z| < 70. 

We therefore have the following theorem: 

Every polynomial of degree n = 1 has at least one zero, 1.e. there is at least 
one 2 for which 

P,,(2) =0 
holds. 

This is the Fundamental Theorem of Algebra, which was first proved by 
Gauss in 1799 (cf. §9). On the basis of this, it is now easy to prove the 
following further theorem: Every polynomial P,(2) of degree n can be 
written in the form 


P,,(2) = pq (2 — €y) (2 — Ca)... (2 — Cp) (170. 2) 


and therefore has exactly n roots (zeros), which however need not all be 
distinct from each other. 

The theorem is clearly true for »==1, and we assume it true for poly- 
nomials of degree 2, 3, ..., nm—1, this being our induction hypothesis. 
Now if P,(2) is a polynomial of degree n and c, a zero of P,(z) (the exist- 
ence of at least one is guaranteed by the preceding result), then we set 


Q(z) = F,,(2) a P,{2) — Palen) (170. 3) 


Z— Cy Z—Cy 





and we observe that Q(z) is an integral function that, for | z| sufficiently 
large, satisfies 





_ _|Pal2) M |2"| M |2"| 

lO@)l= Tar = 7 ay = 

|2{/1—“* 

| z 

Hence Q(z) is a polynomial of degree k = »—1, so that P,(z) is a poly- 

nomial of degree k + 1. This implies that k = m— 1, and hence the induc- 
tion hypothesis yields 


- <M, |2"4]. (170. 4) 








Q(z) = a (2 — €y) (z — €2) +++ (2 — Cg 4); (170. 5) 
finally we obtain (170.2) by comparing (170.5) with (170.3). 


168 Part THREE. I. FouNDATIONS OF THE THEORY 


Further Properties of Polynomials (§§ 171-173) 
171. Let f(z) be an integral function for which the relation 
[f(z)| 2m |2"| > mr" (171.1) 


holds everywhere in the exterior | z| > r of the circle | z |r; in this rela- 
tion, m stands for some positive number and stands for some natural num- 
ber or zero. Then the zeros (if any) of f(z) must all lie in the closed disc 
|2|<=r. Since each of the zeros is isolated, there can be no more than a 
finite number of them. Also, the multiplicity of each of them is finite. ‘There- 
fore there exists a polynomial 


P,(2) = (2 — €,) (2 — €g) ... (2 — Cx) (171. 2) 
which is such that the quotient 
1M) (171. 3) 


represents an integral function that has no zeros. Then the expression 
P,,(2)/{(2) likewise represents an integral function without zeros. Now con- 
sidering (171.1) and (171.2), we see that for sufficiently large values of | 2 |, 
a relation of the following form must hold: 





(171.4) 


This implies that P,(z)/f(z) is a polynomial of degree & at most. But since 
this polynomial has no zeros, it must be a non-zero constant. Hence the 
same is true of the expression (171.3). Therefore 


H(z) = 4 (2 — 21) (2 — 29) «.. (2 — 2x) 


is a polynomial of degree . Considering (171.1), we then have that for | 2 | 
sufficiently large, 


0 <m|z"| S|f(2)| SM [ao] |2*| (|2] > R) 


must hold, and this relation cannot be valid for arbitrarily large | z| unless 
k =n holds true. We have thus proved the following theorem: 

An integral function satisfying relation (171.1) for all |z| >r must be 
a polynomial of degree n at least. 


172. We can now determine the most general non-constant functions f(z) 
that are analytic on the whole Riemann sphere. Since the poles of such a 
function f(z) cannot have any points of accumulation, f(z) cannot have more 
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than a finite number of poles. If Q(z) is a polynomial whose zeros are 
located at the same points as are the poles of f(z) and have the same respec- 
tive multiplicities as do the poles of f(2)—excepting the pole, if any, of f(z) 
at 2== o— then the function 


&(z) = Q(z) f(z) 


is an integral function that is continuous in the chordal metric (cf. § 86) at 
the point == oo, and that does not vanish identically; for otherwise, f(z) 
itself would have to vanish identically. Hence by Liouville’s theorem, we 
have g(oo) =O, and the theorem of the preceding section then implies that 
g(2) is a polynomial or a constant (polynomial of degree zero). We see that 
in any case f(z) can be written in the form 


P,() 


f(z) oe “Om(2). 





(1 =0;m2=0), (172.1) 


and here the constant functions are also included. Thus we have proved the 
following theorem: 


The only functions analytic everywhere on the Riemann sphere are the 
rational functions. 


To study the behavior of f(z) in the neighborhood of the point z= 0, 
we write, in place of (172.1), 

i(2) = 2" e(=) (g(0) + 0). 
Hence if » > m, for example, then f(z) has m poles in the finite plane and 
a pole of order (n — m) at infinity, that is, » poles altogether; thus the func- 
tion has as many poles as it has zeros. If m= m, the number of poles will 
also equal the number of zeros. A similar investigation of the number of 
zeros of the function (f(2)— a) leads to the following result: 

The number of points—each counted with the proper multiplicity—at which 
the rational function (172.1) assumes any given value a, is independent of a; 
here, a may also be ~. 

The simplest case is that in which every value is assumed just once by the 
function. In this case, 


fe) = 2228 (26 — By +0) 





must hold, so that we are led once again to the fractional linear functions that 
we studied earlier in connection with the theory of Moebius transformations. 


173. It follows from the preceding section that the domain of definition of 
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a single-valued analytic function other than a rational function cannot cover 
the entire Riemann sphere. Hence for a function of this kind, there must be 
on the Riemann sphere—or, which is the same, in the extended complex 
plane—a non-empty closed point set A on which the function is not defined. 
Any isolated points which this point set 4 may have must be essential singu- 
larities of the function, i.e. singularities of the type discussed in § 165 above. 

In particular, the point z= © is an essential singularity of any integral 
function other than a polynomial. For this reason, integral functions other 
than polynomials are called transcendental integral functions. 

By using certain properties of polynomials, we can establish very simple 
characterizations of transcendental integral functions, such as the following: 

A non-constant integral function is a transcendental function tf and only if 
there is at least one sequence 2;,22,... of complex numbers converging to 
z= 0 for which the sequence of numbers | f(2n)| (n= 1,2,...) has a 
finite upper bound. 

Another theorem along these lines is the following: 

If a non-constant integral function has no zeros, it must be a transcendental 
integral function. 

If f(z) is a transcendental integral function, then there exist values a for 
which the equation f(z) — a=0 has infinitely many solutions. If f(z) is a 
polynomial of degree 2 or more, then there are certain values of a for which 
the equation f(z) — a= 0 has several distinct solutions. This implies that 
the only integral functions f(z) that always assume distinct values f(2) for 
distinct values of 2 are the integral linear functions 


f(z) =az4+ £B. 


PART FOUR 


ANALYTIC FUNCTIONS DEFINED BY 
LIMITING PROCESSES 


CHAPTER ONE 


CONTINUOUS CONVERGENCE 


Continuous Convergence (§§ 174-175) 


174. The simplest and most convenient method of studying specific ana- 
lytic functions in detail consists in representing them as limits of convergent 
sequences of polynomials or rational functions. Usually, however, a repre- 
sentation of this sort holds good only in some part of the domain on which 
the given function exists, as even the simplest examples will show. For 
example, if we set 


w= f,(z) = 2” (#=1,2,...), (174.1) 


then the sequence of numbers f,(z), f2(2),... converges to zero for | z| <1, 
to infinity for | z| > 1, and to unity for z= 1. If 2 is unimodular and not 
equal to 1, the sequence diverges. 

Inside the unit circle, the limit function 


(2) = lim f,,(z) (174. 2) 


therefore represents the constant zero. The sequence of functions (174.1) 
fails, however, to represent this constant on the boundary or in the exterior 
of the unit circle. 

Now if 20 is a point of the interior of the unit circle and if 2,, 2.,... is any 
sequence of points that converges to 29, then it is very easy to show that the 
sequence of numbers 


Wn = fnlZn) = (2n)” (# =1,2,...) (174.3) 


converges to zero. Similarly, if 2) is a point of the exterior of the unit circle, 
then the numbers w, converge to o. In either case, we say that the sequence 
of functions (174.1) converges continuously at the point 2o. 

On the other hand, we can find sequences of numbers 2, that converge to 
g== 1 and for which the sequence of numbers (174.3) diverges, and we can 
also find sequences of 2, converging to z= 1 for which the sequence (174.3) 
converges to any pre-assigned limit a, including zero and «. We say that 
the sequence of functions (174.1) is convergent, but not continuously con- 
vergent, at the point z=1. 


173 
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The concept of continuous convergence plays a fundamental role in Func- 
tion Theory. We shall therefore study this concept in greater detail. 

175. Let A be any set of the extended complex plane that is dense in 
itself, and let f,(z), fe(z),... be a sequence of complex functions, not neces- 
sarily analytic nor even continuous, that are defined on A. Let 2) be any point 
of accumulation of A, not necessarily belonging to 4, and consider sequences 
£1, 22,... of points of A that converge to z2.. We form the sequence 


Wn = fa(2n) (1 =1,2,...). (175.1) 


Now if the sequence (175.1) converges for every choice of a sequence of 
points 2,,2,,... as described above, then we shall say that the sequence of 
functions f,(2) is continuously convergent at the point 2. 

By way of motivating the use of the term “continuous” in this connection, 
we shall prove that in the case of continuous convergence, the limit of the 
sequence (175.1) is independent of the choice of the sequence 21, 22,---. In 
fact, if we have lim z, = lim 2,’ = 29 along with 


lim f,(,) =, lim fn (2) = B, x(a, B) > 0» 


nm=00 n=0o 
then for the sequence 21, 22,... defined by 
Zon. = 22n-1, Zen = 2b (k= 1,2,...) 


we would have the relation lim 2, 2%, while lim f,(z,) would not exist, 
contradicting the assumption of continuous convergence. 

It is also very easy to show that if the sequence fi(2), f.(2),... converges 
continuously at the point 2), then any subsequence /,,(z), f,,(z), ... (where 
Ny < My < 3<...) does likewise. 

Finally, we note that the following important theorem is an immediate con- 
sequence of the definition of continuous convergence: 

Let the sequence of functions w= f,(2) be continuously convergent at the 
point 25 and let its limit at 2) be wo. Let B be a point set of the extended 
w-plane that contains all the points w=f,(z) for every n, with z ranging 
over the common domain A of definition of the functions f,(2), and assume 
that wo is a point of accumulation of B. Let the sequence of functions y,(w) 
be defined on B and be continuously convergent at Wo. Then it follows that 
the sequence of functions 


F (2) = Pn(fal2)) (n= 1,2,...) 


is continuously convergent at 2. 


Tue Limitine Oscitiation (§§ 174-177) 175 


The Limiting Oscillation (§§ 176-178) 


176. With each point 2) of accumulation of the common domain A of 
definition of the functions f,(z) of a given sequence, we can associate a non- 
negative number o(2) that will play a fundamental role in our theory. Let C;, 
be the circular discs defined by the relation 


x(2, 29) < = (& = 2,3,...) (176.1) 


and let S,; be the chordal oscillation of the function f,(z) on the point set 
ACy, i.e. let 


Sax = Sup x (fa(2’), fa@")) for 2,2" EAC. (176. 2) 
We then form the numbers 
o, = lim S,, (eae 176.3) 


Since we have C,,, © Cj, it follows that for every n, 


Snte+i) S Snes (176. 4) 
so that 
02 203 2, 2°: (176. 5) 
holds. 
Hence the limit 
o (Zo) = lim ox (176. 6) 
k=0oo 


exists; we shall call it the limiting oscillation of the sequence of functions 
fu(z) at the point 2o. 

177. The main theorem of this chapter is the following: 

a) If we have o(2) >0 for the limiting oscillation at the point 29, then 
the sequence {fu(2)} cannot converge continuously at 20. 

b) If, however, (2) =O, then the sequence { fn(2)} converges continu- 
ously at 2) provided only that it has in every neighborhood of 29 a point of 
convergence (which may be 2 itself). 

In proof, let us assume first that o(2.) > 0. Then for every & there are 
infinitely many functions of the given sequence that have on the point set 4C, 
an oscillation greater than o;,/2, and hence also greater than o(2,.)/2. We 
can therefore find two sequences of points 2’, 22’,... and 2:", 22”,... and an 
increasing sequence of integers m, < m, <3 < --+ for which 
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ZEA Ce EAC, altngltde fale) > “2 (177.1) 
holds. Now we have F 
lim zz = lim z = 2, (177. 2) 
k=00 k=00 
and the two sequences 
We =fnylZe)s We = fay (Ze) (177. 3) 


either do not both converge or do both converge but have different limits. In 
either case, it follows that the f,(z) cannot converge continuously at 2. 
This proves part a) of the theorem. 
To prove part b), we assume that o(2))==O and we assign a positive 
number é as well as an arbitrary sequence of points 2, of A that converges to Zo. 
Then by (176.6), there is a value of k for which 


<< (177.4) 


holds. By the second condition under b), there exists in the point set 4 C;, 
,at least one point ¢ at which the f,(z) converge. Hence we can find a natural 
number N, such that the relation 


U(Fn(C); fm(S)) < (177. 5) 


holds whenever n > N, and m > Ny. 

Furthermore, by (176.3) and (177.4) there exists a natural number Nz 
such that for n > Nz, the oscillation S,, satisfies S,;,< ¢/3; there is also a 
natural number N; such that 2, is contained in AC, whenever n > N;. Then 
if N denotes the largest of the three numbers Ni, N2, N3, the following rela- 
tions will hold true whenever n and m are both > N: 


Lfalen)s InlE)) <> XUFm(Zm)» f(2)) < (177.6) 


If we now set 
Wn = bal2n); (177.7) 


then by comparing relations (177.5) and (177.6), we obtain 
X(Wn, Wm) KE (n> N, m>N). (177.8) 


By Cauchy’s convergence criterion (cf. §91 above), the sequence (177.7) 
must therefore be convergent, and hence we have proved that the given 
sequence of functions converges continuously at the point 20. 

In the case that the functions f,(z) are also defined at the point 20, the 
above theorem implies the following result: 
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For the sequence {fn(2)} to converge continuously at a point 29 belonging 
to the common domain of definition of the functions fnr(2), it is necessary 
and sufficient that the limiting oscillation o(20) vanish and that the limit 
lim fn(Z0) exist. 

178. The results of the preceding section can be rounded out as follows. 
Let f(z) be the limit function of a sequence of functions f,(2) and let B’ be 
the domain of definition of f(z), so that B’ is that subset of the common 
domain A of definition of all the f,(z) on which 


lim fy (2) = f(2) 

nm=coo 
exists. Also, let B” be the set of those of the points 2) of accumulation of B’ 
at which the limiting oscillation satisfies ¢(z.)—0. By the preceding sec- 
tion, the sequence {/,(z) } converges continuously at all the points of the set 
B”. We may therefore extend the domain of definition of f(z) so as to 
include in it all the points of B” ; the-extended domain is then the union 


B= B’ 4B" 
of the sets B’ and B”. 
We shall now show that f(z) is continuous at every point of B”. 
To prove this, consider first a sequence 2,, 22,... of points of B’ that con- 


verges to 2). Since o(2.)—=O by assumption, we can assign to each point 2, 
a natural number 71, such that 


1(Fnylte)» He)) <= (178. 1) 


holds, and we may at the same time arrange the choice of the 1 in such a way 
as to have ”, > ”,_,. On the other hand, the continuous convergence at the 
point 2 of the sequence of the /,,(2) implies that 


tim x(fag(@e), i(z0)) = 0, (178. 2) 
and upon comparison of (178.1) and (178.2) we find that 

dim x (f(a), f(z) = 0. (178. 3) 
Next, let 2) be a point of accumulation of B” and let C1, 05, ... be a sequence 


of points of B” that converges to 29. The sequence of the f,(z) converges 
continuously at each of the ¢,, and we can therefore determine a sequence 
21, 22,... Of points of A and a sequence of natural numbers m, < nz <<... in 
such a way that 
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ilies Cr) <4, WC tnglen), Mea)) < + (178.4) 


both hold at the same time. Relation (178.2) holds true in this case too, 


since the sequence of the 2, also converges to 29. Relations (178.2) and 
(178.4) then imply that 


Pra XCA(Ca), A) = 0, (178. 5) 


and relations (178.3) and (178.5) now prove the statement in italics above. 

Note, however, that the limit function f(z) may be continuous at points 
where the convergence of the sequence is not continuous. For example, the 
sequence 


fa(@) = aes 


wena (n=1,2,...) (178.6) 
converges to the constant zero for all z= 00; the limit function f(z) =0 is 
continuous throughout; but the convergence of the sequence is not continuous 
at z=0. 


The Normal Kernel of a Sequence of Functions (§ 179) 


179. Let A be the common domain of definition of the functions of the 
sequence {falz)}. We say that the sequence is normal at a point 2 of the 
closure of A if o(2)==0. The set S of all the points 2) at which { ta(2) } is 
normal will be called the normal kernel of the sequence of functions. 


Now consider a denumerable sequence ¢,, C5, €3,... of points of 4 that 
are dense in A. By Cantor’s diagonal process (cf. §92 above), we can find 
in the sequence { talz) } a subsequence fp (2), fa,(2), --. which is such that for 


every j the limit 


Tim fy (63) = HCC) 


exists. By the theorem of § 177 above, this subsequence {f,,(z)} is continu- 
ously convergent at every point 2 of the normal kernel S. By § 178 above, 
the limit function f(z) is continuous at every point of S. 


Comparison of Continuous Convergence with 
Uniform Convergence (§ 180) 


180. Let S be the normal kernel of the sequence { Fal?) } and let S, be a 
closed subset of S on which the sequence converges continuously to the limit 
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lim fa(2) = f(2) (180. 1) 


We shall prove that the convergence of { tn(2) } on S, is uniform. 

If this were false, there would exist at least one positive number & with 
the property that to each natural number there could be assigned a point 
2, of S, and a natural number n;, such that the relations 


(Pn, (2x)s t(2x)) es 9, Mead > 1, (180. 2) 


would hold true simultaneously. We may assume without loss of generality 
that the sequence of points 2, converges to a point 20, which must itself be a 
point of S, (since S, is closed). Now since, on the one hand, we have con- 
tinuous convergence at 2), while on the other hand f(z) is continuous at 2o, 
we must have the two relations 


vim 1(fnyl2x)» f(2o)) = 0, lim x(f(zx), (0) = 9, (180. 3) 
=00 k=0o 


and these contradict (180.2) ; this proves our statement above. 

Let us assume, conversely, that the sequence { ta(2) } converges uniformly 
on a closed set S, and that the limit function f(z) is continuous on S,. We 
shall show that S, must then be a subset of the normal kernel S of the given 
sequence. 

To prove this, let ¢ be any positive number and let 2, be any point of 
accumulation of S,. Since f(z) is continuous at 20, there is a neighborhood 
U, of 2 which is such that the chordal oscillation of f(z) on U, Sy does not 
exceed ¢/3. Also, since the convergence is uniform, there exists a number N, 
such that for n= N,, 


a fale), H(2)) < =. 


Then if # = N,,, the chordal oscillation of f,(z) on U,S, does not exceed «, 
and the same therefore applies to the limiting oscillation of the sequence 
{ tn(2) } at the point 2). Hence the given sequence is normal at 20. 

We have thus proved the following result: 

Continuous convergence on a closed set is equivalent to uniform converg- 
ence to a continuous limit function on the closed set. 

Remark. If the approximating functions f,(z) are continuous, then it is 
not necessary to prove continuity of the limit function, since the following 
well-known theorem holds: A uniformly convergent sequence of continuous 
functions always converges to a continuous function. 


CHAPTER TWO 


NORMAL FAMILIES OF MEROMORPHIC FUNCTIONS 


The Limiting Oscillation for Sequences of 
Meromorphic Functions (§ 181) 


181. Consider a sequence { fn(2) } of functions all of which are meromor- 
phic (and hence continuous in the chordal metric) in a region G. Let 2 be 
a point of G at which the limiting oscillation o(20) of the sequence is less 
than unity. If a denotes any positive number between o(z,) and 1, then by 
§ 176 above, there exists a neighborhood C;, of 20 in which the number o; 
defined by (176.3) is <a. Then the oscillation S,, of the functions of the 
sequence on the point set C;,G must be Sa for all but a finite number, at 
most, of the functions of the sequence. Now we can find on the Riemann 
sphere a circular disc C, lying in the interior of C,G and with center at 
2, and which is such that in this disc the oscillation of each of the above 
(finitely many and continuous) exceptional functions does not exceed a. Then 
all of the functions f,(z) are meromorphic in C,, and each of these functions 
satisfies at every point of C, the relation 


1(fnl2), fa(Zo)) S &- (181. 1) 
If fn(2o) + ©, we set 


falé) — fal2o) 
(2) =— ee, 181.2 
Bale) TT ea fal ush2) 
and if fy(20)== ©, we set 


1 
Balt) = Fy (181. 3) 





These functions g,(2) are meromorphic in the disc C, and satisfy the follow- 
ing relation, which is based on (181.1) and on the invariance of chordal 


distance under rotations of the Riemann sphere (cf. § 86 above) : 
18n(2) | 
a = < 
V T+ (8n(2) 2 (Elz), 0) x(fal2), tn (20) ) =o 


This implies len(2)| S$ ———— =M (w=1,2,...). (181-4) 
V 1-2? 
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Thus we see that all of the functions g,(2) are regular and uniformly bounded 
in the disc C,. Moreover, they all vanish at the point 2). 

Now let p be any natural number. Applying Schwarz’s Lemma to the func- 
tions g,(z)/M, we see that there exists on the Riemann sphere a circular 
disc C, whose center is at 2) and in which 


1 
| gn(2) | < p 
holds for all n. At all the points of C, and for all », we then have the relation 


Ufa) fled) = A Slee) <p, (181.5) 





so that the oscillation in C, of any of the functions f,(2) is less than 2/p. 
Hence we have 


(181.6) 


and since p was arbitrary, it follows that the sequence { tal2) } is normal at 
the point Zo. 

The result we have just proved may be put briefly as follows: 

In the interior of their common domain G of definition, the limiting oscilla- 
tion of any sequence of meromorphic functions can assume only the values 
zero and unity. 

For example, for the sequence of functions (174.1) the limiting oscillation 
is zero for all points of the plane for which | z| =: 1, and it equals unity on 
the unit circle | z|—=1. 

Some of the points in the above proof are of sufficient importance in 
applications to warrant a more detailed statement of the theorem, as follows: 


A sequence { fn(2) } of functions meromorphic in a region G is normal at 
an interior point 8 of G tf and only if there exists at least one neighborhood 
U of 2 and at least one positive number a <1 such that for all points 2 of U, 
and for all functions f,(2) of the sequence, 


U(fn (2); fn(Z0)) < (181.7) 


holds. In this case, we can assign to any ¢ > 0 a neighborhood U, of 2 such 
that for all points 2 of U,, we have 


x(fnl2), fn(Zo)) < € (n=1,2,...). (181.8) 


The set of those points of G at which the sequence { fn(2) } is normal is then 
an open subset of G, unless it is empty. 
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The last statement of the theorem is obvious, for if the sequence is normal 
at 2) it must be normal at every point of U, if e < 1/2. 

By the preceding chapter, the concept of limiting oscillation is defined also 
at the points of the frontier of G. But the theorems of the present section do 
not hold at these points. However, it is only in special investigations that the 
frontier of G need be considered. In what follows, we shall therefore confine 
our attention to the interior points of G (cf., however, § 215 below). 


Normal Families of Meromorphic Functions (§§ 182-183) 


182. We now turn to arbitrary sets {f(z)}, not necessarily denumerable, 
of meromorphic functions all defined in a given region G. We speak in this 
case not of a sequence but rather of a family of functions, and we adopt the 
following definitions: 

A point 2) of (the interior of) G is said to be a normal point of the family 
{f(2)} if there is at least one positive number a < 1 and at least one neigh- 
borhood U of 2o such that at all points ¢ of U and for all functions of the 
given family, the relation 

x(f(2), 20) < « (z EU) 
holds. 

The set S of all the normal points of a family of functions will be called, 
as before in § 179, the normal kernel of the family. S is of course a subset of G. 

If every point of G is normal, that is if S == G, then we shall say that the 
family is normal in G. 

With these definitions, the results of the preceding section can be carried 
over, along with the same proofs as before, to the case of arbitrary families 
of meromorphic functions. In particular, the normal kernel S is always an 
open point set. 

183. Every sequence f,(2), fe(2),... of functions all of which belong to 
one and the same given family {f(z)} of meromorphic functions is obviously 
normal at every point 2) at which the family itself is normal. By § 179 
above, we can select from the sequence of functions f,(2) a subsequence 
fn(2), fn,(2), --. that converges continuously at all the points of the normal 
kernel S of the family {f(z) }. 

On the other hand, if 20 is not a normal point of the given family, then we 
can associate with each natural number n a function f,(z) of {f(z)} whose 
chordal oscillation in the neighborhood 


1 
(2, 20) < a 
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of Z is not less than [1—(1/n)]. Since any subsequence 
(ie OG eee Sc) ree 


of a sequence as just constructed will have the same property, it follows that 
none of the subsequences of f,(2), fe(#),... can converge continuously at 
the point 2. 

This yields the following theorem: 

A family {f(2)} of meromorphic functions is normal in a region G if and 
only tf from every sequence f,(2), fe(z),... of functions of the family, at 
least one subsequence f,,(2), fr,(2), ... can be selected that converges continu- 
ously at every point of G. 

The property stated in this theorem was used by P. Montel, who invented 
and developed the concept of normal families, as the definition of these families. 

Starting from Montel’s definition, A. Ostrowski introduced the concept of 
limiting oscillation and established its connection with the properties of normal 
families. 


Compact Normal Families (§ 184) 


184. A family of functions is said to be compact (cf. also § 91 above) if it 
contains all of its limit functions, i.e., if it contains every function g that is 
representable as the limit of a sequenee of functions of the family. 

Any given normal family {f} of functions meromorphic in a region G can 
be extended to a compact normal family by adding to {f} all of tts limit 
functions. 

Let us denote the family with these additions made, by {g}. If we admit 
subsequences of the family {f} that contain one and the same function f an 
infinite number of times, we may regard every function g of {g} as the limit 
of a sequence of functions of {f} that converges continuously in the region G. 
We shall show a little later on (cf. § 190 below) that all of these functions g 
are meromorphic in G. We must now prove that the family {g} is normal 
and compact. 

To this end, we consider a monotonically increasing sequence 


H,S H,S HyS + (184. 1) 


of closed subsets of G whose union is G, and an arbitrary sequence gi, g2, 83,.. 
of functions of {g}. By the construction of {g}, every one of these functions 
g, is the limit of a sequence of functions f,, of {f}. By § 180 above, this 
Sequence converges uniformly on the set H,, so that we can find a subscript 7, 
for which 
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1 
v 


A(foig» Bo) S (@€H,) (184.2) 


holds. Since the family {f} is normal, there must exist a subsequence 
Tan ig = 1, 2,...). of the sequence /,, that converges continuously to a 
function go at every point of G. By (184.2), the subsequence g,, (k= 1, ...) 
of the sequence of g, must also converge continuously to go. Hence by 
Montel’s theorem (see § 183 above), the family {g} is normal. But this 
family is also compact, since any given limit go of functions of {g} can also 
be represented as the limit of a sequence of functions of {f}. Thus we have 
proved the result stated above. 


Families of Analytic Functions Uniformly Bounded 
in the Small (§§ 185-186) 


185. We introduce the following definition: 

Given a region G not containing the point z= 0, and a family {f} of 
analytic functions regular in G, we shall say that {f} is uniformly bounded 
in the small if we can assign to every point 29 of G two positive numbers r(2) 


and M(a,) which are such that the closed disc |z— |r lies in G and 
that | f(z) | SM holds in this disc for all f in {f}. 


A family of this sort must clearly be normal; for if we set 
& (2) = f(z) — f(20), 


then for 0 < # < 1 Schwarz’s Lemma implies the validity, within the circular 
disc 


|z — %| < r(%) & (185.1) 
of the relation 
\g(z)| < 29M. (185. 2) 


Then if 2’ and 2” are any two points of the disc (185.1), we have 
aCH2"), HE) < | A2!) — £2") | = [ele’) - 2") | << 48M. 
Hence within the disc 


|z—2z| < ro) ’ 





the chordal oscillation of each function of the family is less than 1/2, so that 
the family is normal. 


186. We shall now prove the following theorem: 
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If {f} is a family of analytic functions uniformly bounded in the small in a 
region G, then the family {f’} of the first derivatives of the functions f(z) 
shares the same property, and is therefore also normal in G. 

For if 2, is any point of the closed disc 


|z— 29] = G0, (186. 1) 





then the function m(z) defined by 


(2) = f(z) — f(a) 


z— 2, 


for z+ 2%, | (186.2) 
| : 


P(21) = f’ (21) 


is regular in the closed disc 


= 7(Zo) 
lz—a|S ca 


(cf. § 134 above), and by (186.2), this function satisfies at every boundary 
point ¢ of the latter disc the relation 


Olt ie)! 4M 
WO) reer eae 





Hence by the Maximum-Modulus Principle, we have 
; 4M 
I7'@)| S sup |) S say 


which proves the theorem (see also Vol. II, § 290). 


The Limit Functions of Normal Families of 
Meromorphic Functions (§§ 187-190) 


187. We first consider a convergent sequence of functions f,(z) uniformly 
bounded in the small in G, where G is a region not containing the point z = ©. 
Since the sequence { tn(2)} is normal in G, the limit function 


f(2) = lim f,(2) (187. 1) 


must be continuous in G (cf. § 178 above). 
Let 2) be a point of G. The equations 
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)= fnl2) — falzo) f 


Enl2 are 


Bnl20) = fy(20) 


or 2+ 2, 
(187. 2) 


define a sequence of functions g,(z) that are analytic and regular in G (cf. 
§ 134 above). By our assumption concerning the f,(z), there is a closed disc 
| 2— 20 | Sr in G on which | f,(z) | = M holds for all n. On the boundary 
of this disc, we must then have 


(Rel = 2. (187. 3) 


Yr 





and by the Maximum-Modulus Principle, these relations also hold in the 
interior of | z— 2) | 7, whence it follows that the sequence of the gn(z) is 
uniformly bounded in the small, and therefore normal, in the disc | z— 2) | <r. 

By (187.1) and (187.2), the sequence of the g,(z) converges for every 
2=+ 2 to a function 


In(2) = tno) __f@) = fo) (187. 4) 
z— 2 z— 2 ; 


g(z) =lim 


n=oo 


By § 177 above, the gn(z) must then converge at the point 2, also, and we have 


g(zq) = lim g, (zo) = lim f, (29). (187. 5) 


By § 178 above, the limit g(z) of the normal sequence of the g,(z) must also 
be continuous at the point 29. Hence by (187.4), the function f(z) is differ- 
entiable at 2) (cf. § 124 above). This implies the following theorem: 

If a sequence of analytic functions converges in a region G and is uniformly 
bounded in the small in G, then the limit of the sequence is a regular analytic 
function in G. 

The importance of this theorem lies in the converse fact, which we shall 
prove later on in this book, that any given analytic function can be represented 
as the limit of a continuously convergent sequence of functions of some well- 
known type (such as polynomials or rational functions). 

188. Relation (187.4), combined with the fact that the function g(z) is 
continuous at the point 20, yields the equation 


&(20) = f' (20), (188. 1) 


and this in turn, together with (187.5), yields the following theorem: 
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Let 
f(z) = lim f,(z) (188. 2) 


be the limit of a sequence of analytic functions f,(2) that are uniformly bounded 
in the small in the region G. Then for the derivatives of these functions, we have 


f(z) = lim f,(2). (188. 3) 


n= oo 


Furthermore, § 186 above shows that the sequence of the derivatives f,’ (2) 
is likewise uniformly bounded in the small. We can therefore apply the result 
of the last theorem to the sequences, one by one, of the successive derivatives 


fiz), fn (2), -.., and thus verify that the relations 

FH) in Onl?) = 

ra a ge (p = 2; 3, | (188. 4) 
hold. 


189. We now turn to the study of the limit functions of arbitrary normal 
families of meromorphic functions, and we begin with the following simple 
observation. The chordal distance between the two circles 


jwj=1, |w|=2 


equals (1,2) =1//10 , as does also the chordal distance between the two 
circles | w|==1 and | w|==1/2. Therefore if w’, w” are two points that 
satisfy either the two relations | w’ |< 1 and | w” | = 2 or the two relations 
| w’ | =1 and | w” | = 1/2, we must have z(w’, w’’) => 1///10. 

Now if {f(z)} is a family of meromorphic functions that is normal in a 
region G, then by § 183 above we can assign to every point 2) of G a neighbor- 
hood U(2) which is such that for every point z of U(2,) and for every 
function f(z) of the given family, 


u(f(2), f(a) < ree (189. 1) 


holds. Hence if | f(z.) | 1, then at every point z of U(g.) we must have 
| f(z) | <2, while if | f(20)| > 1, we must have | f(z)| > 1/2 in U(a). 
We are thus led to the following result: 

If a family of meromorphic functions ts normal in a region G, then we can 
assign to every (interior) point 2 of G a neighborhood U(2) throughout 
which every function f(z) of the given family satisfies at least one of the 
relations 
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1 


\f(z)| <2 9 or Tar 


2. (189. 2) 


The converse also holds: 


If we can assign to every point 2 of a region G a neighborhood U(2) 
throughout which every function f(z) of a family {f(2)} of meromorphic 
functions satisfies at least one of the inequalities (189.2), then the family 
{f(2)} must be normal in G. 


For we may consider the family {f(2)} as the union of two families { g(z) } 
and {h(z)} which are such that all of the g(z) and all of the 1/h(z) are 
uniformly bounded in U(2.). The families {g(z)} and {h(z)} are normal 
at 2), and by Montel’s theorem (cf. § 183 above), their union { f(z) } must 
therefore likewise be normal at 2) and hence in G. 

190. Let f.(z) be the limit of a convergent sequence of meromorphic 
functions all of which belong to one and the same normal family. We know 
from the preceding section that for any given point 2 of the domain of defini- 
tion of fo(#), there exist neighborhoods in which either fo(z) itself or 1/fo(2) 
can be represented as the limit of a convergent sequence of uniformly bounded 
analytic functions. By means of the theorem of § 187 above, we infer from 
this that fo(z) must be meromorphic in G. 

Hence functions that are limits of functions of a normal family of mero- 
morphic functions are themselves meromorphic functions. 

If a subsequence of a normal family of meromorphic functions converges 
in G and if f,(z)=00 for its limit fo(z), then the subsequence is uniformly 
bounded in the small in the subregion of G in which f(z) is finite. 

However, the result of § 188, to the effect that the derivatives f’(z) of the 
functions of a uniformly bounded sequence themselves constitute a normal 
sequence, does not carry over to the present case. 

For example, the functions 


n2 1 = . 
f(z) = ee ‘ (n = 1, 2,...) 
ee 








converge in the whole plane continuously to 
1 
fol) =—— and fx(0) =00. 


The sequence of derivatives 








is not continuously convergent at z= 0, and is therefore not normal at z—=0. 
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Vitali’s Theorem (§ 191) 


191. Consider a normal sequence { f,(z) } that fails to converge at a point 2. 
There must be at least two subsequences {f,,,(z)} and { fm ,(2) } of { fa(2) } that 
converge at 2) and for which we have 


lim fa,(@o) =, lim fn,(2o) = B, B+ & (191. 1) 
j= 00 j=0o 


By § 179, we can find in these subsequences two subsequences { fni(2) } and 
{ fm;(2)}, respectively, that converge in the entire domain G of definition of 
the functions f, (2), and we denote the limits of these last two subsequences 
by f(z) and g(z), respectively. Since f(z) = a, g(z)) = B, « + B, the functions 
f(z) and g(z) are not identically equal in G, and we have thus derived the 
following general result: 


For a normal family {fn(2)} to converge at every point of the common 
domain of definition G of the f,(2), it is necessary and sufficient that all those 
subsequences of {f,(2)} that converge everywhere in G should have the same 
limit in G. 

If f(z) and g(g) are two distinct meromorphic functions neither of which 
is the constant 0, then h(z) = f(z) — g(z) is not identically zero. The only 
points 29 at which f(2.)== (2) can hold are the zeros of h(z) and the 
common poles of f(z) and g(z) (some of which may be among the zeros of 
h(z) ). Thus the set of points where f(z)= g(z) is possible cannot have 
any interior point of G as a point of accumulation. The same conclusion may 
be drawn if, say f(z) =0o. From this follows a theorem that G. Vitali (1875- 
1932) discovered as early as 1903: 

If @ sequence of meromorphic functions normal in a region G converges at 
a denumerable set of points 2, 22,... having at least one point 29 of accumula- 
tion in (the interior of) G, then the sequence converges everywhere in G. 


Uniform Convergence (§ 192) 


192. As we saw in‘§ 180 above, uniform convergence on a closed set of 
points is equivalent to continuous convergence provided that the limit function 
f(%) is continuous. If the approximating functions f,(2) are meromorphic, 
the condition in italics may be omitted. In fact, we shall show more generally 
that the sequence of f,() is normal provided only that the f,(z) are known 
to approximate an arbitrary function f(z) with a certain specified degree of 
approximation. To this end, let us assume of the sequence of meromorphic 
functions f,(2) that at all the points of a region G, and for all n ZN, 
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(inl2), fy2)) Sa< (192. 1) 


holds true. Let 2 be an interior point of G and let U(z.) be a neighborhood 
of 2 in which the chordal oscillation of fy(z) does not exceed 1/2— a. Then 
the chordal oscillation in U(2.) of the various functions f,(2), for nN, 
does not exceed 


2a+(z-a)=atZ<1. 


Hence by § 182 above, the limiting oscillation at 2) of the given sequence 
equals zero, and the sequence is normal. 
Now we note that relations (192.1) follow if for any arbitrary function f(z), 


x(fal2), H(2)) S s for 2€G6,n=N (192. 2) 


holds true; this proves our statement above. 

In particular, relations (192.2) are always satisfied for a sequence of mero- 
morphic functions that converges uniformly in G, so that we have the following 
theorem: 

If @ sequence of meromorphic functions f,(2) converges uniformly to the 
limit f(z) in a region G, the sequence must be normal in G. The limit func- 
tion f(z) must therefore also be meromorphic in G. 

It is sometimes useful to have this theorem available in the following form: 

If a complex function f(z) can be approximated uniformly to any desired 
degree of approximation by means of meromorphic functions, then f(z) is 
itself meromorphic in G. 


Osgood’s Theorem (8§ 193-194) 


193. From the mere assumption of convergence at all of the points of a 
region G, we can draw certain conclusions regarding a given sequence of 
functions f,(2) meromorphic in G. We set 


yx(2) = sup 1(fern(2), te (2)) for p=, 25s (193. 1) 
and observe that 
lim y,(z) = 0 (193. 2) 
k=oo 


holds by assumption. We denote by U; the (possibly empty) subset of G 
in which y;,(2) > 1/6 holds. If 2 is any point of U,, there is at least one 
value of p for which 7 (fi+p(20), f(Zo)) > 1/6. The inequality 
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A (fe+o(2)> felz)) > 1/6 


then remains valid in some neighborhood of g), which implies that the point 
set U; is an open subset of G. 
From equation (193.2), it follows moreover that the intersection 


D=U, U,U;j... 


of all the sets U;, must be empty, so that, as we shall show presently, there 
must be in the sequence of the U;, a first set, say U,,, that is not everywhere 
dense in G. Then there exists at least one point ¢ of G that is not a point 
of accumulation of U,,. 

To prove the statements just made, suppose to the contrary that all of the U;, 
were dense in G. Let ky be any closed circular disc in G. Since U; is sup- 
posed to be dense in G, there is at least one point of 0, of U; that lies in the 
interior of Ky, and since U, is open, there must also exist a closed disc Ki that 
is contained in both Ky and U,. Similarly, within kK, there is contained a 
closed disc K, that is interior to U,. Continuing in this way, we obtain a nested 
infinite sequence of closed discs Ko, Ki, K2,..., each containing the next, 
whose intersection contains at least one point w (cf. §94 above). But this 
point w would then lie also in the intersection D of all the sets U;, and D 
could not be empty. 

Now consider a neighborhood V’ of ¢ that contains no point of U,,, and let 
V also be sufficiently small for the chordal oscillation of f,(z) in V, for 
n=1,2,...,h, to be less than 1/6. Keeping in mind (193.1) and the 
fact that ,,(2) $1/6 holds in V, we can then show, just as in the preceding 
section, that the oscillation in V of each of the functions f,(z) does not exceed 
3°1/6=1/2. Hence the given sequence of f,(z) is normal in V. 

Given any subregion G, of G, we can apply the result just obtained to Gi, 
finding that G, must itself contain a subregion V; in which the sequence of 
fu(2) is normal. Thus we have proved the following theorem: 

If @ sequence of meromorphic functions converges at all of the points of a 
region G, then there exists an open subset S of G which is dense in G and in 
which the convergence of the sequence is continuous. 

As is well known, S (like any other open set) is the union of a finite or 
denumerable number of subregions Si, S2,... of G. In each of these sub- 
regions S;, the limit function f(z) is meromorphic and hence continuous (cf. 
§ 187 above). However, at the points of G that do not belong to S, f(z) 
need not be continuous. On the other hand, it may also happen that the 
limit function f(z) is analytic throughout the entire region G while the normal 
kernel S of G is not identical with G (cf. the example in § 190 above). 
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The theorem of this section was first proved by W. F. Osgood for sequences 
of regular analytic functions. In this case, the subregions S; must be simply 
connected. 

194, There are sequences of meromorphic functions f,(z) no subsequence 
of which is normal at any point of the common domain G of definition of the 
fn(z). For such sequences, it follows from Osgood’s theorem that the set of 
points at which any given subsequence /,,(z), /,,(2), --. converges cannot have 
any interior points belonging to G. 

Examples of sequences of this kind can be constructed in terms of the func- 
tions o(23 g2,g3) and $(z; 2,83) that occur in the Weierstrass theory of 
elliptic functions. In fact, the sequences 


fn(2) = 0(% 2; Be, 8s), &n(Z) = F (2; Be, 8s) 


will serve as examples. 


Normal Families of Moebius Transformations (§§ 195-197) 


195. Consider the totality of all those Moebius transformations 


1 
cata z (195. 1) 








whose coefficients «, 8, y, 6 satisfy the conditions 


ad—By=1; |a|,|B|,|y|,|6| <M. (195. 2) 


Here, M stands for any positive number. We shall show that this totality 
constitutes a normal family in the whole extended plane. 
By § 183 above, it suffices to show that the conditions 


lim x, = %, lim 8, = Bp, limy, =yo, lim6, = 69, limz,= 2 (195.3) 


nm=oo n=oo n= oo n= 0o 


imply that 
Sn 2n+ Bn _ _%%+ Bo (195. 4) 


lim 
Yn2n+ On Yo 20 + 5g 


n=00 





holds. This last equation allows of immediate verification if 2) =F © and 
Yo2Zot+ 69+ 0. If zo © and yo2zq+ do= 0, then %& 29+ Bo + O must hold, 
and (195.4) may be replaced by the equivalent equation 
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lim Zatn+ on _ _Yo%t % _o, (195. 5) 


n=0oo On 2n + By 2) + Bo 
If, finally, 29 == oo, then we can proceed in a similar way by using the second 
of the two representations of the Moebius transformations in (195.1). 


196. The normal families of Moebius transformations just considered have 
a geometric property that can be used in turn to characterize these families. 
Given a Moebius transformation (195.1), let us denote by 


y= —, w= Sth, ties (196. 1) 


the images of the points z= 0, 1, «, and let us calculate the product of the 
three chordal distances of the points (196.1) from each other. This yields 
X (Wo, M1) + X(Wy» Woo) + H(Woq» Wo) 


~ Jad —By|® 
(lol? + ly 1?) (1BI? + 161?) (la + Bl? + |p + 6]?) * 


Now if the coefficients «, 8, y, 6 satisfy conditions (195.2), then the left-hand 
side of (196.2) must be greater than some positive number 1/N?. Conversely, 
if this latter condition is satisfied, then we must first of all havea 6 — By + 0, 
and we may write (see (196.2) ) 


2d—fy=1, (196. 3) 
(lal?-+ yl (1818+ 13] (le + Bl? + y+ 8) <V% 296.4) 
But (196.3) implies 


(196. 2) 





a=ad(a+ B)—aB (y+ 4), (196. 5) 
so that (196.4) yields 


Ja] [9] -[a+ Bl <N, lal -|B]-ly +9] <N. (196. 6) 


Comparison of (196.5) and (196.6) gives | a| < 2N, and we find similarly 
that |8|, |y| and | 6| also have the bound 2N. From this it follows that the 
Moebius transformations that satisfy the condition 


(Woy) + 1001, Woo) * (2 eo » We) > — rr (196. 7) 


likewise constitute a normal family.? 


* To insure that this family is not empty, we have to stipulate that N?> 8/y27, that is, 
that N > 1.2408. To see this, one must use the fact that of all the triangles inscribed in a 
circle, the equilateral triangle is the one for which the product of the three sides is a 
maximum. 
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197. If we use the criterion of § 183 above, we can derive from the results 
of the last two sections the following important theorem: 

Let there be assigned to each function f(2) of a family {f} of functions mero- 
morphic in G, four numbers a, B, y, 6 that satisfy conditions (195.2) (with a 
fixed value of M). Consider the family {g} of the functions 


af) +B 
y tz) +6 


Then each one of the two families {f} and {g} is normal if and only if the 
other family is also normal. 





g(2) = (197. 1) 


The Theorem of A. Hurwitz (§ 198) 


198. We now turn to the derivation of some theorems that one obtains 
by specializing the functions of a normal sequence. The first of these theorems 
is due to A. Hurwitz (1859-1919), and can be stated as follows: 

Let the functions of the sequence f,(2), fe(2),... be meromorphic in a 
region G, let the sequence be continuously convergent in G, and assume that 
every fn(z) is +0 everywhere in G. Then the limit f(z) of the sequence 
either is the constant zero or else has not a single zero in G. 

An example of a case in which the limit f(z) = lim f,(2) vanishes identically 
is furnished by /,(z)=1/n (n=—1,2,...). 

To prove the theorem, assume that for the meromorphic limit function f(z) 
we have /(z) == 0, and let 2) be any (interior) point of G. Let U(z.) be the 
neighborhood of 2 the existence of which was proved in § 189 above. If the 
given sequence contains infinitely many functions /,,(z) for which the in- 
equalities |f,,,(z)| > 1/2 hold uniformly in U(z,), then we must also have 
| f(20) | 21/2 and hence f(z.)=+-0. But if there are only a finite number 
of such functions, then by § 189 above, after suppressing at most a finite 
number of functions we know that all of the remaining f,(z) are uniformly 
bounded and are therefore regular analytic functions. Furthermore, since f(2) 
does not vanish identically, there is in U(20) a circle 


1(2, 2) =7 (198. 1) 
on which f(z) is different from zero, and therefore there is a positive number e€ 
such that at every point ¢ of the circle (198.1), 

[f(0)| S2e (198. 2) 


holds. Now since the functions f,(2) converge uniformly on the circle (198.1), 
we must have for sufficiently large values of that 


[fn(C) | = €. (198. 3) 
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The functions f,(2), being regular and +0 in the interior of the disc 
x (2, 20) <7, satisfy |fn(%)|2e for the same values of » for which (198.3) 
holds (cf. § 138). This implies that | f(z.) | 2 and hence that f(20)= 0, 
which proves the theorem. 

Now let a be any finite complex number. By applying Hurwitz’ theorem 
to the sequence of functions 


8nl2) = falz) — 2, 


we obtain the following theorem : 


Let {f(2)} be a family of meromorphic functions that is normal in a region G 
and none of the functions of which assumes in G the value a, where ais a given 
finite complex number. Then none of the limits of convergent sequences of 
functions of the family can assume in G the value a, unless tt is a constant 
(viz., a) in G. 

If f(z) is a regular analytic function in G, then 1/f(z) is a meromorphic 
function that omits the value 0 in G. Hence Hurwitz’ theorem yields the 
following result : 

The limit of any convergent subsequence of a normal family of regular 
analytic functions is etther a regular analytic function or the constant . 


A Criterion for Normal Families Bounded in the Small (§ 199) 


199. We shall prove the following further result: If the functions f(z) 
of a normal family of functions regular in a region G are bounded ata point 2o 
of G, then they are uniformly bounded on any closed subset H of G. 

To prove this theorem, let Mx be the least upper bound of the moduli | f(z) | 
of the functions of the family on H, and let 


Pi < Pe < bg < + 


be a monotonic sequence of numbers that converges to My. For each py, we 
can find a function f,(2) of the family that satisfies |/,(z,)| > p, for at least 
one point 2, of H. From the sequence of the f,(2) we select a subsequence 
{/n3(2) } that converges continuously in G, and we denote the limit of this 
subsequence by g(z). Since all of the numbers | f, (20) | are, by assumption, 
less than a fixed bound, it follows from the preceding section that g(z) is 
regular in G, so that on the closed set H, | g(2)| has a finite least upper 
bound M. On the other hand, the functions /,,,(z) converge uniformly to g (2) 
on H (cf. § 180 above), which implies that for all sufficiently large values of j 
and at every point z of H we have 
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[fnj(z)| < M+ 1. 


Hence py; << M+ 1 and therefore also My << M+ 1. Thus My is finite, 
which proves the theorem. 

Remark. The theorem just proved is closely related to Harnack’s theorem, 
proved in § 157 above. For by relation (148.11) above, in any given circular 
disc we can find analytic functions 


f(z) = u(x, y) + 1 (x, y) 


whose real part u(%, y) is a pre-assigned harmonic function. If u(+, y) >0 
holds everywhere in the disc, then the function 


f(z) —1 
g(2) = Fer. 


satisfies | g(z)| <1. From this it follows that the family of functions f(z) 
whose real part is positive in a region G is normal in G. But then the same must 
be true of the family of harmonic functions u(+, y), since the limiting oscilla- 
tion of a sequence { u,(%, y)} cannot exceed that of the corresponding sequence 
{f,(2)}. Moreover, by the theorem of § 156 above, all of the limit functions of 
the family {u(+, y)} are themselves harmonic. Hence the proof given earlier 
in this section carries over practically word for word, and a similar proof also 
works for the minimum of the functions of {u(+, )}. 


Simple’ Functions (§ 200) 


200. A meromorphic function is said to be simple! in a region if for any 
two distinct points 2’ and 2” of the region we always have f(z’) +f(2”). 
Consider a normal family {f} of meromorphic functions that are simple in a 
region G, and let 2) be any point of G. 

To each function f(z) of {f} we assign a function g(z) defined as follows: 











g(2) = f(z) — f (2), if |f(z)| S1, 
Fea irate 3. 
g(2) = 7 » if 1<|f(%)| <0, (200. 1) 
(1 pay) H+ 
gle) = - 75, f fay= eo. 


*Or schlicht, 
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By § 197 above, the family {g(z)} of these “transforms” of the f(z) is itself 
normal in G. Also, each of the functions g(z) is simple in G, and all of the 
g(2) satisfy g(z.)==0. Hence in the punctured region Gp obtained from G 
by removing the point 2, all of the g(z) satisfy g(z) +0. 

Now consider a sequence of functions f,(z), f(z), . . . of functions of {f} 
that converges in G to a function f,(z), and let 


ad, on fn(2) + B, ay 
8n(2) Pipa h see iy (wn =1,2,...) (200.2) 
be the transforms of the f,(z) as defined in (200.1). Select from the sequence 
of fn(2) a subsequence {f,,(z)} which is such that the four limits 


lima,;=%, --. lim bn; = 99 

y=00 jmoo 
exist. Then the corresponding transforms g,,(z) converge continuously in G 
to a function 


% fo(2) + Bo 


Bole) = fae) + 8 


By Hurwitz’ theorem, we must have go(z)=-0 everywhere in Go, unless 
go(z) = 0. Hence unless f.(z) is constant in G, we must have fo(2) + fo (20) 
for all z in Go, and we have thus proved the following theorem: 

The limit of a convergent sequence of simple meromorphic functions belong- 
ing to a given normal family must itself be a simple function, unless it is a 
constant. 


CHAPTER THREE 


POWER SERIES 


Absolutely Convergent Series (§§ 201-204) 
201. An infinite series 


=f t+ bet et: (201. 1) 


of complex numbers is said to be absolutely convergent if the moduli |g,| of 
its individual terms are dominated (majorized) by positive numbers @, whose 
sum is finite; that is, the following two conditions must both be satisfied: 


le|<e, (v=12,...), 


(201. 2) 
01+ @2+ Og ++ = &y < +00. 
If we set 
D0 (n=0,1,...), (201.3) 
ven+1 
we must have 
& 2a 2e_f:, lime, =0. (201. 4) 
Setting 
Sn=fit Bet-++8n, lims,=g, 


we have 
[Sn] S€o, |Sn+n — Sn| S|Bnsal +--> + [Snso] Sn» 18 — Sn] Sen- (201.5) 


202. We shall prove that any absolutely convergent series is also uncon- 
ditionally convergent, meaning that the value of its sum remains unchanged 
if the terms of the series are written down in any other order; or in other 
words, a rearrangement of the series does not change its sum. This holds 
true even if the terms of a given absolutely convergent series are distributed 
so as to form a finite or infinite number of new series each of which is summed 
separately and whose sums are then added. 


198 
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To show this, let us assume that the array 


S11» 812, Bigs --- 
821» 822, 8e3, »-- (202. 1) 


is formed from the totality of the original terms g, in such a way that each of 
these terms occurs exactly once in (202.1). Here, each line (row) of the 
array may contain either a finite or an infinite number of terms, and the 
number of rows may itself be either finite or infinite. 

Clearly each of the series 


Iz = Seit Geet Seg > (R= 1,2,...) (202.2) 
is itself absolutely convergent ; the statement we wish to prove is that 
g=hthet--, (202. 3) 


where g has the same meaning as in (201.1). Expressed differently, the 
statement says that if we set 


tm =hy thet thm: (202. 4) 
then it follows that 
lim tm = g. (202. 5) 


To prove this, we assign to every positive integer a positive integer m,/ 
which is such that for m= m,’, the first n terms g,, go,..., &n of the series 
(201.1) occur in those of the series (202.2) whose sum equals ft. 

Then the difference (t,,— sn) is a sum of finitely or infinitely many terms 
8x for all of which k > holds. Hence (201.3) and (201.5) yield 


[tm — Sn| Se, (m 2 m,), ( 
202. 6) 
[tm — &| S|tm— Sa} +|@—Sp|S2en (m=m,), 


and this in turn implies relation (202.5), which we wanted to prove. 


203. We can operate with absolutely convergent series in the same way 
as with convergent series of positive numbers. For instance, if the two series 


f= Se. FS (203. 1) 
1 
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are absolutely convergent—which implies that the series 
p= Di gh, (203. 2) 
BY 


is likewise absolutely convergent—then we see, by proceeding similiarly as in 
the preceding section and setting s,=g,+ ge t---+8n.ln=MytMgts+Mn» 
that 


lim (f — s,t,) = 0 (203. 3) 


n=oo 


must hold. Hence p= gh. 
On the other hand, if we set 


Un = phn t+ Behn + st Ba hy, On = Uy + Ug tors + Uy, (203. 4) 


then by the same method we are led to the relation 


lim (p — o,) = 0, (203. 5) 
n=0o 
which yields 
gh=u,+ Ugtugt---. (203. 6) 


204. We consider next an infinite sequence of analytic functions ga(z) 
(n=1,2,...) all of which are regular in a region G and satisfy relations 
(201.2) in this region, where the sum of the g, is again assumed to be finite. 
Then the partial sums 


Sn(2) = 81(2) + Be(2) + ++ + Bal2) (4 =1,2,...) (204.1) 


are uniformly bounded in G. Hence the sequence of functions s,(z) is normal 
in G (cf. § 185 above), and since it converges, its limit 


(2) = 81(2) + Belz) + +++ + Bn(z) + °° (204. 2) 


is a regular analytic function in G, which moreover is bounded in G. 
By § 188 above, we obtain the successive derivatives 


(2), 8" (2),...,g)(2),... 


of g(z) from the relations 


g?)(z) = lim s‘?)(z). (204. 3) 


But from (204.1), it follows that 
si) (2) = e'(2) + ef(2) + +--+ a2), (204. 4) 


so that (204.3) can also be written in the form 
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gz) = 37 g(2). (204. 5) 


v= 
Thus an absolutely and continuously convergent series whose terms are 
regular analytic functions, can be differentiated term by term, 

Comparing these results with earlier ones, we obtain the following: The 
totality of functions 


h(z) = 8n,(2) ae 8n,(2) fee (204. 6) 


that can be represented as a sum of finitely or infinitely many of the functions 
g,(z) constitutes a normal family of uniformly bounded functions in G, and 
every series (204.6) is not only absolutely convergent but also continuously 
convergent at every (interior) point of G. The family of derivatives 


W'(2) = Bm(2) + Bn,(2) + ->° 


is, to be sure, normal in G, but it need not be bounded in G. It can be proved, 
however, that the functions | h’(z)| have a common upper bound in every 
subregion H of G whose closure A lies in G. 

Finally, we note that the rules of operation of § 203 above carry over 
immediately to absolutely convergent series of analytic functions. 


Power Series (§ 205) 


205. By a power series is meant an expression of the form 


My + a2 + ag2?+---= Sa, 2”. (205. 1) 
v=0 
We again set 
S,(2) = Ag+ ayz+-+a, 2" (205. 2) 


For the series (205.1) to converge at a point 2+ 0 to a finite value s(20), 
it is necessary that 


lim |s,,(29) — S»_1(29)| = lim |@, 23| = 0 

n= 00 n= 0o 
should hold true, and the infinitely many numbers |a, 2| for n=1,2,... 
must have a finite upper bound M. If we assume, conversely, the existence 
of a number M, for which 


la, 2t| <M, (n= 1,2,...) (205. 3) 
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holds, and if we consider an arbitrary point z lying in the closed circular disc 
|z| S | 29| (0<#< 1), (205.4) 
then we find that for such a 2, 
|, 2"| < 0" |a, 23| < M, 9 (205. 5) 
holds, so that, using the notation of § 201 above, 


aes 


On = My #, &, = My 1-3 


(205.6) 


At every point of the closed disc (205.4), and hence at every point of the 
(open) disc 


lz] < [zo|, (205. 7) 


the series 
f(2) = ag + a, 2+ ag 2? + (205. 8) 


must converge continuously. It represents a regular analytic function in the 


disc (205.7) (cf. § 187 above). 


The Radius of Convergence (§§ 206-207 ) 


206. As one of the results implied by the developments of the preceding 
section, we obtain the following: If 


lim |a, 22| < +00, (206. 1) 


then for every z in the open disc (205.7), we have 


lim |@, 2"| = 0. (206. 2) 


n=O 


This immediately yields that if 


lim | an, 25| > 0, (206. 3) 


then every z for which | z| > | 20| satisfies 


lim a, 2"| = 00. (206. 4) 


n= 00 
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We now consider the sequence of positive numbers 


@, = |a;|, % = |a|t, a =|a,[8, ... (206. 5) 


and form its upper limit 
A= lima,. (206. 6) 


Let us assume first that A is finite and not equal to zero. Then there are 
numbers 2) += 0 for which 


|2o| 4 <1 (206. 7) 


holds. For all sufficiently small positive numbers 7, we then also have 
|2| (A+ 7) <1. Now by (206.6), there are at most finitely many «, 24+ 7. 
Hence for n sufficiently large, we always have «,,|2)| < 1, and therefore also 


[4n| [20] = (an |29|)" <1, (206. 8) 


so that the numbers | a, 23| have a finite upper bound. In every disc | z| < | 2o|, 
and hence also in the disc | z| < 1/A, the given series represents a regular 
analytic function. 

If zg is a complex number for which 4|2| > 1, then there are positive 
numbers 7 for which (A — 7) |z| > 1 holds, so that we can find infinitely many 
n for which «,|2| > 1 and therefore |a, 2"| > 1. Thus the series cannot con- 
verge for such values of 2. 

We summarize the results of the foregoing discussion as follows: 

If0<A<+ 00, and if we set 


Se Ra (206. 9) 


then the power series (205.8) converges at every point 2 that lies in the 
(interior of the) disc 
jz|<R (206. 10) 


to a regular analytic function f(z). At every point 2 that lies in the exterior 
|2 | > R of the same disc, either the power series diverges, or it converges to 0. 
The circle | z| = R is called the circle of convergence, and the number R 
of (206.9) is called the radius of convergence, of the given power series. 
For the points z lying on the circle | z|—=R of convergence, it is not 
possible to decide without further discussion whether the given power series 
converges or diverges, nor whether in the case of convergence its limit is finite 
or infinite. This difficulty lies in the very nature of the situation; after all, 
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simple examples can be given of each of the possibilities just mentioned. For 
instance, each of the two power series 


Biz) = 2— 22+ 22— att —-, 


2 a A (206. 11) 
Be =2-F+Z-F+-~ | 
converges to 0 at g==— 1; at z= 1, however, f(z) is divergent while P,(z) 


converges to a finite value. 

Having discussed the case 0 <1 < ©, we encounter no new difficulties 
in the two remaining cases 140 and A= 0. We immediately see that if 
A= 0, then the given power series converges at every point of the complex 
plane and hence represents an integral function (cf. § 167 above). But if 
A=, then the power series is nowhere convergent (except at z= 0), 
and is therefore useless. 

207. The calculation of the radius R of convergence of a power series by 
means of formula (206.9) is usually quite cumbersome. In many cases, an 
estimate of R, or even the actual value of FR, can be obtained by simpler 
means. If all of the coefficients a, of a given power series are different from 
zero, we set 








Then if, first, | z| < R’, we have for sufficiently large values of n that 
(ab Bax: [@aenet | << ag etl 


which implies that the set of all the | a,2"| has a finite least upper bound 
and that the radius R of convergence of the series is at least equal to R’. 
Second, if | z| > R” then we find in the same way that for all sufficiently 
large n, 
[ance att | > laQanl 


must hold. This implies that infinitely many of the numbers | a,2"| must 
exceed a fixed positive number, and we must therefore have R = R”. 

Thus the radius R of convergence of the given power series must lie between 
R’ and R”, and its actual value can be determined if 


e a 
lim z 


n=oo 











nwt 
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exists (and can be found). 

We can use a similar method in case all the coefficients with even (or with 
odd) subscripts vanish, and in other similar cases. 

In this way we find, for example, that the power series 


foe) 


© foe] foo] gn 
a 2, PEP ors 
n=1 eo? Pe i n=1 nt 


all have R = 1 as their radius of convergence. 


The Taylor Series (§§ 208-209 ) 


208. The most important property of power series is the fact that every 
regular analytic function can be calculated, in a neighborhood of any given 
point of its domain of definition, by means of power series. 

Let us assume first that the analytic function f(z) is regular in a region 
that contains the closed unit disc | z| <1. In the interior of this disc, f(z) 
can then be represented by means of Cauchy’s Integral Formula, as follows: 


ee. f(2) 
fe) = 210 C-—2z 











({¢|=1, Jz] <1) (208.1) 


x 


(cf. § 130 above). 
Using the identity 


Zz ze gn gti 


1 
Shoe pe Pee eee pega (208. 2) 





and the abbreviations 














1 7(2) =, 7() 
Jo fay Cotl at, &n(2) = zat | en+i (€—2) at, (208. 3) 
Sn(Z) = Aq + AZ + +++ + ayn 2", 
we obtain the relation 
f(z) = Sa(z) + 2"*? g,,(2) (\2| <1). (208.4) 


Now let | f(z) | = M inside and on the unit circle |z/==1; then (208.3) 
yields 


|a,| <M, |g,(z)| S (208. 5) 


1—[z| 
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For z ranging over the closed disc |z| < # < 1, we obtain the inequalities 


Me) — sn2)| SFOS, [sal < ay. (208. 6) 





Thus the sequence of s,(2) is normal in the open disc | z | < 1 and converges 
continuously in this disc to f(z), so that we finally have 


H2) =a) + 4, z2+ a, 22+... (\z| <1). (208.7) 


Since power series may be differentiated term by term, the following rela- 
tions ensue: 


f(z) =4,+2a,2+3a,22+--, 
{' (2) = 24,4 6a, 2+ 12 a,z2+---, 


and more generally, 
f?(z) = DF n(n — 1) --- (n—p + 1) a, 2. (208. 8) 


Hence the coefficients a, can be calculated in terms of the successive deriva- 
tives of f(z) at the point z= 0, as follows: 


a, =, f"(0). (208. 9) 


This shows the uniqueness of the power-series expansion (208.7) of f(z). 


209. If a function f(z) is regular in a region G that contains the closed 
circular disc | z— 20 | =r in its interior, then the function 


&(u) = f(z + 7 u) (209. 1) 


is regular in the closed unit disc | u | = 1, so that the results of the preceding 
section may be applied to g(u). Hence in a neighborhood of 29 we may write 


(2) = 59 + Oy (2 — 2%) + by (2 — 2)? + -::, 


7 ea (ay) (209. 2) 
n} 

and the radius of convergence of the power series (209.2) is at least equal to r. 
If the function f(z) is regular inside and on the boundary of the closed disc 
|2—2 |r, then f(z) must be regular inside a larger concentric circle as 
well. Hence the radius R of convergence of the power series (209.2) must 
be greater than r. From this it follows that on the circle | z |= R of converg- 
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ence of a power series, there must be at least one point at which the function 
f(z) represented by the power series is not regular. 

Let us denote the maximum of the modulus | f(z)| on the circle 
|zg—2.|—=r (r<R) by M(r). Then, referring to (209.1) and (209.2) 
for the definition of the 5, and their relation to the a, of § 208, we may 
rewrite the first of the two inequalities in (208.5) in the form 


M(r) 


[5,)< oe (209. 3) 
Hence if 
|z—2| <r (0< #< 1), (209.4) 
then 
[by (2 — 29)"| < M(r) o. (209. 5) 


Normal Sequences of Power Series (§§ 210-212) 
210. An infinite sequence of power series 
f(2) = @,5+4,,2+4,,224--- (v=1,2,...), (210.1) 


whose radii of convergence are all greater than a positive number Ro, con- 
verges continuously at the point z= 0 to a finite number a) if and only if 
the following two conditions are satisfied: First, the limit 


lim a,) = 2 (@9 #00) (210.2) 
v= 0o 
must exist, and second, the sequence of the /,(z) must be normal at the point 


2==0 (cf. § 177 above). Because of (210.2), the sequence of |a,,| must be 
bounded, so that the sequence of functions 


8,(2) = (7,(2) = 4,9) =4,,2+4,,22+-:- (210. 3) 


must likewise be normal at z= 0 (cf. § 197 above). 

Hence by the theorem in § 189 above, there must be a circular disc 
| 2| =r < R> on which the functions g,(z) are uniformly bounded, and this 
must then hold for the f,(z) as well. We then have, say, |f,(z)| <M for 
|z|—r7, and this together with (209.3) implies the relations 


|a,,[7° SM, (v=1,2,...;%=0,1,...), (210.4) 
for all v and all k. 
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The condition that there exist at least two numbers 7 and M for which all 
the relations (210.4) hold may also be expressed as follows: With the non- 
negative numbers Aj, defined by 


Ay = sup (|4@14|,|@ox|,---) (R= 0,1,2,...), (210.5) 
the power series 


P(z) = Ag+ A4,2+ Agz?+- (210. 6) 
must have all its coefficients finite and must have a radius of convergence 


R>0O. 
By § 206, this requires that 


cae 1 
lim (4,) *= =< +00 (210.7) 


should hold. For if relations (210.4) are satisfied, then (210.5) gives 
Ayre <M (k=0,1,2,...), (210.8) 


whence the radius R of convergence of the power series P(z) must be =r 
and hence must be > 0. Then (210.7) must also hold true. 

The converse of this result is almost obvious. In fact, given any power 
series (210.1) for which (with the notation of (210.5) ) the inequality (210.7) 
holds, we choose any positive number r << R. Then for any point z of the 
circle | | ==, and for every natural number v, we have 


[t(2)| S 4,0] + [4,22] + |a,9 27] ++ 


(210. 9) 
SAyt+ Ayr t+ Agr? +--+ = Plr) < 4+ 00. 


The functions /,(z) then are regular and uniformly bounded in the closed disc 
|| <1, and the sequence of /,(z) is normal at z= 0, even in the whole 
disc |z| Sr. We have thus proved the following theorem: 


For an infinite sequence of power series 
f(2) = ao + 4,12 + a,.22+--- (v=1,2,...) (210.10) 


to represent, in a neighborhood |2|< Ro of the point z—=0, a sequence of 
regular analytic functions converging continuously at z= 0, the following two 
conditions are necessary and sufficient: First, the limit lim a, 9 = ay must exist 
and be finite, and second, tf 


A, = sup ([@,x|,|@ex|, ---) (210. 11) 


then the power series 
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P(r) =Ay+Ayr+Agr?+- (210. 12) 


must have all its coefficients finite and must have a non-zero radius R of 
convergence. 

If these two conditions are satisfied, then Ry 2 R, and the sequence of 
functions (210.10) is normal in the disc |z2| <R. 

The normal kernel of the sequence of functions /,(z) may of course contain 
a region that contains not only the disc |z| < R but other points as well; 
but it does not necessarily contain such additional points. For example, if 
our sequence of functions is given by /,(z) = 2’, then by § 174 above, the 
normal kernel of this sequence consists of the two regions |z| <1 and 
|2| > 1. In this case, we have P(r) =1+7r+7?+..., and hence R=—1. 

211. By Vitali’s theorem (cf. § 191 above), the sequence (210.10) con- 
verges continuously in the whole disc | z| < R to a regular function 


f(2) = 49 + 442+ az? +--+, (211.1) 


provided only that the set of points at which the sequence converges has at 
least one point of accumulation in the interior of the disc. If this is so, then 
we have not only that 


f(2) = lim /,(2), (211. 2) 


but by § 188 above we can also calculate the successive derivatives of f(z) 
by means of the relations 

f?)(2) = lim f?) (2) (p=1,2,...), (211.3) 
Applying relations (211.3) at z= 0, we find that the coefficients a, in the 
series expansion (211.1) are determined from the equations 


a, = lim @,,, (n=1,2,...). (211.4) 
yvy=0o 

Conversely, if equations (211.4) all are valid, then every subsequence 
{ 1.@y} of (210.1) that converges continuously in | z| < R has as its limit 
a function whose power series expansion must have the coefficients given by 
(211.4) ; hence this limit f(z) must always be the same, that is to say, inde- 
pendent of the particular convergent subsequence at hand. Just as in § 191 
above, we then conclude that the given sequence (210.1) must itself be con- 

vergent. We therefore have the following result: 
For the convergence in a neighborhood of 2=0 of the sequence of power 


series (210.1) satisfying condition (210.7), it is necessary and sufficient that 
all of the limits 
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lim a,,, = a, (»=0,1,...) (211.5) 
exist. If they do, then the convergence is continuous in the open disc |2z|< R 
and uniform in every smaller concentric closed disc |2|Sr(r<R). Also, 
the coefficients in the power series expansion of the limit function f(z) are 
the numbers a, defined by (211.5). 


This result could of course also have been obtained by means of elementary 
estimates on the power series. 


212. The last result immediately yields the following theorem: 

Consider a sequence { t,(z) } of meromorphic functions that is normal in a 
region G. This sequence converges in G to a meromorphic function f(z) 
whose value at the point 29 of G is + © if and only if all of the limits 


lim f,(29), lim f.(29), ..., lim f?)(z9), ... (212. 1) 


y= 0o y= 00 vy=0o 


exist and if the first of these limits is finite. 


By proceeding similarly as at the beginning of § 210 above, we can first 
show that the functions /,(2) are regular and uniformly bounded in some disc 
|2— 2 | <r. The assumption that all of the limits (212.1) exist then implies, 
by the result of the preceding section, that the limit /(z) = lim /,(z) exists in 
the disc |z—2).| <r. This in turn implies, by Vitali’s theorem of § 191, 
that the given sequence also converges at all of the remaining points of G. 

Another corollary of the result of § 211 above is the so-called Weierstrass 
double-series theorem, which states the following: 


Consider an infinite sequence of power series ,(z), Po(z), ... each of which 
converges on the closed disc |2| Sr. Assume that the series 
Pilz) + Belz) + > (212. 2) 
converges uniformly on the boundary | z |r of this disc. Then for every 
interior point 2 of the disc, we have 
Bilz) + Pelz) + --- = PE), (212. 3) 


where Pz) stands for a power series whose terms are obtained by combining, 
on the left-hand side of (213.3), all the terms containing the same powers of 2. 
To prove this theorem, we need merely observe that the functions 


1(2) = Pilz) + Pelz) + «+ + BZ) (v= 1,2,...) 


are regular and uniformly bounded on the disc | z| 7, so that the result of 
the preceding section can be applied to them. 
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Operations with Power Series (§§ 213-214) 


213. What makes power series especially convenient to use is the fact that 
we can calculate with them in just about the same way as we can with poly- 
nomials. Let us consider the two power series 


2) = Ay t+ 42+ ay2*4--, 
f(2) 0 1 2 (213.1) 
g(z) = bg t+ Oy 2+ dg224 ++, 


whose radii of convergence we denote by Ry; and R,, respectively, and let r 
be a positive number that is less than the smaller of the two numbers R, and 
R,. We set 


S,(2) = Ag+ 4,2+---4+ 4,2", 
chan | (213. 2) 


t,(z) = dg + Oy 24+ +++ + 5,2”. 


Then to begin with, it is obvious that on the disc | a | = 7, the sum f(z) + g(z) 
can be calculated by means of the series 
f(z) + g(2) = lim [s,(z) + ¢,(z)] 


(213. 3) 
= (a + 99) + (a, + B) 2+ (Ay + Dg) 227 +---, | 


To calculate the product p(2)=f(z)g(z), we set $,(z) = s,(z) 4,(2) and 
note that the functions ,(z) are uniformly bounded on the disc | z | 7, and 
that #(z) =lim #,(z). By the theorem of § 211 above, we then have 


p(2) = Cg + Cy 2+ Cg2? +>, 
(213. 4) 





Co= 409, Cy = Ap, + a, dg, ..., Cy= ad, + 4,5, +++ +4, do. 


Next we turn to the quotient. If a) = 0, then there is a neighborhood of 
the point g = 0 in which the function 





g(z) = £2 (213.5) 
is regular; it can therefore be developed in a power series 
g(2) =dgtd,z+dgz24---, (213. 6) 


To determine the coefficients d,, we apply formula (213.4) to the equation 


e(2) = f(2) 9(2) (213.7) 
and obtain 
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by = Aq dy 
by = aq dy + a dy (213. 8) 
by = Ag dy + A, dy + Andy 


re Y 


Solving these equations one by one, we find that 


Ay dy= by, ap dy = gd, — a bo, (213.9) 
a dy = Ab by — Ay A, Dy — (Ay Gy — G2) bg, .... 
The radii of convergence of the two power series (213.3) and (213.4) are 


at least equal to, and may actually be larger than, the smaller of the two 
numbers R, and Rg. 

As to g(2), its radius of convergence depends not only on R; and R, but 
also on the location of the zero of f(z) closest to the point z= 0, unless 
this zero happens to coincide with a zero of g(z). Thus for an estimate of 
the radius of convergence of q(z), more detailed information about f(z) and 
g(Z) is required than merely their radii of convergence. 


214. The theorem of § 211 above makes it possible to reduce the problem 
of finding power series expansions of composite functions g(f(z)) to calcu- 
lations with polynomials. For example, assume that in a neighborhood of 
2==0 we have 


w= f(z) = aot a,24+ a2? +>, (214. 1) 
and that in a neighborhood of w= ap, 
g(w) = Dg + by (w — ap) + be (w — aq)? + ---- (214. 2) 
Choose a positive number @ such that for 


|w—a|<o, (214. 3) 
the polynomials 


Bn(@) = bg + By (w— ao) + +++ + 0, (W— a)" (n= 1,2,...) (214.4) 
are uniformly bounded. Then the function 
g(w) = lim g,(w) (214. 5) 


is also bounded for | #—a.|<@. Next we choose a positive number r 
such that for 


lz| <r, (214.6) 
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the polynomials 
Un(2) = 42+ ag22?4+---+a,2"% (m=1,2,...) (214.7) 
all satisfy the inequality 
|un(z)|<@. (214. 8) 


This is possible, since the u,(2) constitute a normal family in some disc 
| z| < 70 and since they all vanish at z=0. We then have 


w — @ = lim a,(z). (214.9) 


n=o 


Since the approximating functions g,(w) converge continuously to g(w) in 
the disc (214.3), it follows that 


6(H(2)) = lim gn(do + Hn(2)) (214. 10) 
=Co tly z+ Cg2z*?7+---. 
Now the sequence of polynomials 
Gn(4o + Un(2)) = Dg + 24 Un(2) + bo(Un(2))? + +++ + On(tn(z))” (214.11) 
is of a very special character. For by (214.7), each of the expressions 
Unsi(2) — Mn (2), (Unsr(2))* — (un (2))*, — (tnan(2)) "+2 
is divisible by 2*+', so that the difference 
Bnsi(40 + Mnsal2)) — Bn(Go + Mn(2)) 
is likewise divisible by 2”*+*. Hence if in the sequence of polynomials 
Bn+o(40 + Un+n(2)) (6 = 9,1, 2,...) 


we omit all those terms whose degree exceeds n, we always obtain one and 
the same polynomial h,(z). If, on the other hand, we apply the theorem of 
§ 211 above to the sequence of polynomials gya(@) + un(z2)), which by 
(214.10) converges to the power series Cy + C, 2+ Cy, 2? + ---, then by omitting 
from the polynomials gpy(@> + u,(z)) all terms of degree higher than ” and 
letting p go to infinity, we obtain the expression 


Cot Cy eH Cg z*?@tees + 6,2". (214. 12) 


Thus it turns out that the expression (214.12) is the same as the above h,(z) 
and can therefore be obtained from gn(a@) + un(z)) without the use of any 
limiting process whatsoever. 
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Abel’s Transformation (§ 215) 
215. Let us consider a power series 
(2) = Gg + a, 2+ agz?+--- (215. 1} 
whose radius of convergence is unity, and let us also assume that the series 
S= A+ 4+ agt+-: (215. 2) 


converges to a finite number s. (The convergence in (215.2) need not be 
absolute.) Then we shall show that the sequence of approximating poly- 
nomials (partial sums) 


fn(2) == Ag + ay 2+ +++ + ay mM (215.3) 


of f(z) is normal on certain closed sets that contain the point z—=1. To 
prove this, we shall use the celebrated transformation due to N. H: Abel 
(1802-1829). 

We introduce the abbreviations 


Sp =Agt Ay tres + an, Tr=S—Sy, 


(215.4) 
& = Sup (|7al,|faoal,---) (# = 0,1, 2,...), 
and note that 
limr,=0, 28 2&=2::, lime,=0. (215. 5) 
For |z| <1, we have the identity 
pe tet et ete, (215.6) 





which we multiply, term by term, by (215.3), obtaining 
1 


qty tele) = (Lb 2+ Bb) Oy tae t agate tay 2 
= Sg + Sy 2+ eae +S, 2" +S, 2714 5, greet Pes 
Subtracting this from the identity 


SH=SHtszt--- ts m+ santht syne... 





1—2z 
we find that 


1 gntl 


[s ful2)] = fot 12+ + 2" + Ty F—* (215. 7) 





1—z 


Subtracting (215.7) from the analogous equation 
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n+D+1 
l1—z [5 — fas(2)] = tot 2+ + tugp 2? + tap => 
we finally obtain 
1 
1—z [f,(2) — fr+p(2)] | 
(215. 8) 
a dian 


1—z 
But, using (215.4), we have 
[741 ie Yntp ante | = |e ant! Bapeoni i l7n+9 mo? 


, 


Se, (1+|z) +---+ 2/4) < tS 


2| 


[?ney 20tPt1 — 7, 2041! < Zen, 


so that equation (215.8) now yields the inequality 





[ta(2) — fnso(®)| < en (24-31): (215.9) 
From this we see that the sequence of approximating polynomials is uni- 
formly convergent on any point set on which the expression |1 — 2|/(1 — |z]) 
is bounded. The same then holds for the closure S of any such point set; 
thus the limit f(z) must not only exist but must also be continuous on S. 
Also, the sequence of f,(2) is normal at every point of S (cf. § 181 above). 
We now consider a point 2 inside the circle that has the line segment 01 
as a diameter (see Fig. 25, p. 216). Let @ stand for the distance | 1— 2 | 
between the points z and 1, and @ for the angle formed by the two line seg- 
ments z1 and 01. Applying the Law of Cosines to the triangle 012, we 
obtain 
|z|? = 1+ 0% —2ecosg. 
Therefore 


|l—2z| _ \1 —2| (1 + |21) 20 2 


1—[2z| 1—|2|? 2 @ cos p — og? 2cosm—o- 








On the line segment 14, we have e = cosq, and hence 


ck Aen (215. 10) 


1—|2| cosy” 





This inequality holds true not only on the line segments 41 and Bi, but 
at every interior point of the sector 140B as well. The set S which we have 
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obtained in this way consists of the sector just mentioned, including its 
boundary points one of which is the point z—1. 

A first result that follows from the above discussion is the fact that the 
funtion f(z) is continuous at z= 1 whenever z approaches z= 1 along a 
straight line (inside the unit circle), and that f(z) assumes at z= 1 the value 


f(1) = lim f,(1) = s 


"== CO 


This fact could also have been established by a somewhat shorter method 
(as it actually was by Abel), without using the approximating functions f, (2). 





Fig. 25 


However, the method we have used here permits us to recognize some important 
properties of these functions. For example, the limiting oscillation at z= 1 
of the sequence {f,(2)} of functions equals zero if we consider these functions 
only on the set S. 

But this limiting oscillation equals unity if we consider the f,(z) in a 
full neighborhood of z= 1 (cf. § 181 above). For if it were zero even 
then, the functions f,(2) would have to be uniformly bounded in some circle 
|z—1|< 7 (cf. §189 above). The same would then be true of the 
|fn(2)—fn-1(z) |= |@, 2"|, and the radius of convergence of the series (215.1) 
would have to be > 1, whereas it was assumed to be — 1. 


CHAPTER FOUR 


PARTIAL-FRACTION DECOMPOSITION AND 
THE CALCULUS OF RESIDUES 


The Laurent Expansion (§§ 216-218) 


216. Let us consider an analytic function f(z) that is single-valued and 
regular on the unit circle | z |= 1. The function must then have these same 
properties throughout a circular annulus 


ee (rg< 1 <7). (216.1) 


Denoting the circle | z| = 7; by x; (j= 1,2), we obtain from Cauchy’s 
Integral Formula (cf. § 130 above) the following equation, valid for every 
point z of the annulus (216.1): 





fe) x te [Lge fae: (216.2) 


2ni J C,—2 2naif C—2 
bard 


here, each of the two integrals is to be taken over its circle in the positive 
sense. By § 208 above, the first of these integrals may be expanded in a 
power series, 


1 t(2y) 


2nmi ! C,—2 
my 





dl, = Co tly 2+ Cg2*7+---, (216. 3) 


whose radius R, of convergence is at least 7,. To obtain a similar expansion 
for the second integral, we first write—noting that |C.| < |z|— 


1 1 1 1 C ck ck+1 
pte +cer + parece: (216.4) 








where the power series 


217 
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P(t) =c_yptt+ec_ete ,8+- (216. 6) 
has a radius of convergence 1/R, that is at least equal to 1/rz. The co- 
efficients Co, C1, C_2,... occurring in (216.3), and the coefficients 
C-1,€-2,... occurring in (216.5), are given by 

1 1 
c= gay [HBR at, c= aay [He ae 
1 


But by Cauchy’s theorem of § 129, we can also represent them in terms of 
integrals taken along the unit circle (| 2|—= 1), which yields for all of these 
coefficients the one uniform formula 


pa |e dt (k=0,+1,42,...). (216.7) 








201 
Thus we have obtained a theorem associated with the name of M. P. H. 
Laurent (1841-1908), the series development below being known as the 
Laurent expansion (or Laurent series) of f(z): 
Any analytic function f(z) that is single-valued and regular on the unit 


circle |2|==1 can be represented by a series 
Haya Dp) cnet (216. 8) 
k=-0o 


that converges absolutely and continuously in a circular annulus containing 
the circle |z|—=1. 

217. Conversely, given that in the annulus 7. < |z2| <7, (1 <7, 72 < 1) 
the Laurent series 


f(z) = > Q;, 2* (217. 1) 


k=-0 


is convergent, it follows that the sequence of numbers | a,| must have a 
finite upper bound, since otherwise the series (217.1) could not converge at 
g==1. Then each of the two power series , 


f(z) = > a, 2", p(t) = 5» a_;, t* (217. 2). 
K=0 k=1 


has a radius of convergence greater than unity. Therefore 


f= 92(4)= Sane (217.3) 
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is defined for all | z| > 1, and the power series 


f(z) = f(z) —fa(2) 


is convergent in the disc |z|< 71, and hence a fortiori in the annulus 
r2<|2|<m. It follows similarly that f,(z) is convergent in the annulus. 
If R, > 1 is the radius of convergence of the power series f,(z) and 1/R2 > 1 
that of the power series g2(t), we see that in a certain neighborhood of the 
unit circle |z|== 1, the Laurent series (217.1) is the sum of an analytic 
function f,(2) regular in the disc |z|< R, and an analytic function f,(z) 
regular in the exterior | z| > R, of the circle | z| = R, and zero at z= ©. 

Therefore the Laurent series (217.1) is absolutely and continuously con- 
vergent on the unit circle, and is integrable term by term along this circle. 
The same is true of the series 


fe) a bal 1 
— -k n-1 
a + een? + y Oyn* aa 


n=1 





for all positive and negative integers k. Hence we have the formula 








1 Ke 
pe sar | fhe dt, (217.4) 


x 


which implies that the Laurent series (217.1) cannot represent the constant 
zero unless each of the coefficients a, @,, @_1, 4, @_», .-. vanishes separately. 
This proves the uniqueness of the representation (216.8) of the function 
f(z), as given in the preceding section. It also proves that the decomposition 
f(z) =fi(z) + fe(z) is uniquely determined by the properties of the func- 
tions f,;(z) and f,(z) as stated above. 

218. By means of a simple transformation, the results of the two preceding 
sections can be applied to any analytic function f(z) that is single-valued and 
regular along any given circle 


|z—al=o. (218. 1) 

To this end, it suffices to note that the function m(u) = f(a@+ ou) can be 

developed in a Laurent series based upon the circle |u| 1. Hence there 
is one and only one decomposition 

f(z) = lz) + fale) (218. 2) 


which is such that f;(2) is regular in a disc |z—a|< Ri, where R, > @, 
and f(z) is regular in a region |z—a|> Re, where Re<. Also, we 
can write 
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fo 2) 
f2)= Yo (e-a), (218. 3) 


y>=-co 


where the coefficients c, are given by the formula 





1 
oa ETRE Ke) _dt (v=0,+1,42,...), (218.4) 


—a) 


Hence if we denote the maximum of | f(z) | on the circle (218.1) by M, we 
have the inequality 


lle <M (v=0,41,42,...). (218.5) 


Let us denote the radii of convergence of the two power series 


pilt) = Dic, 2’, galt) = > c_,t’ (218. 6) 
v=l1 


v=0 


by R, and 1/R,, respectively. If the first of these series represents an integral 
function, then R, = o; if the second does, then R,— 0. 

In particular, the function f(z) is regular in the whole disc | z—a|< @ 
if and only if all of the c, with negative subscripts vanish. For this in turn 
to hold, it is necessary and sufficient that the equations 


fortQde=0 = (w=0,1,2...) (218.7 


should all be satisfied. 
If w2(t) is a polynomial of degree p, then the function f(z) has a pole of 
order p at the point za. If q.2(f) is a transcendental integral function, then 


f(z) has an essential singularity at z==a. In either of these two cases, 
R,=0. 


Analytic Functions with Finitely Many Isolated 
Singularities (§ 219) 


219. We are now able to find specific representations for the most general 
analytic functions f(z) that in the whole complex plane have only a finite 
number of isolated singularities, say at a,,d2,...,@). Some of them may be 
essential singularities, some of them poles. 

It is merely necessary to observe that in a certain neighborhood of each 
of these points a;, an equation of the form 
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f(z) = hz) + —;{2) (219. 1) 
holds, where ;(z) is regular at a; and where 
1 
h;(z) = $;(——_— 219.2 
i) = B(), (219.2) 


§8,(t) being either a polynomial or a power series that converges in the whole 
t-plane and vanishes at t==0. If we set 


A(z) = hy(z) + Ao(z) + ++ + h, (2), (219. 3) 
then the function 


pz) = f(z) — h(z) (219.4) 


is regular at every point of the complex plane, and hence is an integral func- 
tion. To determine also the function ~(z) by means of Laurent’s theorem, 
we make use of the fact that f(z) is regular for all z satisfying 


[2] 2e=|a| + [ao] +--+ ap] +1. 
Hence we may write 


f(z) = g(z) + A(z), 
(219. 5) 


where g(z) is an integral function and $,(¢) is a power series whose radius 
of convergence is greater than 1/o. 


From (219.4) and (219.5) it follows that 
(2) — g(z) = R(2) — h(z). (219. 6) 


In the region | 2| > @, each of the two analytic functions h(z) and k(z) 
is regular and bounded; therefore by Liouville’s theorem (cf. § 167 above), 
the integral function @(z)— g(z) must be a constant c. In order to deter- 
mine c, we consider a sequence of points z, converging to = oo and find that 


c =lim [A(z,) — A(z,)j] = 9. 


Thus we finally have the formula 


f(z) = g(z) + hy (2) + ha(z) + ++ + A, (2), (219. 7) 


which serves to represent the given function f(z) in terms of the integral 
function g(z) and the everywhere-convergent power series P,(t). 
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Mittag-Leffler’s Theorem (§§220-222) 


220. We shall now make use of the results of the preceding section to 
study functions that have an infinite number of isolated singularities. To be 
sure, those results cannot just be carried over without further ado to func- 
tions of this kind. Thus if the poles of a function f(z) are located, say, at the 
points z—=1,2,3,..., and if the term corresponding to a neighborhood of 
the pole z—=™n in the decomposition (219.1) is given by 





1 
h,(2) => (220. 1) 
then we cannot write, by analogy with (219.3), 
h(z) = eH h,(2), (220. 2) 


n=1 


because this series nowhere converges to a finite value. This difficulty was 
first overcome in many special cases, and finally, Mittag-Leffler (1846-1927) 
devised a general method that works for all cases.? 

We begin by considering, in the extended complex plane, a denumerable 
set A of points a,,a@2,... each of which is isolated, and we denote by T the 
closed set consisting of the points of accumulation of 4. Then for the chordal 
distance from T of each of the points a;, we have 


x(a;, T) = 6; > 0, (220. 3) 


and there is on T at least one point a; for which y(a;, a) = 6;. 
We next assign to each of the points a; an analytic function h;(z), defined by 


1 
zZ—a@, 





h,(z) = B,( 
h;(z) = B(z), if a;=00, 


); oP ae | (220. 4) 


which is regular on the entire Riemann sphere with the exception of the single 


*In connection with Mittag-Leffler’s theorem, mention should be made of the name of 
Weierstrass. For in developing his theory of elliptic functions, Weierstrass had been led 
to forming integral functions with arbitrarily prescribed zeros, i.e. with a set of zeros that 
coincided with an arbitrary given set of isolated points. He constructed such functions with 
prescribed zeros in the form of infinite products that converge continuously in the whole 
plane. Mittag-Leffler, who was a student of Weierstrass, noticed that the study of the 
logarithmic derivative of the Weierstrass products offers certain advantages, and he was 
able thus to extend the results to quite general distributions of singularities. 
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point a;. We now set ourselves the problem of constructing a function f(z) 
that is to be regular at every point 2 other than points of A and of T, and that 
is such that for all j= 1,2,... the difference [ f(z) —h;(2)] is regular at 
the point a; (or more precisely, can be made regular at a; by suitably defining 
its value at this point). 

To this end, we assign a sequence €, &,&3,--- of positive numbers whose 
sum is finite, and we then assign to each of the functions h;(z) a rational 
function r;(z) having the following properties: If 6; = 1/2, we take 7,(z) =0; 
if 6; < 1/2, then 7;(2) is to have a single pole at the point z = a;, and on the 
point set z(z,«;) = = 26; it is to satisfy the relation 


|h5(z) + r5(2)| < e;- (220. 5) 


In order to find such a function 7;(z), we shall make use of the trans- 
formation 
2 pe EE (220.6) 


zZ— a; u—e; 





which represents a rotation of the Riemann sphere by which the point z— a, 
is mapped onto the point w= , while the region y(z,«;) = 26, is mapped 
onto the closed circular disc 


|u| < epee 2 (220. 7) 
5 
(cf. §§ 60 and 78). The transformed function 
+1) 
Hu) =h; as ) (220. 8) 


of h;(z) then has its only singularity outside the disc (220.7), and its Taylor 
expansion 
H,(u) =cotceyutcou?+..- 


converges uniformly on the disc (220.7). We can therefore choose a natural 
number m; large enough for the polynomial 


Rj(u) = — 09 — Cy & — +++ — Cm, 05 (220. 9) 
to satisfy, at all the points of the disc (220.7), the condition 
|H{u) + Rj(u)| < 6. 
Then the rational function 


1;(2) = R; (4227) (220. 10) 


z— 


clearly has all of the required properties. 
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221. Now it is practically obvious that the series 


He) = 3 taste) + (2) (221.1) 


j=l 


converges contifiuously at every point 2) of the plane other than points of 
A and of T,, and that at each point a;, the series 


(221.2) 


Me 
ae 
= 
ie 
= 
+ 
g 
3 
. 
S 
| aR 


n=j4+1 


converges continuously, so that the function f(z) given by (221.1) answers 
all of the requirements imposed on f(z) as described in the preceding section. 
For if 34 denotes the chordal distance y (20, T) between 2) and the closed 
set T, and if U, is the open point set consisting of all the points 2 for 
which y (2, T) > A holds, then U, contains at most finitely many of the 
points a;. Hence there is a natural number m such that for 7 = m, we have 
6;=7(4;,T) SA. For j= m, the two discs y(z, «,;) S 2 6; and x (2,20) S A 
have no points in common ; hence for all the points of a certain neighborhood 
of 2, we have 


» [As(2) + 75(2)]| S s |hs(2) + 75(2)| Sem + Emi ++. (221.3) 


j=m 


Thus we may now derive the above-mentioned properties of the series 
(221.1) and (221.2) as immediate consequences of the results of § 204. 

222. The complement of the set T is an open point set consisting of one 
or more regions G,G’,---. Let F(z) be any analytic function that is regular 
at all of the points, other than those belonging to the denumerable set 4, of 
one of these regions, say of G. Also, assume that for each of the points a; 
that also lie in G, there is a neighborhood of a; in which F(z) can be written 
in the form 


F(z) = hj(z) + ps(2), 


where y;(z) denotes an analytic function regular at a;. If f(z) again denotes 
the function in (221.1) above, then the difference F(z) — f(z) is a function 
g(2) that is regular at every point of G. Hence any function F(z) having 
the properties described above can be represented in the form 

F(z)==f(z) + g(2), 


where g(z) is regular in G. 
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However, the various functions that one obtains in this way for different 
regions in the complement of T are not related to each other at all. 

The great importance of Mittag-Leffler’s theorem lies in the fact that the 
singular points a; as well as the functions 4;(z)—which are called the principal 
parts of F(z) at the point a;—can be chosen at will. The theorem guarantees 
the existence of quite complicated single-valued analytic functions having 
certain prescribed properties. Needless to say, for many of the most important 
cases the location of the a; and the choice of the ;(z) are quite simple. 


Meromorphic Functions with Prescribed Simple’ Poles (§ 223) 


223. In this section we shall apply Mittag-Leffler’s theorem to functions 
that are meromorphic in the whole plane and have simple poles at an infinite 








number of pre-assigned points a1, a2,... (a;--0). Then we must have 
lim a; = 00, (223.1) 
j=oo 
C; 
h;(z) = 5 ars 
he ls a 
a 4 (223. 2) 
a; 
“pa Dae tlie Be 2S 
= lat aa? + api Sai =a) 


According to the general method of § 221 above, we may therefore take all 
of the a; to be at the point o, and we may set 
c 6; 275 


. Cc; Cj nj- 
1,(2) = Paar ice vee api? 7), hj(z) + 7;(2) = Giz — ay 


, (223.3) 


provided only that the natural numbers n; are chosen in such a way that 
the series 


He) = Sh) + 01 = Y aE (223.4) 
j=1 j=1 q 


converges continuously at every point of the complex plane. Conversely, 
for any such choice of the ;, formula (223.4) furnishes a function of the 
required kind. 

To find out how the n; must be chosen, we first note that for any fixed value 


* A simple pole is a pole of order unity. 
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of z, and for all sufficiently large integers 7, we have 2|2|< |a;|, which 
implies that 
2 1 2 
3 |a;| |z—a;| |a;| 





holds. From this it follows that the right-hand side of (223.4) and the 
power series 


aed gh (223.5) 


converge continuously at the same points of the complex plane. We must 
therefore choose the natural numbers n; in such a way that the power series 
(223.5) represents an integral function. 

This condition can of course be satisfied by any number of choices of the n;. 
But it is desirable to keep the n; as small as possible. If, for instance, the 
relation 





x ra < +00 


7=1 14; 


holds true, then we may take all of the functions 7;(z) to be =0. Or if for 
some natural number m we know that 





7 1e;| 
a lage | ca 


then we may take all of the ; to have one and the same value, namely m. 
Finally, if all of the | c; | have a common finite upper bound, or if, more 
generally, 
1 
lim | e;| i+t = 0, 


j=0 1a; 





then we may choose 1, = 1, m2=2, ---, mj=j,-°-. 


The Residue and its Applications (§§ 224-225) 


224. Consider an analytic function f(z) that has either a pole or an isolated 
essential singularity at the point z—=a (a=— 0). If we apply formula (218.4) 
to f(z), then we obtain, for y= — 1, 


a= er f 1(0) a6. (224.1) 


x 
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Here x denotes any sufficiently small circle with center at a. The number c_, 
is called the residue of f(2) at the point a, a term introduced by Cauchy. 

More generally, consider a function f(z) that is regular on a (closed) 
Jordan curve y, as well as in the interior of this curve with the exception of 
a finite number of points a, a!?),..., a). If c®) denotes the residue of f(z) 
at the point a‘), then by § 127 above we have 


1 
2ni 





rf f(C) dt =o) + c®) 4... 4 cl), (224. 2) 


Y 


Thus in order to evaluate the integral on the left-hand side of (224.2), it 
suffices to know the residues c”,. In many cases it is quite easy to obtain 
these residues. Cauchy used this fact, and relation (224.2), for a great many 
applications. 

If the function f(z) is regular in the region exterior to a circle x, then the 
residue of f(z) at the point z= oo is defined to be the value of the integral 


1 


= pz | HO) a. 


Thus if we represent the function f(z) by means of a Laurent series 





in a neighborhood of z= o, then the residue of f(z) at z== 0 is given by 
the number —c_,. This definition has the advantage that for any function 
that is regular in the whole plane except for a finite number of poles or 
essential singularities, the sum of all its residues is clearly equal to zero. 

225. In this section we derive the most important of the applications of 
the calculus of residues that we wish to consider in this book. Let f(z) be 
a function that is meromorphic in the interior region G of a rectifiable Jordan 
curve y, and that is regular and different from zero at every point of the 
curve y itself. Let g(z) be a function that is regular both on and within y. 
We wish to evaluate the integral 





T= se; fel) Fp ab (225.1) 
y 


At every point of G at which f(z) is regular and has a non-zero value, the 
function g(z)f’(z)/f(z) is regular. But at a point a at which f(z) has a 
zero of order n, we may write 
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H(z) = (z— 4)" p2), pla) + 9, 
f(z) = (z— a)""* plz) + (2— 4)" (2), 


o(z) £2. = EO) yy, 8-8) 5 Oy wu (225.2) 


He) z—a zZ—a 





from this it follows that the residue of the function g(z)f’(z)/f(z) at the zero 
a of order n is equal to g(a). In the same way, the residue of this function 
at a point z = b at which f(z) has a pole of order m is found to be — mg(b). 

If the zeros of f(z) in the region G are denoted by a'), a'?), ..., a!?) and the 
poles of f(z) in G by B™, Bf), ..., b@, zeros or poles of orders higher than 1 
being accounted for by listing the corresponding points a2”), b) an appropriate 
number of times, then it is clear from what we found above that the value J 
of the integral (225.1) is given by 


J= x g(a”) — x g(b”). (225. 3) 
vy=1 


v=] 


The Number of Zeros of a Function, and 
Rouché’s Theorem (§ 226) 


226. The result that we have proved in § 225 above is useful in many 
applications. Consider, for example, an analytic function f(z) that is regular 
in the region G and == 0 on the boundary y of G, and take the function g(z) 
of § 225 to be =1. Then (225.3) shows that the integral 


1 fre) 
at] fey ore 


the so-called logarithmic residue of f, equals the number of zeros of f(z) in G, 
so that its value is a positive integer or zero. But if we allow f(z) to have 
poles in G, then by (225.3), the integral (226.1) equals (N—P), the 
difference between the number N of zeros and the number P of poles of f(z) 
in G, each zero and each pole counted with the proper multiplicity. 

Next, consider once more a function f(z) that is regular in G, and a second 
function p(z) that is likewise regular in G and for which at every point ¢ of 
the boundary y of G, we have the relation 


|w(2)| < |A(2) |. (226. 2) 


If m > 0 denotes the minimum of the difference |/(¢)| — | p(¢)| as ¢ ranges over 
the curve y, and if A is any number from the interval O= A= 1, then 
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[f(2) +A y(l)| =m>0. (226. 3) 
This implies that the integral 


r+ iv) 
JQ) = ra, Hye ayey 





is a continuous function of A as A ranges over the intervalO = A= 1. On the 
other hand, J(A) must be a non-negative integer; hence J(A) must be a 
constant, so that J(0)=J(1), that is, 


HC) + w’(0) (E 
eat] TOF wo H+ we 4 = rat] Te) 


This relation implies the following theorem, due to E. Rouché (1832-1910) : 
If the two functions f(z) and w(z) are regular in a region G and if 

| p(Z)| < [A(¢)| holds at every point ¢ of the boundary y of G, then the two 

functions f(z) and f(z) + w(z) have the same number of zeros in G. 


The Inverse of an Analytic Function (§§ 227-228) 


227. Let f(z) be a function whose value at =O is zero but whose 
derivative at z= 0 is +0: 


f(0) = 0, 7'(0) +9, (227. 1) 
or, which is the same, 


f(2z)= z2h(z), h(O) +0. 


Then there are Jordan curves y that contain the point z= 0 in their interior 
and which are such that f(z) has no zeros other than z—0 in the interior 
of y nor on y» itself. Let m denote the minimum of | f(¢) | as ¢ ranges over 
such a curve y. 

Now if |w |< m, then by Rouché’s theorem, the function [f(z)— w] 
has one and only one zero inside y. To locate this zero, we replace f(z) on 
the right-hand side of (225.1) by the function [f(z)— w], and we replace 
g(z2) by 2, and thus by (225.3) find the zero to be at 


7 1) 
z zat] eed (227. 2) 
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We can verify by an easy calculation that the right-hand side of (227.2) is 
an analytic function @(w) of w that is regular in the disc | w|< m, or 
perhaps even in a larger disc. 

In certain neighborhoods of the two corresponding points z=0, w—0O, 
the two equations 


w= f(z), z= ow) (227. 3) 


represent the same functional relation between z and w. For by the above 
developments, the second of the equations (227.3) assigns to every (interior) 


point of the disc | w|< ma point z lying inside the curve y, and we have 
the identity 


w = f(p(w)) for |w| < m. (227. 4) 


Hence to any two distinct points #1, w2 of the disc | w| < m, there corres- 
pond two distinct values 2, = 9(w#,), 2,= (w,) of the function p(w). Thus 
the function @(w) is simple in the disc |w|<m. As w ranges over the 
disc | w | < m, then by the neighborhood-preserving character of the analytic 
function qm, the point z describes a region G* that lies in the interior of the 
curve y and contains the point z==0. For all of the points of G*, we then 
have the following analogue of (227.4) above: 


z= @(f(z)) for ze G*. (227.5) 


Also, the function f(z) is simple in the region G*. 

228. The results of the preceding section can be generalized immediately 
to a function f(z) having a non-zero derivative at a point 2) (which need not 
be the point 0), so that we know in particular that in a certain neighborhood 
of f(20), the inverse function m(w) of f(z) is a regular analytic function. 


If we set f(20) == Ww» and develop f(z) in a power series for a neighborhood 
of 2, we may write 


W — Wy = A (2 — 2%) + dg (Z— %)?+°°- (a,+0), (228.1) 
while for g(w), we have a power-series expansion of the form 


2 — 2% = A, (w— Wy) + A, (w — wo)? +-:-, (228. 2) 
the coefficients of which can be calculated one by one in terms of the a,. To 
obtain them, we must substitute the power series (228.2) for z— 2% in the 
power series (228.1), re-arrange the coefficients, and then equate the resulting 
coefficient af (w— wy) to 1, the coefficient of every higher power of (w— wp) 
to 0. We know that the series (228.2) has a non-zero radius of convergence, 
even if we cannot estimate its size by any general methods. 
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Using the procedure just described, we obtain the following expressions 
for the first few of the coefficients in (228.2) : 


1 a 2 aj —a, a. 

Ava =. ApS = 2 A a Se 

1 a,’ 2 ad’ 3 a} , 
—5a$+ 5a, a, a, —a? a 


A,= af (228. 3) 











A 14 af — 21 a, af ag + 3. a? (2 a, a, + a3) — af as 
5 7 ; ’ 
ay 


As the developments of § 229 below will imply (cf. especially equation (229.8) 
below), we may write generally 


4,= 5; {ger (Get)}_,: (228.4) 


but this formula is not always convenient to use. 








Lagrange’s Series (§§ 229-230) 


229. We continue here with the same notation and with the same assump- 
tions as in § 227 above. If g(z) is any analytic function that is regular on 
and inside the curve y, then the results of § 225 above, applied to the function 
[f(z) — w] in place of f(z), yield 


g(z) = 





1 fan of@) 
rai | 8) FG we (229. 1) 
Y 


and just as in § 227 above, we see that here too, the variables w and 2 are 
related by the equation 


w= f(z). (229.2) 


The integrand on the right-hand side of (229.1) can be developed in a power 
series in w, and the resulting series of powers of w converges uniformly for 
| w |< m and for all € on the curve y. Hence this power series can be 
integrated term by term over the curve y. In this way we obtain the relations 


g(z) = g(0) + k, w + ky w? + hy w? +--., (229, 3) 


ee oy FCC) _ 
Ba saz | 802) aca df (n=1,2,...). (229. 4) 
Y 





Now we shall make use of integration by parts, which applies to integrals 
of complex functions in the following form: If u(z) and w(z) are analytic 
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functions that are regular and single-valued at every point of a curve y, then 
we have 


1 d 
sai | ge uv at= 0, 
Y 


which implies that 





— aur) do = ee [wie ole) de (229. 5) 


2 
Y ¥ 


If we note that 











MO) = = 1 df. \a 
ott a = (Fe) , (229. 6) 
we see that (229.4) can now be re-written in the form 
at go) 
by = 5s f eo de. (229. 7) 


Hence the coefficient k,, of w* in the power series (229.3) is equal to the 
n-th part of the residue of the function g’(z)/f(z)” at the point z—0, or, 
which is the same, to the m-th part of the coefficient of 2"—* in the power 
series expansion of the function g’'(z) - 2*/f(z)”. 

Since the latter function is regular at the point z= 0 too, it now follows that 


by = { cae (Soe) (229. 8) 





230. In this section we shall obtain an important generalization of the 
formulas just derived, one that is useful in many applications. 

Let w(z) be an analytic function that is regular and different from zero in 
a region G. Let y be a Jordan curve lying in G, along with its interior, and 
let a be any point in the interior of y. If in equation (229.1) above we take 


f(z) = oa (230. 1) 


then by applying the developments of the preceding section to the new func- 
tion f(z), we obtain 


g(z) = g(a) + kywt kpw?t-, 


; (230. 2) 


ka = =| a [g' (2) v(2)") | 


Z2=a 
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This series is known as Lagrange’s series. If m(a, y) denotes the minimum 
of the function 


\¢—al 

ioe) ea) 
as ¢ ranges over the curve y, then the series (230.2) certainly converges in 
the disc | w | < m(a, y), and may converge in a larger disc. By (230.2), the 
coefficients k, are regular functions of a. 

By following a different method? of derivation, we shall be able to dispense 
with the condition—inherent above in (230.1) and the regularity requirements 
on f(z)—that g(z) be free of zeros inside the curve y. To do this, we denote 
the points of y by ¢ and set 








= (6) 
M = max | 20-|, (230.4) 
so that 
1 
|®o| < ay (230. 5) 
implies that, on y, 
| wy (2) | < (¢—al, 
whence by Rouché’s theorem, the function 
F(z) = (2 — a) — w9 Y(2) (230. 6) 


has one single zero 20, of order unity, inside the curve y. Therefore we also 
have F’ (25) +0. 

Let G(z) be an analytic function that is regular in a region containing the 
curve y in its interior. Then the function G(z)/F(z2) has no singularities 
inside y except possibly a pole of order unity at the point z,, where the 
residue of G(z)/F(z) has the value G(2.)/F’(2.). This residue is given 
by the formula 








Ge) _ 
Fe) zat Fey Fe @ ay) 


If we substitute the series expansion 





1 wh g(z)" 
Fer ea ee -5 eat ee) 
into (230.7), we obtain 
G(29) - 
Fa) = ot Kywot-- + K, wt, (230. 9) 


* Cf. E. Rouché, Journal de Ecole Polytechn., 39e cahier, p. 193 (1861). 
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where 


— 1 fae oor 
Reus rar f es ge, (230. 10) 
v 





The power series (230.9) is convergent in the disc (230.5) ; for if we denote 
the maximum of |G(¢)/(¢ — 4)| by 22M, and the length of y by L,, then the 
Mean Value Theorem for integrals yields 

|K, wo| < MyL,. (230. 11) 
We also see from (230.10) that 


a” 








1 
Ky= Gla), Ky=2,- ©. (6(@) g(a"), (230. 12) 
so that we finally have 
G(z0) 1 " 
Fie, = ©(4) sa eal es aw (G(a) p(a)”] wh. (230. 13) 
Now we set 
G(z) = g(z) F'(z) = gz) (1 — & (2) (230. 14) 
and obtain 
G(Z) , ” 
Fr) — (2), K, = K, — W kK, (230. 15) 
where 


K,= 2, - 5le@ pa), Ke=. *~ [e(a) @(a) @(a)*). 


We can also write 





om” 1 qn1 a 
Ky-1 ao n!' : dan—1 (e() da y(a)*) 
se A (230. 16) 
Shy “dan-1 [g’ (a) y(a)"). 
Hence by (230.9) and (230.15), we have 
g(2) = (Kg — Wy Ko) + (Ki — wy Ky) wy + 
Rare tee as ree (230. 17) 
= Rg + hy Wo + hy wh + 
where, by (230.16), 
, ” 1 9 qm 
hg =8(@), by = Ky — Ky => 2 ig'(a) gla) ] 


holds. Thus we have again obtained Lagrange’s series (230.2). 
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Kepler’s Equation (§ 231) 
231. The application of the series of § 230 above to the equation 
nt=u—esinu (231. 1) 


goes back to Lagrange himself. In this equation, ¢ stands for time, nt for the 
so-called mean anomaly, u for the eccentric anomaly and ¢ for the eccentricity 
of the elliptical path of the planet. The problem is to develop u and certain 
trigonometric functions of « in a power series according to powers of the 
(usually very small) eccentricity ¢, with coefficients that are trigonometric 
functions of nt. To find the connection between equation (230.6) of § 230 
above and Kepler’s equation (231.1), we must set u==2, nt=a, e=w, 
so that (231.1) is transformed into 


z—-a—wsinz=0. (231. 2) 


It suffices to consider real values of a in (231.2). As our curve y of § 230 
above, we shall here take the circle 


t=a+Ré?=(a+Reosy)+iRsing. (231. 3) 
Then by (241.4) below, 
|sin? ¢| = cosh? (R sin ~) — cos? (2 + R cos 9), (231.4) 


so that, with the notation of (230.4) above, 


|sin £| ScohR= tS" yg Beet, (231.5) 








Hence by the result of the preceding section, Lagrange’s series converges 
at least for 
2R 


We now wish to determine the value of R for which w(R) assumes its 
maximum ; for this R, 


A(R) = (e® + e*) — R(e® — e ®) =0 (231. 7) 
must hold. Since 
A(R) =—R (+ -®) <0, 
it follows that A(R) has just one positive root Ry for which the relations 
ee Foti rR, Ro=} 


~ Vigat 7 =e VR3—-1 (231.8) 
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must also hold. The number Ry can be calculated by means of successive 
approximations from the transcendental equation (231.7). Its value to quite 
a few places was found by T. J. Stieltjes? (1856-1894), as follows: 


R, = 1.19967 86402 57 734 ..., 


(231.9) 
(Ry) = V RZ — 1 = 0.66274 34193 492... 


The equality sign will hold in relations (231.5) for a—=q—a/2, that is, 


for C—=2/2+iR. For this value of £, we have 


eR—e—R 
2% dl 


eR4e-R 
2 





sin (+1 R)=cosi R = ; cos (F+1R)=—sini R= 


dw 


w(t) =i y(R), Se oe 


pat Ry ene 








Hence if R= Ro, then w(¢) lies on the boundary of the disc | w |= 0.662..., 
and w’(C)—0. But inside the circle of convergence of Lagrange’s series 
for g(z)==2, we must have dz/dw=+ 0, hence dw/dz=+-0. Therefore 
| w|< y(Ro) is the largest disc in which Lagranges series for Kepler’s 
equation (231.1) converges for all values of the time ¢. 


The Monodromy Theorem (§§ 232-233 ) 


232. Let us consider two convex regions G, and G, in the complex plane 
that have at least one interior point in common, and let f,(z) and f,(z) be 
two analytic functions that are regular in G, and in G2, respectively. We 
assume that at every point of the intersection of G, and G2 the two functions 
coincide, i.e. have the same value. Then in the union G, + G, there is defined 
a regular analytic function f(z) that coincides with f,(2) in G, and with f.(2) 
in Ge. We call f.(2) the analytic continuation of the function f,(z) into the 
region G2. 

We consider next a closed line segment 4B and a chain of finitely many 
convex regions G; whose union 2+ G; contains the segment 4B, and we 
assign to each of these regions a regular analytic function f;(z) that is the 
analytic continuation of f;_1(¢). We then say that the function f,(z) has 
been continued analytically along the line segment AB. In the union of the 
given regions G;, there is thus defined a single-valued, regular analytic func- 
tion f(z). The same kind of construction can be applied to polygonal trains 
(broken straight-line paths). 


* Correspondance d’Hermite et de Stieltjes, Vol. 1, p. 434 (Gauthier-Villars, Paris 1905). 
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Now consider a simply-connected region containing the point 2), and an 
analytic function fo(z) that is defined and regular in a certain neighborhood 
of 29. Assume that fo(z) can be continued analytically along any polygonal 
train that connects 2) with any point z of G and is wholly contained within G. 
We shall prove that there is defined thereby a single-valued regular analytic 
function f(z) in G that coincides with 2 in the initial neighborhood of 25. 

To this end, we consider first an arbitrary triangle ABC that is wholly 
contained, along with its interior, in the region G (see Fig. 26 below). By 
continuing f(z) analytically along a polygonal train that connects 2) with the 


c 
P 


Fig. 26 


vertex A, we are led to an analytic function f*(z) regular in a certain neigh- 
borhood of A, and by the above assumption, we can continue f* (2) analytically 
along any line segment A P, where P is any point on the closed line segment BC. 
By means of this continuation, we have defined a single-valued function regular 
in a certain neighborhood of the segment 4P. Thus for any triangle AP’ P” 
lying in this neighborhood, analytic continuation of f*(2) along the closed 
path AP’P”A will lead to a final fiction in a neighborhood of A that coin- 
cides with the initial function f*(z) in the neighborhood of 4. Moreover, the 
above points P’ and P” may obviously be any two points of the segment BC 
that lie within a suitable interval which has P as an interior point and whose 
length is 6. But by the Borel Covering Theorem, the closed segment BC can 
be covered by a finite number of intervals of this kind, which implies that the 
analytic continuation of f*(z) along the closed path ABCA also leads back 
to the initial function f*(z) at A. 

Our next step will be to generalize this result from triangles to arbitrary 
closed polygons, which we shall do by mathematical induction. Let us assume 
we had proved the desired result for all polygons having n sides. Then its 
validity for polygons of (n + 1) sides follows immediately from the fact that 
any such polygon can be decomposed into two polygons of at most 7 sides 
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each by drawing a suitable diagonal through the interior of the given polygon 
(cf. § 126 above). 

Finally, it is easy to generalize the concept of analytic continuation to paths 
that are Jordan arcs y. For any arc of this kind, there will be, after continua- 
tion along the arc, a neighborhood in which a regular analytic function f(z) is 
defined. The same analytic function f(z) results from analytic continuation 
along polygonal trains that approximate y sufficiently closely. This implies 
that if z is any point of G and if y’ and y” are two polygonal trains each of 
which connects 2. with z, then analytic continuation along y’ and along y” 
will lead to the same final function at 2. 

We summarize the results obtained as follows: 

Monopromy THEOREM: Let 2, be a point of a simply-connected region G 
and let fyo(z) be an analytic function defined and regular in a neighborhood of 2o. 
If fo(2) can be continued analytically along any polygonal train that emanates 
from 2) and is wholly contained in G, then all of the possible continuations of 
this kind serve to define a single-valued analytic function regular in all of G. 


233. We return briefly to the problem treated in § 227 above, and consider 
a single-valued analytic function w= f(z) regular in a region G, of the 
z-plane. Since the mapping given by w= f(z) is neighborhood-preserving 
(cf. § 144 above), the totality of image points w of points z of G, constitutes 
a region G, in the w-plane. Let us mark the points z, in G, at which f’(z) —0, 
as well as the corresponding points w, = f(z,) in Gy». If G,* is any simply- 
connected subregion of G,, that does not contain any of the points w, in its 
interior, then we can start at any (interior) point w)—=f(2.) of G,* and 
continue analytically the inverse function go(w) of f(2)—whose existence in 
some neighborhood of wo we proved in § 227 above—along any polygonal train 
emanating from w> and lying wholly in C,*. 

By the monodromy theorem, it follows that there is defined in the whole 
region G,,* a single-valued analytic function == g(w) which must be simple 
in this region, being the inverse function of w= f(z). The mapping given 
by the equation z= q(w) singles out a corresponding subregion G,* of the 
region G,, and the mapping of G,,* onto G,* is one-to-one. 


PART FIVE 


SPECIAL FUNCTIONS 


CHAPTER ONE 


THE EXPONENTIAL AND TRIGONOMETRIC FUNCTIONS 


The Exponential Function e? (§ 234) 


234, We wish to find the most general analytic function of the form 





z 2 2 
Hz) = 9+ a+ a t+ asap t+: (234. 1) 


that is regular at gO and that satisfies the differential equation 


dw 


ae wy, (234. 2) 


Differentiating (234.1), we obtain 


2 3 
f(z) =a, + ay + a+ aga ar 
so that (234.2) yields 


Ay == Ay, Ag= Ay =A, ..., An = Any =" =A, 


whence, with the notation 
Zz 2 2 
@=14+54 5454+, (234. 3) 


we see that every solution of (234.2) must be of the form 
wW = ay e*. (234. 4) 
From the criterion of § 207 above, we see that the series (234.3) converges 
for every value of z and hence represents an integral transcendental function 


(cf. §173 above). This integral function is called the exponential function. 
If @ is any complex number, then for the derivative dg/dz of the function 


plz) = e* er, 
we find 


y'(z) = (ze e*) eo? + e (= a) = 0. 
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Hence (2) is a constant, equal to p(0), and we therefore have the following 
functional equation : 


e* eo? = @4, (234. 5) 
If we set a0, (234.5) becomes 


ee7=1, (234. 6) 


and this shows that the exponential function has no zeros. Thus there exist 
integral transcendental functions that have no zeros, notwithstanding the 
obvious fact that any such function can be approximated as closely as we 








Fig. 27 


please by polynomials having an arbitrarily large number of zeros. This fact 
becomes more plausible if we realize that to any disc | z| < N, no matter 
how large, we can assign an integer m.(N) such that for m > mo, the equation 


Zz 22 zn 


l+st+atet =0 (234. 7) 


mt 
has no solutions inside the given disc. 

If in (234.5) above we replace the numbers 2 and a by 2, and 2, + 2, 
respectively, we obtain the addition theorem of the exponential function, in 
the form 

ets — 9% or (234. 8) 


The exponential function is also a real analytic function, that is, a function 
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whose power series expansion has none but real coefficients. Hence for real 


values x of 2, 
y =e (234.9) 


is likewise real, and its graph in the (+, y)-plane is shown in Fig. 27 above. 
For small values of | x |, the series (234.3) serves very conveniently to cal- 
culate e* (for real +) with very good accuracy. Thus for ¥ = + 1, for instance, 
we obtain 


1 1 1 
e=el welts tap te + aay = 2 71828 18285... 
; ; : (234. 10) 
—= etal ~sr +37 e's + car = 0.36787 944117... 


But even for x = + 2, the power series is no longer particularly advantageous, 
and for x = + 5 it is as good as useless, although we could obtain from it as 
accurate a value for e+5 as we please by using sufficiently many terms. A much 
better way of calculating e* for larger volumes of « is to make use of the 
addition theorem (234.8). 


The Trigonometric Functions (§§ 235-237 ) 


235. For complex values ¢ = + + 7y of the argument, we see from (234. 8) 
above that 
e* = e% et, (235. 1) 


This suggests investigation of the function e#, which by (234.3) above is given 
by the formula 
2 . 28 ZA 25 


w titpaes (235. 2) 


iz « & z 
COSA Ee ae yt caper 





and (235.2) in turn suggests introducing the two integral transcendental 
functions 
2 “ZA 


cosz=1—5-+3--—-+, (235. 3) 
‘ 28 28 
sMZ=2—- 3 > + sp rt (235.4) 


both of which are real analytic functions (in the sense of § 234 above). A look 
at the last three power series shows that 


e#? —cosz+isinz. (235. 5) 
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We also see that cos zg is an even function and sin zg an odd function, i.e. that 
the following relations hold: 


cos (— z) = cosz, sin (— z) = —sinz. (235. 6) 


Furthermore, we have 
cosO=1, sin0=0. (235. 7) 


Replacing z by — 2 in (235.5), we obtain 
e-*? = cosz—17sinz (235. 8) 


and the two equations (235.5) and (235.8) can be solved for cos z and sin z. 
This yields Euler’s Formulas 








cos z= cle ar , sinz= iii Sey (235. 9) 
differentiation of which gives 
oes = =— sing, os 7 =cosz. (235.10) 
Now by the addition theorem (234.8), 
gilt) — git git (235. 11) 


so that, by (235.5), 
cos (2, + 2) +7 sin (2, + 2) = (cos z, + ¢ sin 25) (cos z; +7 sin 2). (235.12) 


Replacing 2, and 22 in (235.12) by — 2, and — 22, respectively, we find, 
using (235.6), that 


COS (2, + 2) — 2 Sin (2, + 2) = (cos 2, — 7 Sin 2g) (cos 2, — 7 Sin 2). (235.13) 


We now multiply out on the right-hand sides of (235.12) and (235.13) and 
then solve for cos (2: + 22) and sin (2: + 22), obtaining in this way the 
following addition theorems for the trigonometric functions: 


cos (2, + 2) = COS 2, COS 2, — sin 2, Sin 2, (235. 14) 
sin (z, + 2) = sin 2, cos 29 + sin 2, COS 2g. (235.15) 
Finally, if we set 2:—= 2 and 22==— ga in (235.14) and once more use 


(235.6), we obtain 
cos? z+ sin? z= 1. (235. 16) 


The foregoing shows that all of the well-known formulas of trigonometry 
(in the real domain) remain valid if the trigonometric functions are defined for 
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all complex arguments by means of the power series (235.3) and (235.4), 
and it also shows that the simplest way of obtaining these formulas is to use 
the addition theorem for e?. 


236. We now introduce the function 


sin 2 Zz 2 eo 1727 


ME) = Reece 20 + 40320 7°"? 





(236. 1) 


which is regular in a neighborhood of z= 0 and which by (235.16) above can 
also be written in the form 


1 —cosz 
It follows from the above that 
cosz+usinz=1, (236. 3) 
—ucosz+sinz=4, (236. 4) 
1-1? ; 2u 
COSz = TF? sNnzZ= T° (236. 5) 


Let 2(1) be the inverse of the function in (236.1) (we know from § 227 above 
that this inverse exists), and let us substitute z(u) for 2 in (236.3) and (236.4), 
which makes these relations identities in u. Then by differentiation of (236.3) 
with respect to u, we obtain 

(— sin z+ u cos 2) + sin z = 0, 


which by (236.4) and (236.5) yields 


d sin z 2 
= = =a, —70 ur+ut— 48+ ..-), (236. 6) 





Integrating the last relation term by term, we find the following power series 
expansion for 2(u) : 


us ud 


7 
z=2(u-* ee (236. 7) 


237. The series (236.7) may be used to study the behavior of cos z and 
sin z for real values + of z and, in particular, to establish the periodicity proper- 
ties of these functions. The radius of convergence of the series in (236.7) 
above equals unity, and the series is convergent also at u==1, where it 
assumes a value that we denote by 
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1 1 1 


a4 
a ee ee (237. 1) 


From Abel’s theorem (cf. § 215 above), combined with the fact that 


a2 
dus 1442 


>0 (237. 2) 


holds for real values of u, it follows that as u goes through the interval 
OsSusl, z=-x«-+ iy traverses the interval OS += an/2. By (236.5) 
above, the two functions cos x and sin x are positive for values of u between 
0 and 1, except that at each end of this interval one of the functions vanishes. 


Y 





ze 

2 
Fig. 28 

By (235.10), cos * is monotonically decreasing and sin x monotonically in- 


creasing as + traverses the interval 0 < + < n/2 (see Fig. 28 above). Finally, 
we see that if #1, ie. r= 2/2, we have 


4 . a4 
cos 3 = 0, sn >= 1. (237. 3) 


This, combined with the addition theorem for the trigonometric functions, 
shows that for any complex number z, we have 


cos (F + z) =—sinz, sin (4 + 2) = COS 2. (237. 4) 


For z= 2/2, this yields 
cosa=—1, sinx=0, (237.5) 
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so that we also have 


cos (w +2) =—cosz, sin(~+2)=—sinz, cose2x=1, sin2x=0, (237.6) 
cos (22 +2) =cosz, sin(2”+ 2) =sin z. (237.7) 


Hence the trigonometric functions are periodic and of period 22. We shall 
soon see that any other period of cos z and sin z must be an integral multiple 
of 22. 

To continue the graphs of cos * and sin x in Fig. 28 above as far as we 
please, we need merely apply relations (237.4) through (237.7) to real values 
x of 2. 


The Periods of the Exponential Functions (§§ 238-239 ) 
238. For z=.+ + iy, we have by (235.1) and (235.5) above that 
e# = ettiv — e® (cos y+7siny), (238.1) 


which shows how to separate e? into its real and imaginary parts. If we set 
#«=0 and y= 2a in (238.1), we obtain 


e7"* — & (cos 2a + isin 2a) = 1. (238. 2) 


More generally, assume that w = + + iy is any root of the equation 


e° = e* (cosy +7siny) = 1. (238. 3) 
Then we must have 
e*cosy=1, e*siny=0O, (238. 4) 
and hence 
e2 = (e* cos y)? + (e* sin y)2?=1 (238. 5) 


must also hold. This yields 
x=0 and cosy=1, sny=0; 


furthermore, y must be a real number, so that by the preceding section we 
must have y= 2ka (k=0, +1, +2, ...). Hence the solutions of equation 
(238.3) must all be of the form w = 2kai, where F is any integer. 

Now if w is any one of the solutions of equation (238.3), then for any 
complex number 2 we must have 


et? = eer =e’. (238. 6) 


Conversely, if (238.6) holds even for one single value of 2, it follows that 
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e” = 1 and hence that w = 2kai. 
We have thus obtained the following result: The exponential function e? ts 
a periodic function. Every period w of e7 is a multiple of wp == 2ni, which 
is referred to as one of the “primitive periods” of e?. The other primitive 
period is @y= — 221. 
239. The general equation 
PaGeys (239. 1) 


can now be treated very easily, a and b being any two real numbers not both 
of which vanish. We have to solve the two equations 


e*cosy=a, e*sinv=5b, 


which are in turn equivalent to the following three: 








2 a2 + b2 = id in y = —————._ (239.2 
é' +Va +067, cosy jaro’ sin y Var ( ) 

These have one and only one solution in the strip 
O<y< 2a, (239. 3) 


(cf. Fig. 29 below), and all the other solutions are obtained by adding the 
various periods of e? to the specific solution just indicated. 


The Hyperbolic Functions (§ 240) 


240. The study of the trigonometric functions cos z and sin z for complex 
values of 2 is simplified by the introduction of the functions 


2 : i eres 
cosh z = coS7 z, sinh z= — siniz, (240. 1) 


which are real analytic functions (in the sense of § 234 above) and which are 
called the hyperbolic cosine and hyperbolic sine of 2, respectively. Equations 
(240.1) may also be written in the form 











eo + e# 2 “a 
cosh z gos 1+ a + a ieee, (240. 2) 
F e? — e* 2 2 
sinh z = 5 =a ae + ape (240. 3) 


Hence cosh z and sinhgz are uniquely determined by the three conditions 


cosh (— z) = cosh z, sinh (— z) = — sinhz, e# = coshz+sinhz, (240.4) 
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which imply that 


e-* = cosh z — sinh z (240. 5) 
holds. 
If we multiply e?7 = coshz + sinh z by (240.5), we obtain 
cosh? z — sinh? z = 1. (240. 6) 
Y 
AY 
X) 
g 
| 
2m, 
I 
\ 
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| mv, 
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If we observe that the derivative of cosh zg must be an odd function and that 
of sinh z an even function, and make use of the relation 


d a’ 
e* = =~ cosh z + | Sinhz, 


then we find that 


a 7 ad. 
ae cosh z = sinh z, aie sinh z = cosh z. (240. 7) 


Finally we can prove, just as for the trigonometric functions in § 235 above, 
the following addition theorems for the hyperbolic functions: 


cosh (z, + 2,) = cosh 2, cosh z, + sinh z, sinh z., (240. 8) 
sinh (2, + 22) = sinh z, cosh 2, + cosh 2, sinh 22. (240. 9) 


The graphs of 
y=coshx, y=sinhx (240. 10) 
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for real values + of 2 are shown in Fig. 30 above. The first of these curves is 
called a catenary (or chain curve), since any thread or chain suspended at 
its two ends takes on the shape of an arc of this curve. 


Periods and Fundamental Regions of the 
Trigonometric Functions (§§ 241-242) 


241. If z=2*«+ iy, we obtain from (235.14) that 
cos z= cos x cos? y — sin xsin7 y, 


or with the notation of the preceding section, 
cosz=cos*xcoshy—itsinxsinhy (z=x%+7¥y). (241.1) 
Similarly we find that 
sin z= sin x cosh y +7 cos x sinh y. (241. 2) 


Using (241.1) and (240.6), we see that 


|cos z|? = cos? x cosh? y + sin? x sinh? y 
= cos? x (1+ sinh? y) + sin? x sinh? y (241. 3) 
= cos? x + sinh? y = cosh? y — sin? x, 
and in the same way we obtain 
|sin z|? = sin? x + sinh? y = cosh? y — cos? x. (241. 4) 


Hence the functions sin 2 and cos g can vanish only for real values of 2, and 
therefore all of the zeros of sing are of the form g—ka, where k is any 
integer (cf. § 237 above). 

Now if @ is any period of sin z, then sin (z + w)==sinz, whence z—0 
gives sin w= 0. From this it follows that all of the periods of sin 2 are real, 
and the only primitive periods of this function are 2x. 

The periods of cos = sin(a/2— 2) are the same as those of sin 2. 

242. Let a and bd be any two real numbers. We propose to find all of the 
roots of the equation 

cosz=a+ bi, (242. 1) 


or, which is the same, all of the roots of the two equations 


cosxcoshy=a, sinxsinhy=—), (242.2) 
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If we set 
sinh? y = u, (242. 3) 


then elimination of x from (242.2) yields 


ape eel Sens, (242.4) 


u+1 u 





Fig. 31 
The shaded fundamental region also includes the 
ray Rz=-x, S22 Oand the line segment -7 =x <0. 


Hence u is the positive root of the quadratic equation 
u2+ (1— a? — b?)u—b?=0. (242. 5) 
With the notation 
R?= (1 — a? — 09)? + 40? = (14+ a? + 07)? - 442, (242. 6) 
and choosing FR to be = 0, we finally obtain 


R—(1 —a? —d?) 
2 


R+ (1+ a? + 5?) 


5 (242. 7) 





sinh? y = , cosh? y= 
We denote the non-negative root of the last two equations by yy) and observe 
that yo vanishes if and only if b= O anda? = 1. If yo. > 0, then the equations 


b 


ae (242. 8) 


COS % = , sin%= — 


a 
cosh Yo 


resulting from (242.2) determine one and only one number +, in the half-open 
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interval —a= 4x <a. But if y) =O, then only the first of equations (242.8) 
has to be satisfied, and we may require +) to lie in the closed interval 
OSevEa. 

In either case, it is clear that if 29 == +) + i is a solution of equation 
(242.1), then — 2 is likewise a solution, so that we can finally state the 
following result (see also Fig. 31): Jf a+b%+ +1, then there are in the 
half-open strip —nSx <a of the complex plane exactly two solutions of 
the equation (242.1). If a+ bi=-+ 1, then the above strip contains only 
one solution, viz. 2==0; if a+ bi==—1, tt contains only the solution 
g==—az. All the remaining solutions of equation (242.1) differ from the 
ones just indicated by one of the periods of cos 2, t.e. by a multiple of 2x. 


The Functions tgz and tghz (§§ 243-244) 


243. We turn to the study of the functions 


sin z sinh z 1 


tgz= ee tgh z= =—tgiz. (243. 1) 








, 


Both of these are meromorphic functions; their poles are at the zeros of cos 2 
and of cosh 2, respectively. Both are odd functions. The function tg z has 
the primitive period a, the function tgh z the primitive period in. The func- 
tion tg 2 can be written in the form 


ee a (243. 2) 
thus it is a Moebius transform of e?* and obviously cannot take on the values 
+i, since at a point 2 where tg z= -+ 1 we would have to have e”” equal to 
zero or to infinity. Similarly, tghz omits the values +1. However, tgz 
assumes every value a + 2b, other than + 7, once and only once within the strip 


a a 


(cf. § 239 above). 
The addition theorems for tgz and tghz are as follows: 














tg (2, + 2%) = ieee , tgh (2, + 2) = eines . (243. 4) 
Differentiation of (243.1) yields 

ge 62 — cyry = 1+ tate (243. 5) 

4 tgh z 5 7 =1-—tgh?z. (243.6) 
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If we set 

tgz=u, tghz=v (4+ 4+7,0++1), (243.7) 
and if we consider z as a function of u and of v, respectively, then by pro- 
ceeding as in § 236 above we obtain 


dz 1 dz 1 


faye Z2- <4. (243. 8) 





From this we obtain power-series expansions of z valid in the discs | u| < 1 
and |v| <1 respectively, as follows: 


u u3 ud v v3 vd 

BS erg ee gegen “ete 

For real values x of 2, the function tg 2 is monotonic in +, increasing from 
—o to + © as # traverses the interval —2/2< 4 < 2/2. 

Similarly, tgh x is a monotonic function of x that goes from —1 to + 1 


as * ranges from — oo to + 0. 
244, With z=x« + iy, we have, by (241.1) and (241.2), that 
sin « cosh y + i cos # sinh y 


tgz= : (244.1) 


cos * cosh y —isin # sinh y 





Multiplying both the numerator and denominator by (cos * cosh y 
+1 sin sinhy), we obtain 


sin2%+ isinh2 y (244. 2) 


‘<e> cos2%+cosh2y ° 





Thus if z= + + iy is to satisfy tg a+ bi, the following two equations 
must hold: 


a (cos 2 x + cosh 2 y) = sin 2 x, (244. 3) 


b (cos 2 x + cosh 2 y) = sinh 2 y, (244. 4) 


and these are equivalent with the equations 


acosh2y=sin2 *—acos2x, 
(244. 5) 


——— 


asinh 2 y= bsin 2 x. 


Eliminating y from the last two equations, we obtain 
a? = (sin 2 x — acos 2 x)? — b? sin? 2 x 
or 
sin 2 x [(1 — a? — b?) sin 2 x — 2acos2 x] =0. (244. 6) 


254 Part Five. I. THE EXPONENTIAL AND TRIGONOMETRIC FUNCTIONS 
Since the point z= * + iy for which we are looking is not a pole of tgz, 
cos 2 %+cosh2 y>0 


must hold true, and according to (244.3), sin 2% cannot vanish unless a= 0. 
Thus condition (244.6) implies that 


(244. 7) 
whence from (244.5), 


_ _btg2x ab 
ABE Ore tg2*—a  1+a?+b2° (244.8) 





Now y can be determined uniquely from (244.8). In order to also determine, 
from (244.7), a unique value of x in the interval (243.3), we must use the 


fact that sin 2% must have the same sign as a, and cos 2% the same sign as 
(1 — a? — B?). 


Numerical Calculation of 2 (§ 245) 


245. The two series in (243.9) are convenient to use only if a few of 
their terms suffice for the calculation of the desired number with the required 
accuracy. For this, the numbers | u| or | v| must be substantially less than 
unity. If it is required to solve equations (243.7) for z in the case of larger 
values of |u| or |v|, use must be made, for the numerical calculations, not 
only of equations (243.9) but also of the addition theorems (243.4). 

We shall in this way obtain the number a from the equation 


tg =1, (245. 1) 


and establish a formula that was discovered shortly after 1700 by the English 
astronomer J. Machin. To this end, we consider the positive number a that 
is defined by 





tga=. (245. 2) 
By (243.4), we then have 

2 

3 5 
tg2a= =a (245. 3) 

1735 
100 
12 120 


NUMERICAL CALCULATION OF x (§§ 244-245) 255 





Setting 

p=4a-—4, (245.5) 
we find that 

- tg4q—1 = 1 

‘P= “Tae = Bao (24929) 
Thus 
1 1 
Ca 1OR ERs Cae ae tee 


(245. 7) 
p= i oR aly ta 
~~ 239 3+ 2392 pred 


and to determine a to 10 decimal places, we need only set 


1 1 


1 
16a 16 (5 — sige +o age 


) = 3.15832 8957600 ... 


1 1 
AB (<g0 — sar) = 0.01673 63040 04 ... 
mt = 3.14159 26536 ... 





If we used the series (237.1), instead of the above, we would need many 
hundreds of terms to calculate 1 to even as few as three decimal places.? 


*We obtain a similar formula, even more convenient for the calculations, by setting 
tga = 1/2, tgB = 1/5, tey = 1/8. Then tg(n+B+y) =1. 


CHAPTER TWO 


THE LOGARITHMIC FUNCTION AND THE 
GENERAL POWER FUNCTION 


The Natural Logarithm (§§ 246-250) 


246. The inverse function of the exponential function is called the natural 
logarithm of 2, and we shall denote it by 


w=lz. (246. 1) 
This function is therefore obtained by solving the equation 
z=e” (246. 2) 


for w. Since the exponential function omits the value zero, the logarithmic 
function /z is defined only for z+=0. We shall see that z = 0 is a singularity 
of Jz which is of an entirely different character than are the singularities that 
we have considered thus far. 

If 2 is any non-zero complex number, we have seen in § 239 above that 
there is a number w,) for which 


%=e" (246. 3) 
holds. But since e” is a periodic function, the numbers 
Wyt 2in, Wy—2tH, Wy+4iH,..., 


as well as wp itself, are solutions of the equation 29 = ec, so that the func- 
tion /z is many-valued ; there are, in fact, infinitely many values of /2.. Among 
these values, there is one and only one whose imaginary part satisfies the 
condition 


—-a<3laSa. (246. 4) 


This particular value is called the principal value of lzo. 
247. If wo is a solution of the equation (246.3), then equation (246.2) 
may be rewritten in the form 


w— 


w, w— w,)? 
z= et ew = z+ 2, ii 0 +2 ) 


2! 








ey: (247A) 
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and the inverse of this power series—which always exists, by § 228 above— 
represents one of the values of /z in a neighborhood of the point 2). The calcu- 
lation of the inverse function is done best by first differentiating (246.2) or 
(247.1) with respect to z, which yields 


For then we have 











dw sil 
“dz oz 
eee eee (247. 2) 
ay + (2 — 29) , 
oa z— 2 (z — 2)? 
oe Zo a ze + 2 > 
and term-by-term integration yields 
— = 2 25 3 
w — w= a Boe ay nae (247. 3) 
z 
0 2 
a-plane 





Fig. 32 
The power series (247.3) converges in the disc 
|z— Z| < |29|, (247. 4) 


which has its center at 2) and passes through the point z—=0. As mentioned 
earlier and as is apparent from (247.2), this last point (ie. z= 0) is a 
singular point of the function w(z). 

Conversely, if we start from equation (247.3), where 2) =+-0 and zw» are 
any complex numbers, we can differentiate this equation term by term within 
the disc (247.4), and if we compare the result with (247.2), we see that the 
function w(z) defined by (247.3) is an integral of the differential equation 
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dw/dz—1/z. But this integral cannot be regarded as a piece of the func- 
tion /z unless the constant of integration w, satisfies the equation e” = 2p. 
In particular, if «== 0 and 2,1, then 








(e—1)? | (@—1) 


Bee Da, i 


se ([z—1] <1). (247.5) 


248. It is now very easy to determine the portion of the w-plane that is 
the image of the disc |z—1]|< 1 under the mapping given by equation 
(247.5). To this end, we note that the boundary of this disc is given in 
polar coordinates as follows: 


@=2cos%, z=2cosh-e% = ew, (248.1) 


Hence if we set w= u + iv, then the image of the curve (241.8) is given 
by the equation 


e* = 2 cosv. (248. 2) 


Therefore the disc | z—1| <1 is mapped one-to-one by the power series 
(247.5) onto the shaded region in Fig. 32. The more general equation (247.3) 
maps the disc (247.4) onto a region of the w-plane that results from the 
shaded region of Fig. 32 by the translation that moves the point w=—0 to 
the point w= wp. 

Thus if, for instance, 2 takes on larger and larger real values, then the 
corresponding images of the curve (248.1) move farther and farther to the 
right in the strip | v| < 2/2, filling up a greater and greater portion of this 
strip, so that the strip represents the one-to-one image of the half-plane 
Rz2> 0. 

249. We can get a very good geometric idea of the mapping under con- 
sideration by introducing the Riemann surface with a logarithmic branch 


point at z=0. 
Y 
EEE 


Fig. 33 
By the equation e*” = 2, the strip 
Sw] <x 


is mapped onto the z-plane slit along the negative real axis (see Fig. 33 
above), and within this region the inverse function w/z represents the 
principal value of the logarithmic function. The upper “bank” of the cut is 


Tue Naturav LocaritHM (§§ 247-250) 259 


mapped by the logarithm onto the upper boundary Qw =a of the strip, 
the lower bank of the cut onto the lower boundary 3Jw=—=—dgq, 
The adjacent strip 


a<Jw<3a 


of the w-plane is mapped by the equation e” = 2 onto a similar 2-plane, also 
slit along the negative real axis. Let us imagine one of the two slit z-planes 
to be laid on top of the other and the upper bank of the first z-plane to be 
glued to the lower bank of the z-plane above it. 

If we continue in this way, adding more and more strips in the w-plane, 
also more and more specimens of 2-planes, we are led to a construction of the 
mapping of the entire w-plane (excluding the point w= oo) onto a surface 
of infinitely many sheets over the 2-plane (or a surface of infinitely many 
g-planes) that winds around the point =O of the 2-plane like a winding 
staircase, an infinitely flat one to be sure, and extending indefinitely in both 
directions (“up” and “down”). This surface is called a Riemann surface ; 
on it, the function lz is single-valued. The point z= 0, which is not counted 
as belonging to the surface, is said to be a logarithmic branch point of the 
surface. The point == © is a second logarithmic branch point of the same 
surface. 

The introduction of Riemann surfaces—which were invented by Riemann 
and used in his dissertation (1851)—makes the treatment of many-valued 
functions just as geometrically intuitive as that of single-valued functions. 
Needless to say, many-valued functions could also be studied without this 
particular tool; its great usefulness consists in the fact that to think in terms 
of Riemann surfaces immediately suggests ideas that one might otherwise not 
be able to arrive at without the greatest effort. 

250. The functional equation (234.8) satisfied by the exponential function 
yields a functional equation for the logarithm. In fact, the equations 


a4y=e", zg=e", 2,29 =— ets, 
may be written in the form 
lzy= wy, l2g=W,, 12% = Wy 4+ We, 
which implies that 
Lz +12 =12, 2. (250. 1) 


But since the logarithm is a many-valued function, we must be careful in the 
interpreting of equation (250.1). This equation merely states that the sum 
of one of the (infinitely many) logarithms of 2, and one of the (infinitely 
many) logarithms of z2. can be found among the (infinitely many) logarithms 
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of 2,, 22, and that, conversely, every logarithm of 2:22 can be represented as 
a sum of this kind (with a suitable choice of /z, and of /z,). 

But (250.1) does not state that the principal value of Jz,2, equals the sum 
of the principal value of Jz, and that of Jz,. This is the case only if the sum 
of the amplitudes of 2, and 22 is less than a in absolute value. In particular, 
(250.1) may always be applied to the three principal values in question if 
2, and 22 are positive real numbers. 


Series Expansions and Numerical Calculation 
of the Logarithm (§§ 251-253) 


251. By a change of notation, we obtain from (247.5) above a power 
series expansion for the principal value of /(1 + 2), valid in the disc | z| <1, 
as follows: 

2? 28 za 


x ee, (251.1) 


Wl+2)=2-Zt+G Z 


and in the same disc we find for the principal value of /(1 — 2) the expansion 


i=)aoe- SSF ., (251. 2) 


As 2 ranges over the disc | z| <1, the point r—=(1+ 2)/(1—2) varies 
in the half-plane + > 0 of the #-plane, and the principal value of Jr is a 
regular analytic function in this half-plane. Thus we first obtain from (251.1) 
and (251.2) the formula 


1 l+z 
ae ey" 





3 5 7 
a+ 5454540 (251. 3) 


for the principal value of /[(1 + 2)/(1—2)], valid in the disc | 2| <1, 
and from this we deduce the relation 


1 x—l 1 /x—1\8 1 /*x—1\5 
Six ta (Fa) +5 (Ra) + (251. 4) 





for the principal value of /, valid for all + in the half-plane Ra > 0. Finally, 
it is useful for some purposes to make one more change of variable and to set 


*—1 1 
x+1  2y4i1 





1 
=1 
x Ty 


in (251.4), which yields 
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1 1 1 1 1 1 1 

zt(1+ s)=aye7t3 @yett Ss Greist (251. 5) 

This series represents the principal value of (1/Q/(1+1/y) for all y lying 
outside the circle of radius 1/2 and with the point — 1/2 as its center. 

252. The series (251.4) is used for the calculation of logarithmic tables. 
We set + = b/a, where a and b are positive real numbers, and obtain 











1 1 b—a 1 /b—a\8 1 /b—a\5 
zlb— Flam oe 4s (Soe) +e (eee) to (252.1) 
For b=2, a1, this yields 
2.2 /1\3, 2/1\8 
12=54+35(5) +3(G) t-- (252. 2) 


By Abel’s theorem (cf. § 215 above), we could also get 12 from the series 
(251.1) with g=1, thus: 
1 1 1 1 1 

l2@=1-Z4+3-qtay-et (252. 3) 
but the series in (252.3) converges much too slowly to be useful for the 
numerical evaluation of 12. The series (252.2), on the other hand, enables 
us to determine a number of decimal places of /2 with very little trouble; for 
example, we need but five terms of the series to obtain the first four digits in 
the decimal expansion of the number 


£2 = 0.69314 71805.... 


Now we set, in (252.1), 6 = 128 = 2?, a = 125 = 53, whence 


2:3 2 3°: \2 2 3 \5 
712-315 = 55 +5 (ges) +5 (agz) to 
and from this relation we calculate 75. To determine /3 and /7, we set 
b= 81 = 34 and b= 2401 = 7%, respectively, and we take a—=b—1 in 
both cases. This yields 


2 2 1 \3 
413—412-15= +3 (aq) +7 





PY by SOE ae Pd ae 1, eee a 
- = wa 13 (ser) ae 


Similar procedures are used for the other prime numbers, as far as they may 
be needed. In calculating logarithmic tables, all we need determine by these 
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methods are, of course, the logarithms of the prime numbers, since the other 
logarithms are then obtained from these by simple addition. To convert from 
the above natural (or Napierian) logarithms to common (or Briggsian) 
logarithms, we must divide the former by /10—1/M, i.e. multiply them by 
M = 0.43429 ---. 

253. It is very easy to obtain estimates for the remainders of the various 


series used in the two preceding sections. From (251.1), for instance, we 
see that 








2 3 
Jdatay—z) slyly... 
2 
s ‘Shas lel tel -) (253.1) 
_ 4 | 
= 2(1—[AD * 


Again by (251.1), we have that for positive real values x of 2, 
x- 3 <1(lta<x (O<x<1). (253.2) 


Setting « = 1/y, we obtain from this the relation 


1 1 1 1 
5 ape <1 4 5) <Z (y > 1). (253.3) 
Making use of the identity 
1 1 1 y—1 





y 29 ~ yo b Bp HHI)’ 


we can also replace (253.3) by the simpler relation 


1 1 1 
sar <4 (145)<5 (y > 1). (253.4) 


Equation (251.5) yields a similar but considerably more accurate estimate. 
For if y > 0, then 











1 1 42 1 es 1 1 1 ) 
3 (2y4 1)? 5 @y+iet sepa (l+assaet apart): 


and the right-hand side can be evaluated in terms of a closed expression, 
being equal to 


1 1 1 1 
3 (294+ 1)? —1] 2y(y+1 yy 12(y+1) ° 
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Comparison of the last result with relation (251.5) gives the estimate 


1 1 
12y  12(y+1) 





he <i(1+4)<— (1+ ), (253.5) 


vty vty 


and this can be seen at once to have better (closer) bounds than (253.4). 


The General Power Function (§§ 254-255) 


254. The identities 


1 
g2Q2= el? 2= ertz zis = = ete, ge = oe 2lz 


suggest what must be done to define a regular analytic function that might be 
called the general power 2* of 2, where a is any given complex number. 
Accordingly, we define 


w= 2 = elt, (254.1) 


Except for special cases (see § 255 below), these functions are infinitely- 
many-valued and must therefore be considered as being defined on a Riemann 
surface with a logarithmic branch point at gO. On this surface they are 
regular analytic functions. At z= 0, they are not defined, and they can- 
not be extended to functions continuous at z== 0 unless a is a real number. 
This is seen, for example, by considering the formulas 


z=oe'?, game etile (254. 2) 


If we use the principal value of lz (cf. § 246 above) in (254.1), then we 
call the corresponding value of w the principal value of 2*. The same rules of 
calculation apply to the symbol 2% as to ordinary (integral) powers. To prove 
this, we note first that (254.1) may be written in the form 


lw=alz. (254. 3) 
This implies that 
(27/8 — e8'™ — Blot) — ab, (254.4) 
ae ee ae aot Se (254. 5) 
1 
w= 2" gives z= wv. (254. 6) 


Differentiating (254.1) with respect to 2, we obtain 
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1 = 
= gerF. — Hg et!*. ett = & 2 1 
dz z 


Using the last relation, we can derive the following expansion, the so-called 
binomial series 


a (a — 1) 
1-2 


a (a —1) (a — 2) 
Le 2 43 





(l+2*=1+f2+ 224 234..., (254.7) 
which is convergent in the disc |z| <1. From this, we find that if a and 
are any two complex numbers for which |a|< |} |, then 





erpraw (14S 242050. ty...) 


b 


255. Let 2) be a fixed non-zero complex number and let a be any number 
for which 
waa (255. 1) 


holds. We can solve (255.1) for 2, by (254.6) above, and in doing this 
we see that we would arrive at the same number 2» if instead of a in (255.1) 
we had the product of a by any of the numbers 


ex (2021) (n =+ 1, + 2, we), (255. 2) 


In general, any two of the numbers (255.2) are distinct, so that, for a given 2, 
the power z* has different values on any two different sheets of its logarith- 
mically branched Riemann surface. For z* to have the same value on two 
different sheets, for a given z, we must have 


et (2m) et (2n’ x3) or er (m—n’ ant =1. (255. 3) 


Thus a(m—n’) must be a whole number and a a (positive or negative) 
rational number. Conversely, if a = p/q, where p and q are, say, positive 
whole numbers, then the relation w = 2* is equivalent to 


wi — 2 =0, (255. 4) 


This function w= 2/7 is q-valued, and its inverse z= w%? is a p-valued 
function. For the geometric description of the function w=2z/7, we must use, 
instead of the above Riemann surface with logarithmic branch points at z= 0 
and z= o, an algebraic Riemann surface of q sheets with a branch point of 
order q at g =O, and another at z= oo. Proceeding as in § 249 above, we 
obtain this Riemann surface by finally joining (identifying) the upper bank 
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of the cut of the g-th sheet to the lower bank of the cut of the first sheet. 

For an algebraic Riemann surface (surface with finitely many sheets), the 
branch points are not considered to be frontier points (as logarithmic branch 
points would be), but rather as interior points of the surface. And in fact, 
the inverse of the function 


w= 249, (255. 5) 


i.e., the function 
z= wt, (255. 6) 


is regular at the point w= 0, which is the point that corresponds to the 
branch point z= 0 of the Riemann surface of (255.5). As the point w= 0 
is an interior point of the domain of definition of (255.6), it is apparent that 
z==0 must be considered an interior point of the domain of definition of 


(255.5). 


Regular Functions with a Many-Valued Inverse (§ 256) 


256. We can now calculate the inverse of a power series of the form 
w=a2 +a, Pt +a, ot? 4... (k 22, a,+0). (256.1) 


To this end, we set 


w = tt, (256. 2) 
1 1 
bm ap oz (14 “Beta Sete ey...) F, (256. 3) 
Here, : 
1 
at = by (256. 4) 


is any (fixed) one of the k-th roots of a,. There is a positive number 7» such 
that for all |z| <7, 


(tet gy Sete By Pas (256. 5) 


ay, a, 


holds. For all such z, we know from (254.7) above that the last of the 
factors on the right-hand side of (256.3) can be expanded in a convergent 
power series in z, and we can therefore write 


t=doz2+ 0,22 +0,224--- (by) + 0). (256.6) 
By § 228 above, this implies that 
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1 1 
z=Cott+oPtic®t+--- (co = 4 = % ae (256. 7) 
0 G, 


where the power series in (256.7) is convergent for, say, |t|<o. To any 
given point w of the disc |w| < o* we can assign k different values of t for 
each of which equation (256.2) holds. If #; is any one of these k values, we 
obtain all k of them from the formula 
oe Gd 
t= t, 2 (j= 1,2,...,%). (256.8) 

By (256.7), each of these t; determines one and only one corresponding 2; 
which when substituted for z in (256.1) produces the given value of w. 

Thus equation (256.1) represents a one-to-one mapping of a certain neigh- 
borhood of z = 0 in the z-plane onto a region of a Riemann surface of & sheets 
over the w-plane. 

For (256.7) we can also write 


1 2 3 
Z=Cowk+cywk+cywk+ ---. 


But there are no particular advantages to this notation as against the one above. 


Bounds for n! (§ 257) 


257. From formula (253.5) we can derive rather close bounds for 1!, as 
follows. We first re-write (253.5) in the form 


el ees (257.1) 


1 a es 
1<1(1+ 5) by ao 


from which we obtain 
1 1 1 1 
= ae ear yt> vty 
(ity mpm) (y 42) *<e<(1++) %. (257.2 


In the last relation, we replace y successively by 1,2,...,(m—1) and 
multiply the resulting (7 — 1) inequalities; from this we obtain, if we make 
use of the identity 


(257.3) 
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that 
ot. nr—t ee nh—t 
e€ 12 moar > 6 ar (257.4) 
Hence if we set 
n! = A(n) n®** en, (257.5) 
then for all values of n, 
ew < A(n) <e, (257. 6) 
that is, 
2.50 < A(m) < 2.72. (257. 7) 


Thus the above formulas serve to calculate »! with an error of not more 


than about 10%. 


Bounds for the Series 373 (§ 258) 
n=1 


298. Let x be a positive real number. We wish to establish the convergence 
of the series 








1 1 1 
Sea) = 1 Se + ee te OSD ae (258. 1) 


n=1 
and to obtain at the same time an estimate for its remainder. 


To this end we let u range over the ray —1 <u < oo and consider the 
function 


vu) = (l+u)-*4+ x4, 
whose derivative with respect to is 


dv 
du 


=—x#(l+u) Ot + x, 


In the interval —1 <u <0, we haveO<1+u4 <1 and (14u)-#+)>1, 
hence dv/du < 0; similarly, if u is positive we find that dv/du > 0. There- 
fore the function v(#) assumes its only minimum at u=0O, whence 


(ltujy-*>1l—-ux (u>—1,4+0). (258.2) 
Hence if » is any integer greater than unity, we see from (258.2) that 


1\-# x 1 \-2 x 
(1-5) PIL gi (1+) PMT gs 
that is, 
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n@ x 
.s (n+ 1)? as (n—1)® ma 





The last relation yields 





1 1 1 1 
== <ste < a (258. 3) 


n® (n+ 1 (n — 1)” nt 


Replacing n by (n+ p) in (258.3) and then adding the results for p= 
1,2,3,..., we obtain 





a i 
ae <2 rae ara < ere (258. 4) 
But by (258.3), 
1 1 1 25 
ant x (n+ 1)* - nite * (258. 5) 


From (258.4), (258.5) and (258.1) we finally obtain the relation 


S (1+) - Sa + separ t Re 
ae oer (258.6) 


0o< Rk, <= yite: 
By taking m sufficiently large, we can make R, as small as we please; for if 
we break the series off after 1 terms and add the expression 1/[x (# + 1)*] 
to the partial sum, then the remaining error is positive and less than the 
last term used. 


The Partial-Fraction Decomposition of 


aetgnasz (§§ 259-261) 
259. The analytic function 


cos z 1 1 
Sp ES yt 
zctgz=2 ge 32 a5 gi... (259. 1) 
is even and regular in a neighborhood of z= 0, and the first few terms of its 
power series expansion are as shown in (259.1). Therefore we have 
1 me a 
m ctg z= -- — cae ae ae (259. 2) 
Hence the function actgaz has a pole of order unity at the point z—0, 
and its residue at this point is 1. Also, it is a periodic function, of period 1; 
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therefore it has poles of order unity and with residue = 1 at each of the 
points z=+n (n=0, 1, 2, ...). This last condition, however, is also satis- 
fied by the function 


v(2) = -— = Dy, (4-3): (259. 3) 


which by § 223 above represents a meromorphic function in the whole complex 
plane ; that it is permissible to take all of the ; of formula (223.5) to be = 1 
in the case of the series (259.3) follows from the fact that by the preceding 
section, the series 


cv 1 
S(2) f x = 
is convergent. The prime on the summation symbol in (259.3) is to indicate 
that the index » of summation runs through all of the positive and negative 
integers but omits n=O. 
The function actg az has no further poles beyond those indicated above. 
Hence by § 222 above, we may set 


nctg 22 = g(2) + ple) (259. 4) 


where g(2) is an integral function that we shall determine presently. For the 
simplest method of doing this, the author is indebted to G. Herglotz who 
communicated this method to him orally. 


260. From (259.1) and (259.3) it follows that 


lim (x ctg az -=) = 0, lim ( (2) - +) =0, 


s=0 =0 
which implies first of all that 
g(0) =0 (260. 1) 
holds. Since by § 204 above, relation (259.3) can be differentiated term by 
term, we obtain by differentiation with respect to 2 of (259.4) that 
= es 260.2 
= — gray toe G2) 


where we note that there is no prime on the summation symbol to modify its 
meaning. If we replace the variable z in (260.2) by 2/2 or by (2 + 1)/2, 
we obtain, respectively, 
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fo.2) 








{Zz 7 4 
=> + ’ 
1(z41\ _ 7 ia 4 
g’( 2 ) a eo (e+ 2+ 1)? ° 


cos? _ =—00 
2 


Adding the last two equations and comparing the result with (260.2), we 
obtain the functional equation 








(5) +e (=34)-4¢. (260. 3) 


which the integral function g’(z) must satisfy. Now let M stand for the 
least upper bound of | g’(2) | in the disc |2z| <2. If the point 2 belongs to 
this disc, then so do the points 2/2 and (z + 1)/2. Hence (260.3) implies that 








M 
7 


Je | <4] e(3) | +4 |fe4 | < 


< 
Since this last relation holds for all points of the disc | | < 2, we must have 
M =M/2, whence M =O. Therefore g’(z) vanishes in the dis¢ and hence 


also in the whole plane, so that the integral function g(z) must be a constant. 
By (260.1), we therefore have g(z) = 0, and we finally have the formulas 








COS Hz 1 a 1 7 
™innz 2 oe er = =) (260.4) 
and 
COs 1 2 1 ce 22 
Uinnz 2 2. er (260. 5) 


the second of which is derived from the first by combining the terms of (260.4) 
in twos, for » and —n. 

261. Each of the terms of the last series can be developed in a power 
series in 3, namely 


22 22 228 2 25 
en? at yh ge (261. 1} 








using Weierstrass’ double-series theorem (cf. §212) and (258.1) above, we 
therefore obtain 
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mctg z= — — 2 S(2) 29-2 S(4) 28 —---, (261. 2) 
which implies that 
nactgrz=1—2 J” S(2n) 22", (261. 3) 
n=1 
z z —  S(2n) ‘ 
7 tz eS tae (261. 4) 


Here, S(”) has the same meaning as in § 258 above. 


The Product Formula for sinzz, and 
Wallis’? Formula (§ 262) 


262. If we integrate relation (260.4) above term by term from 0 to 2 and 
make use of the fact that 


7% COS 1 2 





d 2 
a Tsin rzZ= gin Pray ’ (262. 1) 
we find that 
Isinzz= A424 J |(14 5 )e*], (262. 2) 
whence _ 
band z 
sin z= e4 z]] (14 5)e* : 
Since _ 
A sinaz 
é l > =, 
we finally obtain the formula 
sinaz—n2[]'(1+5)e*, (262. 3) 


n=—0o 


where the infinite product converges for all values of z. If we combine the 
terms for n and —n, we may also write the last relation in the form 


foe} 
sinz z= 22 [] (1-4). (262.4) 


n=1 


For z= 1/2, this yields 


2 _ rp (y_ 1 \_ py 22-0 n+) 
7 ~1T(2 aa) - Yee (262. 5) 
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a formula that was discovered by Wallis (1616-1703). 
We can also find, and just as easily, a convergent infinite product that 
represents cos zz. To this end, we write 


; zac (1+ 22) e*s 
cos z= SN 2Re _ = ; (262. 6) 


2sinaz 





¥ z 
2nzI'(1+=)e n 


which after cancellation of the common factors in the numerator and denom- 
inator yields 


co 


cosme= [J (1+aetz)e tet. (262.7) 
To each negative value n’ of n, there corresponds a value n = 0 such that 
(2n’ + 1)=—(2n+ 1). By always combining two such corresponding 
terms in (262.7), we finally obtain 


foo} 


cosnz= [J (1-5). (262. 8) 


n=0 


CHAPTER THREE 


THE BERNOULLI NUMBERS AND THE GAMMA FUNCTION 


The Inverse of Differencing (§ 263) 


263. Jakob Bernoulli (1654-1705) introduced polynomials s,(*) that 
satisfy the equation 


Sa(x) =O" +1" 4... 4 (x—1)" (= 1, 0" =0 if n>0) (263.1) 


forall non-negative integral values of n and x. In this connection he discovered 
a certain infinite sequence of rational numbers which are called the Bernoulli 
numbers and which are useful for many problems of Analysis and of Number 
Theory. 

The problem treated by Bernoulli is closely related to the study of the 
inverse of the basic operation of the Calculus of Finite Differences.1 Let 


f(x) =O +x ter +e, x (Cn + 0) 


be a polynomial of degree n. We wish to find a polynomial g(#) for which 


Ag(x) = g(x + 1) — g(x) = f(x) (263. 2) 
holds. If 


g*(x) = g(x) + h(x) 
is a second polynomial for which Ag*(+)= f(*), then 


h(x + 1) = h(x) 


must hold, whence 





*The pertinent investigations by Bernoulli are to be found in his Ars Conjectandi, 
published posthumously (1713). The first five of the Benoulli numbers appear on p. 97 
of this treatise. 

For the state of the inverse Calculus of Finite Differences in the eighteenth century, see 
the book by S. F. Lacroix, Traité du Calcul Différentiel et du Calcul Intégral, 2nd ed., 
Vol. 3 (1819), p. 75 ff. and the bibliography on p. ix. 
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Therefore the polynomial h(+#)—h(0) has an infinite number of zeros, so 
that h(x) must be identically equal to the constant h(0). Hence there exists 
at most one polynomial g() that satisfies both equation (263.2) above and 
the relation g(0)=—0. 

To prove the existence of such a polynomial g(+), we first write f(x) in 
the form 


I(x) = ag ta, %+a,%(%—1) +--+ a, %(%—1)...(%— +1). (263.3) 


It is easy to show that it is possible in one and only one way to write f(x) in 
the form (263.3). For if n= 1, then clearly aj) = cy and a, c;; also, if 
n > 1 then clearly a, = c,. Thus if we assume, as an induction hypothesis, 
that the statement holds true for (n — 1), then it follows that it is possible in 
one and only one way to determine the numbers ay, a1,...,@—1 in such a 
way that the equation 


f(x) —¢,% (%—1)...(x —m41) = agp a, x+---+a__1%(%—1)...(% = 42) 


holds, and this equation implies (263.3). 

A similar proof by mathematical induction shows that all of the coefficients 
Qo, @,...,@, are integers if and only if all of the coefficients co,...,C, are 
integers. 

We now introduce the notation 


bo = %, Fb =a, 5,=a4,9! (v= 2,...,n), (263.4) 


(at G) =e) A Be tt pe BS). (069.5) 








1 v v! 


and we observe that 
A(,*,)=(223)-(21)= (3) @ = 0.1... (263.6) 
Hence by (263.3), (263.4) and (263.5), we can write 
E 
fla) = bo (§) +4 (7) +--+ bn(2) = 3°8.(7). (263. 7) 
and (263.6) shows that the polynomial 
g(x) -3 One, (263.8) 


satisfies not only condition (263.2) but also the condition g(0)= 0, 
We note finally that if + is a positive integer, then 
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g(x) = [g(1) — g(0)] + [e(2) — g(1)] + --- + [e(*) — g(x — 1], 
so that 
g(x) = f(0) + f(1) +--+ f(x — 1) (x =1,2,...) (263.9) 
holds. 


The function g(#), which satisfies both Ag(+)= f(x) and g(0) =O, will 
be denoted in what follows by 


A-1 f(x) = g(x). (263. 10) 


The Bernoulli Numbers (§ 264) 


264. Bernoulli’s polynomials mentioned at the beginning of the preceding 
section can now be found by setting 


S_(x) = A-1 x”. (264. 1) 


By the method of the preceding section, we can calculate the s,(*), obtain- 
ing—for the first few of them— 











S9(x) = x, 

s(x) = 2850 2 ty, 

s(x) = ABRN EARN tt (264.2) 
53(%) = = ey = x — > x3 4 = x? +0- x, 

a(x) = 2D eC ere: 1) . 7 : Sa i a ne r 


The pattern of the coefficients of these polynomials does not seem trans- 
parent at all. In order to find a simple law of formation for the coefficients, 
we shall now given an alternate method for determining the polynomials s,(+). 
Our defining equations for the s,(4+) are 


S,(x + 1) —s,(x) = x", s,(0) =0 (264. 3) 
(cf. (264.1) and (263.10) above). Differentiation of the first of these yields 


s, (% + 1) — s,(x) = 0 xn}, (264. 4) 
whence 


Sa-i(4) = = [84(2) — 54(0)]- (264. 5) 
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Now let us assume that we had already calculated the coefficients of 5,’ (+), 
i.e. let us assume that in the equation 


si(x) = hx” + hi (7) aml. tye a5 leat (264.6) 
v=0 


the numbers f’ are given. (The superscripts v of these numbers are not 
meant to be exponents.) Then we obtain from (264.5) and (264.6) that 


Sna(X) = 15 ( A Wat, (264.7) 


and since (*) (m —»)/n = (">") holds, (264.7) implies that 


n—1 
si a(x) = 2, (* gla (264. 8) 
The numbers h°, h',...,h"—~1! appearing in (264.8) are the same as those 


in (264.6). Thus the only difference between equations (264.8) and (264.6) 
consists in the replacement of the n of (264.6) throughout by (n—1) in 
(264.8) and in the omission of the term h” in (264.8). But for 0 and 
n= 2, relation (264.4) becomes sp’(1)— s,’(0)=0, and this relation 
together with (264.6) yields the identity 


w+ (Ti+ +(," )a1=0 (22). (264.9) 


Thus we can calculate h"—' provided we know h”°, hi, ...,h*®—?, and since 
h° =1 by (264.2), relation (264.9) enables us to determine successively 
the numbers of the sequence h', h?,..., as far as we please. 


The Symbolic Calculus of E. Lucas (§§ 265-268) 


265. The relations derived above, as well as those we wish to derive from 
them, can be written in a very transparent form if we consider the numbers h’, 
which are called the Bernoulli numbers, as “symbolic powers,’ and operate 
with them just as though this deliberate misinterpretation were valid. This 
artifice was first suggested by E. Lucas (1842-1891). Accordingly, we write 
equation (264.6) in the form 


s(x) = (x + A)", (265. 1) 
and equation (264.9) in the form 


(h+1)"—h"=0 (n = 2,3,...). (265. 2) 
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In this way, we calculate the first few of the Bernoulli numbers as follows: 


2h1+1=0, Was, 

3h2 + 3h'+1=0, w= 2, 

4184 6h2+4h1+1=0, he= 0, 
5ht+10h3 + 10h2+5h!+1=0, Mas, 

6A + 15h4 + 20h? + 15h2+6h141=0, PS 0; 
Th + 21h 4 35h4+ 35h34 21h24+7041=0, = — 


266. The symbolic calculus of Lucas represents a kind of shorthand in 
terms of which many other relations involving the Bernoulli numbers can be 
set up. Consider, for instance, the polynomial 


P(t) = Co + CE + Cyl? + +++ + Cm t™. (266. 1) 


Using relation (265.2), we have that 


dies 1) — oft) =o + Se, ((h + YF =4, 


v=2 


so that the Bernoulli numbers satisfy the relation 
plh + 1) — o(h) = (0). (266. 2) 
Furthermore, if z is any real or complex number and if we set 


p(t) = f(z +2), (266. 3) 
then (266.2) implies that 


Kz+hA+1)—f(z+h) = f(z). (266. 4) 
This last relation in turn yields 
A-¥f'(z) = fz +) — fh), (266. 5) 


which leads to another very simple way of solving the problem mentioned 
at the beginning of § 263. Specifically, we obtain 


s,(x) = A-2x" = wy (x + AM — weed], (266. 6) 
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From relation (266.4) we further obtain, if + denotes any natural number, 
the equation 

£(0) + FL) + + + f(% — 1) = Hx +h) — FA), (266. 7) 
which represents a generalization of Bernoulli’s summation formula. 

267. We next set 
P(t) = f(e2) 
and obtain from (266.2) that 
#(2( + 1)) — fleh) = 2 (0). (267.1) 


This relation remains valid also if m@(t) is a power series, since the formal 
rules of calculation are the same for power series as for polynomials. In 
particular, if we set 


then (267.1) yields 
ez (ht+)) = ett = 


We thus obtain also the symbolic equation 
gers a (267. 2) 
Hence the Bernoulli numbers can be obtained directly from the coefficients 


in the power-series development of the right-hand side of (267.2), a fact that 
was discovered by Euler. Now we note that 











z z 
# 2 ze @&+1 Zz zZ e@+¢6 2 
@—1 2¢+2° @-1- Fa ae eg ASE Te (20723) 


and that the second term on the right-hand side is an even function of 2. 
Hence the coefficients of 2°, 2°,... in the power-series expansion of e7 all 
must be zero, which yields the equation 


h2k+1 — 0) (R= 1,2,...). (267.4) 
If we replace 2 by iz in (267.2) and (267.3), we obtain 


z 


eh gy is - ctg S é (267.5) 


Hence by (261.4), 
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foo} 


7 n 2S (22) op 
&| aa eS Daye i078) 


n=1 








so that the “even” Bernoulli numbers satisfy the relation 


2 (2 n)! 
(2m)2" 





h2n = (— 1)"-1 S (2n). (267.7) 
Thus the “even” Bernoulli numbers are alternately positive and negative. 
For this reason, it is customary to consider instead of the numbers h?" other 
numbers B, that are defined by 
B, = (— 1)"-1h8*, gives B= %, By= 5, Bu= ay, -.-, (267.8) 
We note two implications of relation (267.7). First, it enables us to evaluate 
the series 








1 
S(2n) az ag (267. 9) 
in terms of h?* (or B,), thus: 
= id = 4 = 718 _ (2 2)?” 
S(2)=~¢-, S(4) me S(6) ope S(2")= > Gar Ba: (267. 10) 


Second, since the numbers S(2n) decrease monotonically as » increases and 
converge rapidly to unity, we can use (267.7) to find bounds for the Bernoulli 
numbers. If for no other reason, such bounds are of importance because even 
for moderately large values of n, the numbers B, become tremendously large, 
as can be seen from the formula 


Bray _ (2 + 1) (2+ 2) F S(2” + 2) 
B 41? S(2n) ° 





(267. 11) 


n 


Therefore if we make use of bounds for S(2n) and (2n)!—for example, 
those obtained in §§ 258 and 257, respectively—we can find approximations 
for the B,. 


268. We obtain a further application of formula (266.2) by setting 
p(t) = (2¢— 1)??*, (0) =2(2p +1), 
where / is a natural number ; this gives 


(2h + 1)2?+1— (2h — 1)2?41 = 2 (2p + 1) 


or 
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(1+ 2hyePptr+ (1 —2h)?Pt1 











2 1)2 2 -1 
neg ta oh p+) P (2h)? + (2p +1) — ) (2p-2) (2h)& pone, 
After some simplifications, this becomes 
1 2a? |, (2p —1)(2p—2) (2 jt 
2p+1 [ager 1-2 ar ey Waa | 
) (268.1 
— 2¥—2)}) (2y—1)27° | 
With the notation 
au _ o-1(2p—1)__ (2 4)” 
Mm = 35577 %= C1 (Zeca) Qyai2r” (268.2) 
formula (268.1) assumes the form 
Ug — Uy + Ug — Ug +--+ (—1)? u,=0. (268. 3) 
Now it is easy to see that for p= 2, 
O< uy <a SS yy (268. 4) 


holds. For to begin with, we have 





1 
“= p57 S5 <3 -=2Bi=m 22), (268.5) 
and furthermore, using (267.11), 


Myay (2p —2y+4 1) (2p—2?) : 4 By+1 














Uy (2+ 1) (2+ 2) Bs 268.6) 
_ 2p—2v41)(2p—2r) S$ (2v+2) ee 
= me “S(2y) * 
Now for 1=v=(p—2), we have, first, 
_ S(2 + 2) 6 
S(2v+2)>1, S(2») < S(2)= thus Se) ee 
and second, 
(2p—2v+4+1) (2p—2») 25-4=20. 
This implies that 
Mars 120 5, 120 
or a > a om (268. 7) 


and from this we see that the numbers of the sequence 
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Ug, Ug — Uy, My — My + My, «20, Ug — +--+ (—1)?14,_, (268.8) 


are alternately positive and negative. Hence if k is any natural number for 
which 1 =k = p—1, then there exists a number #,, for which the two 
conditions 


Mg — Uy eee + (— LEE gg + (—1)¥ Byy ee =0, O< Be <1 (268.9) 


both hold. If k= p, then by (268.3) we can take 2,, = 1 in formula (268.9) ; 
the same holds for k > p, as we can see from the fact that the relations 


Ups = Mpg = = 0 


follow from the definition (268.2) of the u,. Hence for every natural number 
k=1, we have the equation 


1S a2p—1) (2a 2p—1\ (2h) 
ape ~ 2 (2552) wecayae t 9m (2922) Gane 


0< a, <1, 


(268. 10) 


which we shall find of use in the proof of Stirling’s formula (cf. § 276 below). 


Clausen’s Theorem (§ 269) 


269. We shall derive an important number-theoretic property of the 
Bernoulli numbers before we take leave of them. If we set 








_( t \_ t((-1) ¢—2)...(t—m) 
: 90 =(me1)= (m+ 1)! 7% 
then 

’ . oft eee | 

p(0) = tim #0 = 1" 


Applying (266.2) and using (263.6), we obtain 


(A)=( sy. h(h—1)...(8—m+1) =(—1)" —™__ (269.1) 





Now let f(x) be any n-th degree polynomial whose coefficients are integers. 
If we transform f(x) into the form (263.3), then by a remark in § 263 above, 
all of the coefficients @, must likewise be integers. Comparing (263.3) and 
(269.1), we obtain 
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* y a! 

i) a2. (a (269. 2) 
Whenever (vy +1) in the last sum can be written as the product of two 
different integers / = 2 and m = 2, then v! is divisible by (v + 1). The same 
conclusion holds whenever v + 1 =m? and m= 3; for in this case we also 
have 2m =v. Therefore each of the terms on the right-hand side of (269.2) 
is an integer, with the possible exception of the terms for vy + 1= 2, 4, or p, 
where p is an odd prime S-+ 1. Hence we deduce from (269.2) that 





f(h) = integer — o = sts 724 ah eo 
eae (269. 3) 
4 2 (a, +4 p—1)! 
= integer + AM ts) + 2 7 rr 
where p goes through all the prime numbers > 2 and Su+ 1. 
Frobenius (1849-1917) found a similar equation, in which it is not neces- 
sary to calculate the coefficients a,. To obtain this equation, we consider any 
prime number p = 3 and set 


S,(p) = 0" + 1" + ++ + (Pp — 1). (269. 4) 


If g is any number not divisible by p, then the residues modulo p of the num- 
bers Og,1g,..., (p —1)g represent a permutation of the numbers 0,1,..., 
(p —1) themselves, and we therefore have 


Sn(b) = g” Sn(B) (mod A). (269. 5) 


Now if g is a primitive root of p, then g*=1 (mod ) holds if and only if n is 
divisible by (p —1). Hence if m is not divisible by (6 — 1), then we have 
s,(p) =O (mod p). But if n equals (p—1) or is a multiple of (p— 1), 
then by Fermat’s Theorem we have 


Sn(b) = (b — 1) (mod 4). 
Thus we finally have 


a 
3 
a 
ass 
ass 
Il 


=—1(mod?f), (n=k(p—-1), k=1,2,...), 
(269. 6) 
S,(P)= O0(mod P), Begs Pe 


Hence if 
G(x) = Ag+ a, xX +a, % (xX — 1) +++ + Ay_g © (% — 1) ...(x —p+3), 


p(x) = f(x) — ox) = ap %("%—1)... (4 -—P+2) +4px(x—1)...(e-P+1))+ 
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then we have 

p(0) + (1) + +--+ y(p— 1) =0 (mod A), 

y(0) + p(t) +--+ p(— 1) =a,, (b- I)!. 





Therefore 

{(0) + #1) + + f(b — 1) = a4 (P — 1)! (mod 9). (269.7) 
On the other hand, we can calculate that 
f(0) + f(1) + f(2) + #(3) = 4.4) + 6 ay + 8 ay + 6 a = 2 (a, + ag) (mod 4). (269.8) 


Hence we can replace (269.3) by the much more convenient formula 





j(h) = integer + Ms (269.9) 
dp 


here p goes through all the odd primes =n-+ 1 and in addition takes on 
the value 4. 
If we apply the last formula to the Bernoulli numbers h?", we obtain 


Rene | SanlP) 
integer Tiras: 
Now 
Son(4) = 1+ 22" 4+ 32"= 1+ 9" = — 2 (mod 4) 


holds true, and by (269.6) we have s,,()=0 or —1. By crossing out in 
the last sum all those terms for which 5.,(p)/p is an integer, we obtain the 
following final result: 


prea 453), | 
bp 


p runs through all the odd primes =2n-+ 1 for which 2n | 
is divisible by p —1; A, is a positive or a negative integer. 





(269. 10) 


This theorem was proved independently and published almost simultaneously, 
by T. Clausen (1801-1885) and C. von Staudt (1798-1867). It is very useful 
for the calculation of the higher Bernoulli numbers, since the value of A, 
follows even from a preliminary estimate of h?* that one might obtain in one 
way or another. For the Bernoulli numbers h? through h?°, which we can 
calculate directly, we obtain the following values, which of course are seen 
to be in agreement with Clausen’s theorem (269.10) above: 
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1 1 1 
M=  1-(F+3)=5: 
1 1 1 
cies I-(F4+45+5)= a 
1 1 1 1 
ee 1-(¢ +449) = 42° 
8 _(i41 3)=- 1 
ans 1 (3 ag oe 5 30’ 
1 1 1) 5 
ie (535 Poa, 66’ 
aa Be re: ore ee eee ee 
= : tas 5 ts) 2730’ 
1 1) 1 
14 ifceet ec), ak 
RPS 2 (G+5)-14+5 
es oe ore 1 H)=- 47 
ne 6 (5 ra tsti 7 510’ 
1 1 1 775 
18 — = ni mee 
AS 20 fe oa ee is) A 798’ 
20_ _ a 1 1 1 at 41 
WM ——528-(F4+ 54549 529 
Euler’s Constant (§ 270) 
270. We introduce the following notation: 
7 1 1 ar 1 1 
Cate rere aie C, =F yee a 


Then we have, first, 


Cac =] (1 +=) >0, lim (C,— C%) =0, 


n=0Cco 


and second, by (253.4) above, 


(270. 1) 


(270. 2) 
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1 


‘, ba! 1° 
C.- Cyr = 1 (145) az > 0 
nei. <e (270. 3) 
Sat reg ere 
Therefore Ci >C,>C,>--- and C/< Cy <Cj<---, and hence by 


(270.2) above, 


lim C, = lim Cy = C. 
nm =0O n= 0Oo 


The number 


C =lim (l+ p++ 21H) 


n=co i 
is called Euler’s constant. The numbers C,’ or C,”” are not very well suited for 
the numerical calculation of C. However, we note that the numbers 


1 1 1 
lie between C,,’ and C,,”, for every n, so that the C, must themselves converge 
to C. By using the sequence of C,, we can easily determine quite a few of the 
decimals in C; to this end, we note that by (251.3) above, 





14+ —— 
2n 1 
C.-C, 4 pay Seen 
ot e 1 1 2 2n 
2n 








so that we have 





apr te uert-) 
(3 (2p) " 5 (2pys 7)" 


By taking, say, m= 12 in this formula, we can find the first three of the 
decimals of C even if we ignore the entire series development under the sum- 
mation symbol ; by taking into account just the first two terms of this series, 
we obtain the first ten decimals of C. Thus we have 
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L4+ 5 +g t+ 49 = 310321 06782 10... 
25 
1 = = 2.52572 86443 28... 
1 wil 
sy Dy pr = 0.00026 62415 82... 
13 Pp 
1 ai 
ae > Sr = 0.00000 01273 22... 


whence we obtain 
C = 0.57721 56649 .... 


The Function [(z) (§§ 271-273) 


271. For any two natural numbers s and n, the following identity holds 
true: 


ices ented | Ae ee ee 
(s=4)! s (s+ i)(s+2).. (sam) ” n n n ]. (271.1) 








If we hold s fixed and let n go to o in (271.1), the factor in brackets converges 
to unity, and we therefore have the relation 


ns-n! 





(271.2) 





(s— 1)! Jim Si eae 
We shall now prove that the right-hand side of (271.2) represents a function 
that is meromorphic in the entire complex plane if s is replaced by a complex 
variable z. This meromorphic function is denoted by I'(z). 

To prove our statement, we set 








1 Tee Ds See 
I’, (2) ene Zz (z+ 1) (2+ 2)... (2+ n) 
1 si a 2: 271.3 
aga) a2 a . a ( ) 
Ligeg* eS ihe 


It suffices to show that’the [’,(z) converge continuously to (2). By the 
preceding section, the first factor converges continuously to e—°?, so that we 
need only prove that in 





Te) =e o> Il yr? (271. 4} 
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the infinite product converges continuously, or which is the same, that in 


- z z 
IT) =—Cx—1e— "(11+ Z)- 5 (271. 5) 
the infinite series converges continuously, But this is very easy to see, as 
follows. If R is any positive number and N a natural number > 2R, then 
for all n > N and for all | 2 | < R we have | z/n| < 1/2, so that by (253.1), 


a (n> .N). (271.6) 


n2 





Ota) 


From the convergence of the majorizing series 





~7 R? nm? R? 
= < - (271.7) 
n=N 
we now deduce, by § 204 above, the continuous convergence of the series 
(271.5) and hence of the product (271.4), which proves the above statement. 
From (271.4), we obtain the formula 
1 es a z\ -= 
Te 7 ll (1+=je ", (271.8) 
which shows that 1/I"(z) is an integral function the only zeros of which are 
at z=0, —1, —2, —3,-:-. 
272. The first of the expressions for I’,(2z) in (271.3) yields [',(1)= 
n/(n + 1), whence 





Il) =1. (272. 1) 
We also have 
netl yn! n 
P@+ l= ¢y ies 2 Chae oO Ba 
whence 
I(z+ 1) =2z I (2). (272. 2) 


Relations (271.1) and (272.2) further imply that 





T(n) = (wn — 1)! (n = 2,3,...). (272.3) 
By (272.2) and (271.8), we can write 
1 1 1 er) ee ee 
Mins 7-3 Foy “TT(1-5)¢ ». (272.4) 


Multiplying relations (271.8) and (272.4) and using (262.4), we obtain 
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1 1 oe 2 sin 2 z 
T(z) (i—2) =2]](1-%)-—™*. (272. 5) 
By setting z= 1/2 in (272.5), we find that 
P(5)=Vz, (272.6) 


and from this together with the functional eden (272.2) of the gamma 
function, we obtain 





r(-4)--2ym, r(3)-%. (272.7) 
273. By relation (271.5) above, logarithmic differentiation of (272.2) yields 


e+) _ Pe) 1 i | 1 
P(z+ 1) (2) sais c re Ce n x) : (273.1) 


From this we obtain the power-series development 





ety __, a sp i 
—Fesae =~ E+ SQ) z— S18) 2 + S(4) 23 (273. 2) 


valid in the disc | z | < 1. Term-by-term integration and use of (272.1) lead to 


LD (2+ 1) =I) +lz=- C24 20 _ SO) 


254 .... (273.3) 
Hence for positive real values x of 2, the function /I"(z) assumes real values 
and I'(z) itself assumes positive real values, as can also be seen immediately 
from the product representation (271.4) of the gamma function. 

Finally, differentiation of (273.1) yields 


a? 1] T(z) T(z) P’(2) —I'(2)? i 
a = ear = war (273.4) 





The Bohr-Mollerup Theorem (§§ 274-275) 


274. The function I"(z) was discovered by Euler, who defined it in terms 
of definite integrals. For a long time afterwards, mathematicians searched for 
a simple definition that would determine this function uniquely. The difficulty 
here was that unlike in the case of most of the more common analytic functions, 
it was not possible to find an algebraic differential equation that has I"(z) as 
a solution. In fact, it was proved by O. Holder (1859-1919) that (2) 
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cannot satisfy any algebraic differential equation.! On the other hand, the 
functional equation (272.2) is not in itself sufficient to define ['(z) ; for if 
p(z) is any periodic function of period 1 and if we set g(z)—=p(2)I'(2), 
then we clearly have g(z + 1)=2g(z). 

It was not until 1922 that H. Bohr and J. Mollerup? discovered a mar- 
velously simple characterization of I"(z). 

A real-valued function f(*#) that is defined, say, for all x > 0 is said to be 
convex if for all + > 0 the function 


is monotonically increasing in its entire domain of definition (i.e. for y > — x 
and y= 0). It is easy to prove that every convex function must be continuous. 


If the first two derivatives of f(*) exist and are continuous, then f(«) is 
convex if and only if f’(+) 20. For we obtain from (274.1) that 





)= yh (e+ aoe y) + f(x) ; (274. 2) 
If we set x + y= 4, then by Taylor’s theorem, 


e'(y 


Mx) = fu — y) = fu) — 9) +P" (1-8) 9), 


where # is a number between 0 and 1. If we substitute this expression for 
f(#) in (274.2), we obtain 


gp y)= Ft" (et Fy). 


Hence if g’(0) = 0, then f”(*x) 20; and conversely, if the latter condition 
holds for all + > 0, then it follows that q’ (y) 20. 

We note that for all positive real values of 2, the right-hand side of (273.4) 
is itself positive. Hence by what has just been proved, the logarithm of I"(+) 
is a convex function of x for x > 0. 

275. The theorem of Bohr and Mollerup states the following: 


The function I'(#) is the only function defined and positive on the ray 
x >0 that 
1. satisfies the functional equation [(* + 1)=-2«I' (x), 
2. is logarithmically convex, 
3. satisfies the condition '(1)= 1. 


*O. Holder, Math. Ann. 28, 1-13 (1887).—For other proofs, see E. H. Moore, Math. 
Ann. 48, 49-74 (1897), and A. Ostrowski, Math. Ann. 93, 248-251 (1925). 

? H. Bohr and J. Mollerup, Laerebog i matematisk Analyse (Copenhagen, 1922), Vol. III, 
pp. 149-164. Cf. also E. Artin, Einfihrung in die Theorie der Gammafunktion, Hamb. math. 
Einzelschr. 11 (Leipzig, 1931), which we have followed in many details. 
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To prove this theorem, let f(#) be any function satisfying the conditions 
of the theorem, let » be a natural number > 2, and let » lie in the interval 
O0<e=l. 

Then by the logarithmic convexity of f(#), the four points 

nm—-1l<n<n+x<Sn41 


satisfy the relations 








meer < ann tie < er _ (275.1) 
Now by properties 1. and 3. of f(*), we have 
f(n-1)=(n—2)!, f(n)=(n—1)!, fw+1)=n!, (275. 2) 
(n+ x) =x (x41)... (x + 2-1) f(x). (275. 3) 
By (275.1), it follows from (275.2) that 
I(n—1e<1 ie yh < Int, 

so that—the logarithm being a monotonically increasing function— 

(n— ye < SO) <p, (275.4) 


(n — 1)! 
This together with (275.3) implies that 


(n —1)! (mw —1)* 
a(¥+1).. .(*4+n—1) 


(n — 1)! n® 
a(¥+1)...(¥+n—1)~ 





< f(x) < 





These inequalities hold for all values of m. Replacing (n—1) by n in the 
left-hand side, we obtain 


n!\ n® n! n® +N 


x (e +1)... (#+ 2) (¥ + n) <f(x%) S x(¥ +1).. (etn) —n ? 





or, using the notation of (271.3) above, 


I,(%) < f(x) SI, (x) - 
From this it follows that 
f(x) = lim L7,(x) = I(x), (275. 6) 


n=oo 





(n = 2,3,...). (275.5) 


and since we saw earlier that the function ['(z) actually does satisfy all of 
the conditions of the theorem, our proof of this theorem is complete. To be 
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sure, we have verified (275.6) only for the interval OS x < 1; but for all 
remaining positive values of +, (275.6) follows from the functional equation 


(272.2). 
Stirling’s Series (§§ 276-277) 


276. We shall now use the Bohr-Mollerup theorem to derive a formula 
that will enable us to calculate "(x) for large positive values of x. From the 
developments in § 257 above, it is to be guessed that if we set 

g-i 


T(x)=ax 7 e-@ eu (276.1) 


then the function «(*) will remain bounded. We first obtain from (276.1) that 





aeh 
P(x + 1) = (i+) 2 xen} eu (#+1)—H(2) 
I(x) : 


1 
ty 


so that the function u(#) is seen to satisfy the difference equation 
1 ; 1 
p(x) — p(x + W= (2+ Z)i(1+5)-1- (276. 2) 
We write, for short, 


a(x) = (2+ Z)0(1+ 5) -1, (276.3) 
and as a solution of equation (276.2), let us try 
M(x) = g(x) + e(x + 1) + g(x +2) +--- (276. 4) 
By (251.5), g(z) can be represented by the series 


1 1 1 1 


e)= 3 aap ts wae t en 





at every point z of the complex plane that lies outside the circle | z + 1/2 | = 
1/2. For any such z, we then have 


1 1 
le@@)|<$- seeea"cT: (276.6) 


whence it is easy to deduce that the series 


M(z) = g(z) + g(@ + 1)+-- (276. 7) 
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converges continuously in a region of the z-plane that is contained in the half- 
plane Rz > 0, and represents an analytic function in this region. This func- 
tion is usually named after J. Binet (1786-1856), who was the first to study 
it in detail. It is obvious from (276.7) and (276.3) that the function u(+) 
does satisfy the difference equation (276.2). 

For positive real values + of z, we can use (253.5) to find bounds for the 
function g(#) of (276.3), obtaining 








1 1 
0< g(x) <5 - tery | es 
0<g(x+n)<—— Z | ) 
g 2(r+n) W(e+ntl)’ 
from this we infer that 
0< p(x) <a. (276.9) 


If we differentiate (276.5) twice term by term, we find that g”(+) > 0 for 
x > 0; the same result follows, with a little more calculation however, directly 
from (276.3). We obtain 


1 


8") = sapere 7 O- 


Hence we also have 
w(x) = g"(x) + B"(x+1)+--- > 0, 
which shows that e#(*) is logarithmically convex. 


The factor x*-4e-, by the way, is likewise logarithmically convex for 
x > 0, since the second derivative of its logarithm is 
1 1 
reer 


and is therefore positive. Thus by the Bohr-Mollerup theorem, the right-hand 
side of (276.1) does indeed represent the gamma function I"(*), provided 
only that the constant a is defined to be 


a= el HM) (276. 10) 


to satisfy condition 3. of the theorem, and that w(x) is Binet’s function. 
Under these conditions, we also have for complex values of z that 


z-i 
T(z) =az 7 e* et), | 


: ; | (276.11) 
uz) =D pet &, (22+ 2n+ 1)2?° 
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Moreover, for « >0 we have that 


1 d(x) 
I(x) —a ft e7* el2x> (276. 12) 





where, by (276.9), 
0< Bx) <1 (276. 13) 


holds. In particular, : 
1 (7) 
mi=an'*®e-neian (0< Kn) <1). (276.14) 


This approximation to ! is much better than the one in § 257 above. Formula 
(276.14) also enables us to calculate the numerical value of a by means of 
Wallis’ formula (cf. § 262 above) ; but we shall not go into this, because we 
shall obtain the constant a in § 278 below by a different method and without 
any extra work. At any rate, it follows from (276.10) and (276.9) that a lies 
between e112 = 2.5009 and e = 2.7183. 


277. We now wish to replace the approximation 
w(x) == (0< &xy< 1) (277.1) 
by something more precise. To this end, we consider the second of the two 


equations in (276.11) above for z= x > Oand replace the factors 1/(2p + 1) 
by their expansions (268.10), which we transform at the same time, as follows: 











as ee (-1)e1 (2 p—1) (2p—2)... (2p—2k +2) | 4k By, 
2 Teas 1 - 2+... + (2k—2 2k(2k—1 
p+ iK1 ( ) ( ) (277.2) 
msi (2P—1)...(2fP—2m+4 2) 4™ Bi, 
hye 1: ... - @m—2) | 2m(2m—1) Bmp: 


A rearrangement of terms yields 


B B. - B 
wa) = a Ty — a gig tot (ON On Gamay (277.3) 
Be : 


+ ("0 Ge Gm aiam 


This estimate, in which 0 < # < 1, is a consequence of the formula 
dD, bj %= 8 D) a, 0<8<1), 
b p 


which is valid for positive numbers ay whose sum is finite, and for numbers #, 
between 0 and 1. 
To calculate the a; in (277.3) above, we note first that 
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ha 4h ies i et de .(2p—2k + 2) 
a= 2) (@¥t2n41 = 0 a nave oF aM) 
~ 7 ‘ (277. 4) 
* (Oe 4 Qn + 1)eP-2eF I 
In the second sum, we have omitted the terms for p=1,2,..., (k—1), 
because they equal zero. For p= k, we have 
(2p—1) (2p—2)...(2p—2k+2)  (2kR—1)2k... — (2p—1) 
t+ 2+ 20+ (2k—2) 1. 2s @P—2h+ (277. 5) 
as we can verify by cross-multiplying. 
We now note that 
cy (2k—1) (2P—1) _ op_vx 
2 u p-2k+1 
pe “@p—2h+ a) (277. 6) 


= (1a) PFD (1 py) tH, 


which is obtained from the power-series expansions of the two terms on the 
right-hand side. By (277.6), (277.5), (277.4), we now have 


co 
22k-1 
a =i (2¥+2n+4 1)2*1 


1 1~-2k 1 1-2k 
x [Q-s53s) -(l+s3a5) ] 


Bowe 1((2x% + 2n)1-2* — (2x+2n4 2)1- 24] 





(277.7) 


a [(% + n)1-2* — (x + m4 1)1-2*] 
n=0 


which finally yields a, = 1/x?#-1 
If we substitute the numerical values of the first few of the Bernoulli num- 


bers (cf. § 269 and formula (267.8) above), we now obtain from (277.3) 
and (277.7) the final formula 








a | 1 1 1 
M(%) = a7 — 3e0%8 + G2608* — Yes tO 
3 (277.8) 
ap (2 iy" ay m (0 <B_(x) <1). 


(2m—1)2mx2m-1 


This holds for all values of m. Since for fixed x the terms of the series (277.8) 
converge not to zero but to infinity, the formula is useful only if the series is 
cut off after not too many terms. 
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Gauss’s Product Formula (§ 278) 


278. Let p be a natural number. The function 





fa) =p TP (S)r (72+). (Ae) (278. 1) 
is logarithmically convex, since the logarithm +/p of p* is a linear function, 
while each of the remaining factors is logarithmically convex. We also have 
f(+ + 1)—-f(x); for, to add 1 to x has the effect of multiplying p* by p, 
of transforming each save the last of the I” ((x + v)/p) into the next factor, 
and of transforming I'((¥+~—1)/P) into I'((x+ p)/p)=I'(x/p) x/p . By 
the Bohr-Mollerup theorem (cf. § 275 above), f(*) must be a multiple of 
the function I"(+), so that 








t ia x+1 ‘e+ p—l)\ 
p PF) ri : ).r(=48=4 ) =a, Ta). (278. 2) 
For «= 1, this becomes 
=e PA) irs ole 278.3 
ay pr(>)r(S)..r(4). (278. 3) 
Now if k is any one of the numbers 1, 2,..., p, we have from (271.3) above 
that 
Be 
k n? nl pnt 
= : 78.4 
IG) = Gaenes en OP eD ee, 
Let us multiply the p equations obtained from (278.4) by setting successively 
k=1,2,...,p. In the denominator of the resulting right-hand side, each 
of the factors is of the form (k + hp), where h assumes all values from 0 to n, 
and e all values from 1 to p. Thus for h=O the factors 1,2,..., p occur; 


for h=1, the factors (p +1),...,2p; finally for h—n, the factors 
(np+1),...,(np +p). Hence we have 

p+ 

n 2 (nl)? prp+p 


(np + p)! 








ay = p lim (278. 5) 
Now we have the identity 
(np +p)! = (wp)! (mn py [(2 + sz) (1+ 5) bs (1 +2) | (278.6) 


where for fixed p the expression in brackets converges to unity as goes to 0. 


Thus (278.6) becomes 


296 Part Five. III. THE ExponentTIAL AND TRIGONOMETRIC FUNCTIONS 


=f. (278. 7) 


In this formula we replace n! and (np)! in accordance with (276.14) above, 
which yields 


b d(n) 
npt > Pp 
(2!)? =arn 2 e”"? e 12” : 





1 1 B(np) 
(n b)! a Pid 3 i 2 en el2n? | 














Bn) (np) 
a, = qp-1 Vp lim ¢ 12m 12"p . 
This finally gives a) as a 
a, = Vp aP-l, (278. 8) 
Comparison of (278.8) with (278.3) for p= 2 now yields 
1 1 1’ = 
a= = 20 (5)T0) =V2n (278.9) 
pak 
a, =p (22) ®. (278. 10) 


We note that a 
a=V 2m = 2,50662 82746 ... 


lies between the bounds given in § 276 above. 


Compilation of Formulas; Applications (§§ 279-280) 


279. Below is a summary of the various formulas obtained in connection 
with our study of the gamma function. The last formula of (279.1), by the 
way, is known as Stirling’s formula. 


1 
T(x) =V2a% 2 tH), 


0, (x) 1 1 
M(*) = 5 = tae 7 3n + 








(279. 1) 
Bn 


(2m —1) 2mx®™=" 


+ (—1)™ F(x) 





nes eg Bal: 
ni=V2an 7e dete. 
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I(x) = (x —1)I'(x—1), (279. 2) 


gift .7)5 =, (279. 3) 








r(s)r (75+)... r(4#e=4) eal? py (279. 4) 


In particular, for p= 2 (Legendre’s identity) and for p= 3, 








r(3)r(*#4)-2 re, (279. 5) 
r(5) (43) (+) 27 T(x). (279. 6) 
3 2 


As to tabulating the ’-function, it suffices to construct tables for the interval 
1 < x <2, since for x outside this interval the values of (+) can then be 
found by using the functional equation. For actual calculation it turns out to 
be advantageous to construct the tables first for the interval 5< * < 6 by 
means of the formulas (279.1) and to calculate on the basis of these the values 
in the interval 1 < # < 2. 


280. Asan application of formulas (279.2) through (279.6), we shall show 
how to calculate the numbers ['(k/12) for k =1, 2,..., 11; these numbers 
are of interest in various problems of Function Theory. We set, for short, 


“=I (3), y= sin 2% (=1,..., 11). (280.1) 
It will turn out that all of the +, can be calculated in terms of 
x,=T (4) =, %= r(3) =é, (280. 2) 


To begin with, if we set 


1=V3+1, (280. 3) 
we can easily verify that 


1 1 1 3 t 
W= Faz? V=g Ww paw er ¥s=yae- (280.4) 


Now we obtain from (279.3) and (280.4) that 
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1 1 
Hy %yy= 22TH, %_g%y=2n, X%_3%y = 22 2, | 
: . | (280. 5) 


-1 


Ny X%gp = 2-3 22, x3 x= 22 712. 


Thus it only remains to determine the three numbers +,, 2, and *;. By 
setting successively +— 1/3 and + =1/6 in (279.5), and +=1/4 in 
(279.6), we obtain 


2 1 
Xe %y = 23 m2 X%, (280. 6) 
8 
X %q = 28 2 Xo, (280. 7) 
i 
X% X35 X%y = 2-34 1X5. (280. 8) 


If we multiply these three equations by each other and then multiply through 
by +344, we find by (280.5) that 


3 


r(Z) =a+.38- VE r(4)r(3), (280.9) 


and in a similar way we obtain 


r(t) ae sVir r(zy, (280. 10) 


5 So gota de TOA) 
r@)-2 -3°3 VE Saar (280. 11) 
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TRANSLATOR’S PREFACE 


In this translation of the second volume of Carathéodory’s Funktiontheorie, 
the translator has again aimed at a faithful rendering of the original text, except 
for the elimination of a number of misprints and minor errors. 

For the reader who may have bypassed the chapter on Inversion Geometry 
in Volume I on a first reading, or in the customary first course on Complex 
Variables, it will be advantageous to study that chapter before going too far 
in the present volume. 


F. Steinhardt 


EDITOR’S PREFACE 


As has already been mentioned in the preface to the first volume, the author 
of this book lived to see the whole work through the press, so that the text of 
neither volume required any changes or additions by the editor that might 
otherwise have been needed. The division of the work into two volumes was 
ascribed, in the above-mentioned preface, to certain extraneous reasons; 
nevertheless, we might add here that the second volume, being devoted to carry- 
ing the subject on further, is in part devoted to more recent results and 
problems—to some, in fact, that owe a good measure of their exposition and 
development to Carathéodory himself; the present volume requires, corres- 
pondingly, somewhat more from the reader than does the first. In keeping 
with the character of the whole work, the second volume stresses the geometric 
point of view even more than does the first. Considerations of a Weierstrassian 
cast are absent. 

The present volume contains Parts Six and Seven of the entire work. The 
first of these two parts is devoted to the foundations of Geometric Function 
Theory, its three chapters dealing with bounded functions and with conformal 
mapping. Among the topics treated here, we mention G. Pick’s beautiful 
interpretation of Schwarz’s Lemma and a rather detailed account of the theory 
of the angular derivative. For the important theorem of Fatou on the boundary 
values of bounded functions, Carathéodory has chosen his own proof, which 
dates back to the year 1912. 

After a brief study of the elementary mappings, the exposition of the theory 
of conformal mapping begins with the Riemann Mapping Theorem, which is 
the core of the whole theory. The author gives a proof that applies right off 
to bounded regions of any connectivity, proving the existence of the mapping 
function by means of a well-known iteration method. He then proceeds on 
the basis of this central theorem to study the group of congruence transforma- 
tions. For reasons given by the author in his preface (see Vol. I, p. viii), no 
systematic account is given of the theory of the universal covering surface nor 
of the general theory of Riemann surfaces. The same goes for the general 
theory of uniformization. However, the student is shown the construction 
of a specific covering surface, and he acquires an important tool for uniform- 
ization theory in studying the sections that deal with the simultaneous mapping 
of nested annular regions. The mapping of the frontier is treated in detail, 
but Carathéodory does not include here the more complicated investigations 
of the frontier, nor his theory of prime ends. The proof of the Schwarz 
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Reflection Principle is given under quite general conditions and nonetheless 
remains very simple; the boundary values are only assumed to be real, not 
necessarily continuous. 

The four chapter of the seventh and last part deal with the triangle func- 
tions and Picard’s theorems. A solid foundation for the study of these func- 
tions requires some elementary facts about functions of several variables and 
differential equations. These facts are derived in the first chapter. This is 
followed by a detailed exposition of the hypergeometric differential equation. 
There are tables summarizing all of the fundamental solutions of this equation 
and giving the exceptional cases as well as the connecting formulas. This 
provides the student with all of the analytic tools required for the mapping of 
circular-arc triangles. The third chapter gives a geometric study of certain 
special cases, namely of the Schwarz triangle nets and the modular configura- 
tion. The fourth chapter gives the most important theorems on the exceptional 
values of meromorphic functions. Carathéodory begins this chapter with 
Landau’s theorem, deriving from it the theorems of Picard and Schottky. 
Some more recent results on the essential singularities of meromorphic func- 
tions form the conclusion of the work. 


Munich, May 1950 
L. Weigand 
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PART SIX 


FOUNDATIONS OF GEOMETRIC 
FUNCTION THEORY 


CHAPTER ONE 


BOUNDED FUNCTIONS 
Functions of Bound One (§ 281 ) 


281. Let f(z) be a regular analytic function defined in some bounded 
region G. If | f(z)| 1 holds true at every point of this region, we shall 
say that f(z) is a function of bound one in G. For f(z) to be of bound one 
in G, it is necessary and sufficient that the moduli of all of the boundary values 
of f(z) in G be less than or equal to unity. 

We shall prove the following result, which is due to Lindelof: If f(z) is 
known to be bounded in G, then to conclude that f(z) is of bound one in G 
it suffices to establish the above condition at all but a finite number of points 
Ci,.-., Cp of the frontier of G. 

To prove this, we first note that if @ stands for the diameter of the region G, 
then the functions 


oj 2 (j=1,...,P) 
Q 


are of bound one in G. Hence so is the function 


el) = I] (2, (281. 1) 
j=1 


where € > 0 is arbitrary. Now let f(z) be any analytic function that is bounded 
in G and whose boundary values at all of the frontier points of G, with the 
possible exception of the ¢;, are = 1 in modulus. If we set 


f(z) = f(z) (2), (281. 2) 


then all of the boundaty values of the function /,(z), including those at the 
points ¢;, are = 1 in modulus, so that the function /,(z) is of bound one in G 
for every (positive) value of e. But at every interior point z of G, we have 


f(z) = lim f,(2), 


e=0 
which proves that | f(z) | 1 throughout G. 
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Unit Functions (§§ 282-285) 


282. We shall now consider, in particular, functions that are analytic and 
of bound one in the circular disc |z| <1. Among these functions, those 
that are continuous and have modulus unity at every point of the boundary 
| 2 | = 1 of the disc play a special role. We shall call functions of this kind 
unit functions, 

If E(z) and E*(z) are any two unit functions, then it is clear that the 
functions E(2z) E*(z) and E(E*(z)) are likewise unit functions. 

We are now in a position to generalize the argument that was used in 
§ 140, Vol. I, p. 135, to prove Schwarz’s Lemma. We note first that if 
f(z) is a function of bound one in | 2z| < 1 that can be written in the form 
f(z) = E(z)+g(z), where E(z) is a unit function and g(z) is analytic in 
the disc | z] <1, then all of the boundary values of g(z) at the points of 
the circle | z | = 1 are S 1 in modulus, so that g(z) must itself be of bound one. 

This fact is fundamental for the theory of bounded functions. In particular, 
if f(z) itself is a unit function, then g(z) must likewise be a unit function. 


283. Next we shall see how all unit functions can be calculated explicitly. 
A non-constant unit function E(z) must have at least one zero in |z| <1, 
according to the criterion at the end of § 138, Vol. I, p. 135. On the other 
hand, since no point of the boundary | z | = 1 can be a point of accumulation 
of zeros, E(z) has only a finite number of zeros 2,,...,2n, where the 4, 
are not necessarily distinct numbers. Now the expression 


IT fat (283. 1) 
1—2Zyz 
v=l 





represents a unit function the zeros of which coincide with the zeros of E(z) ; 
hence we may write 


n 


E(z) = g(2) 


v=] 


Ly — 2 
Giese (283. 2) 
where g(z), according to the preceding section, is a unit function without 
zeros and hence is a constant of modulus unity. It follows that every unit 
function is of the form 
zy — 2 


E,(2) = oof see (283. 3) 


—2yz 
f4 1 y 


and is therefore a rational function wiose numerator and denominator are 
polynomials of degree ». We shall ca‘ a function E,(z2) of this kind a unit 
function of degree n. 


Unit Functions (§§ 282-284) 13 


If a is any point of the interior of the unit circle and if E,(z) is a unit 
function of degree n, then the function 


a—E,(z 
EQ) = aka 
is likewise a unit function of degree n, since its numerator and denominator 
clearly do not have any zeros in common. Hence £,*(3) has n zeros, pro- 
vided that each zero is counted with its proper multiplicity. But these zeros 
are simply those points of the disc at which £,(z)—=a holds true; thus 
every value a (|a@| <1) is assumed the same number of times by E,(z), 
namely n times. 


284. The totality of unit functions is part of a normal family the limit 
functions of which are not necessarily unit functions, though they must be 
functions of bound one. Thus, for example, the sequence of unit functions 


f(z) = 2,» =1,2,... converges to the constant zero. 
We shall now assign to every function f(z) of bound one in the disc | z | <1 
a sequence of unit functions E,(z), F.(z),... that converges to f(z), where 


E, (2) is a unit function of degree n. 
To this end, let 


f(z) = ap +a, 2+ +--+ a,2% 4+ -- (284. 1) 


be. the Taylor expansion of f(z). We define a function g(z) as follows, and 
obtain its Taylor expansion: 


ay — fz) 
arr ee a1) 


=bo tbzte t+ byy er itee. (284. 2) 
By § 282, the function g(z) is itself of bound one in | z| <1. Now if g*(z) 
is any function of bound one having bo, b1,..., b,-1 as the first coefficients 
of its Taylor series, then 


_— * 
fa(2) = 0° any (284. 3) 
is a function of bound one that has do,a,,...,@, as the first (n + 1) co- 
efficients of its Taylor series. Moreover, if g*(z) is a unit function then 
so is f*¥(z). 

Now if we assume we had an algorithm for assigning to every function f(s) 
of bound one a unit function E,(z) of degree n having ao,...,@,—1 as the 
first n coefficients of its Taylor series, then by means of this same algorithm 
we could assign to the function g(z) of bound one a unit function E,*(z2) 
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whose Taylor series starts off with bj +0,z+---+5,_,2%-1!. Then the unit 
function 
_ 40-2 En(2) 

Ensil@) = [Ese (284. 4) 
would be a unit function E,+41(2) of degree (n + 1) belonging to f(z). But 
since 

z 


E,@ = => 


— yz 


is known, we can actually determine successively, by the method just described, 
all the E,(z2) belonging to f(z). By the theorem of § 211 (cf. Vol. I, p. 209) 
it then follows that 

f(z) = lim E,(z) (284. 5) 
holds at every interior point of the disc |z| <1. In this representation of 
the functions of bound one, the approximating functions E,(2) play a role 
similar to that of the polynomials that are the partial sums of a power series, 
and for some problems the former are actually preferable to the latter. 

285. Let w= E(z) be a unit function whose derivative E’(z) vanishes 
nowhere in the disc | z| <1. Then by the monodromy theorem (cf. § 232, 
Vol. I, p. 238), we can calculate the inverse function z = q(w) in the disc 
|w|<1, and see immediately that g(w) is of bound one and that its 
boundary values are all of modulus unity. Hence the unit function w= E(2z) 
represents a one-to-one mapping of the two discs |z| <1 and |w|<1 
onto each other, from which it follows that E(z) is a unit function of degree 
one (cf. § 283). We therefore have the following theorem: If E(z) is a unit 
function of degree higher than the first, then its derivative E’(2) must have 
at least one zero in the disc |z| <1. 


G. Pick’s Theorem (§§ 286-289) 


286. The properties of unit functions that have been developed in the pre- 
ceding sections will now enable us to derive a large number of results, of 
which Schwarz’s Lemma is merely a first example. We proceed to establish 
an invariant formulation of Schwarz’s Lemma, as follows. 

Let f(z) be a function of bound one in the unit circle that assumes at 
2 = 2 the value wo. If f(z) ==1, we have the relation 


wy —fte) _ %—% g(2), (286. 1) 


1—w fle)  1—%z 
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where g(z), by § 282 above, is itself of bound one. From this it follows that 


2 —2 





| wy — t(2) 
1 — f(z) 


IIA 











(286. 2) 


1—“Zz 


or, if we make use of the concept of pseudo-chordal distance introduced in 
§ 87, Vol. I, p. 82, that 


y(W, ®) S plz, 2)- (286. 3) 


If we consider the two discs | z| <1 and | w| < 1 as representing non- 
Euclidean planes, then the non-Euclidean distances E,(20, 2) and E,(wo,w) 
are given by the equations 


1 
plzo, 2) = tgh z E, (2; 2) 
(286.4) 


1 
p(wo, ) = tgh > E,,(wo, w) 


(cf. §65, Vol. I, p. 55). Since tghu is a monotonically increasing function 
(cf. equation (243.6), Vol. I, p. 252), we can replace relation (286.3) by 
the following: 


E,, (Wo, @) SS En(Zo, 2). (286. 5) 


This interpretation of Schwarz’s Lemma is due to G. Pick, and may be 
expressed as follows: 

Any function w = f(z) of bound one maps the non-Euclidean plane | z| < 1 
onto itself, or onto part of itself, in such a way that the non-Euclidean distance 
of two image points under the mapping never exceeds the non-Euclidean 
distance between their pre-images. If these two distances are equal for even 
one pair of image points and the corresponding pair of original points, then 
the mapping must be a non-Euclidean motion that leaves all distances invariant. 

The last part of the theorem follows immediately from equation (286.1) if 


we set g(z) =e. 


287. Pick’s theorem enables us to find an upper bound for | f(z)| at any 
point z of the disc | z| <1. We note that 


y(0, w) =|w], (0, wo) = |wo], plo, ) Slo, 2). (287.1) 


Hence if we set 





|w| =tgh 5, |wy| = tgh re) p(zo,2) = tgh Le 
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then we have—observing that the triangle inequality holds in non-Euclidean 
geometry, by (73.10), Vol. I, p. 64— 

oO Sat £,(e%,v) Sate (287. 2) 
and hence 


®t _ _tgh w/2 + tgh ¢/2 
2 1+ tgh w/2 tgh C/2 ° 





|w| <tgh 


This implies that 





flea) | + ley» 2) 
lS THitetvane <2) 287:3) 


This inequality can not be sharpened, since f(z) can be chosen in such a way 
that, 29 and z being given, the equality sign will hold in (287.3). 
288. Let us consider the disc | z| =r < 1 interior to the unit circle, and 


any three points 20, 21, 2 inside this disc. For any two of these points, say 
2; and 2;, we have 


E,(z;, 21) S £,(0, 2;) + £,(0, z,) < 2£,(0, 7). (288. 1) 
This implies (by § 87, Vol. I, p. 82) that 


2 
(2,2) < ae = hh. (288. 2) 





Now if w= f(z) is any function of bound one, we may write 
Y¥(®;, w) a v(2;, 2) | g.(z)| (7 =1, 2, 3), (288. 3) 


where the functions g;(z) are of bound one. We observe that by equations 
(288.3), 
| @o(21)| = | gx(20) | 


holds true and that therefore, by the result of the preceding section, 


[8o(43) | + # 
|@1(22)| < 1+ [go(as) | 4 ee) 
holds. On the other hand, 
[8o(Z) | + 4 
|o(%1)| < T+ lelelh (288. 5) 


Hence if |go(z)| = «<1 and if we set 2h/(1 + h?) =k, it follows that 





k 
lea(es)| << A = alr) <2. (288. 6) 
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We have thus proved the following theorem: Jf f(z) is a function of bound 
one other than a unit function of the first degree, then we can assign to every 
positive number r <1 a@ positive number i(r) <1 which is such that for 
any two points 21,22 of the disc |2| <1, the following relation holds: 


(1, We) < A(r) plas, 22). (288. 7) 


289. Let w= f(z) be a function of bound one in the disc | z| < 1 and 
assume also that f(z) is neither a constant nor represents a non-Euclidean 
motion (cf. §82, Vol. I, p. 76). Let y, be a (closed) arc of a rectifiable 
curve without double poirts in | z| < 1, and let us assume first that w= f(z) 
maps this arc one-to-one onto a Jordan arc y, in the disc |w| <1. By § 88, 
Vol. I, p. 83, the non-Euclidean length of a curve equals twice the least upper 
bound of the pseudo-chordal lengths of all the inscribed polygonal trains. Since 
y, is a closed point set, it lies in some disc |z|=7<1. Therefore the 
non-Euclidean length L, of y, is finite, so that y, is rectifiable in the non- 
Euclidean metric as well. If 2, is a polygonal train inscribed in y, and if 
IT denotes the pseudo-chordal length of 2,,, then the vertices of 2, are the 
images of the vertices of a corresponding train x, inscribed in y,; the pseudo- 
chordal length of 2, we denote by I,. By the preceding section, we have 


211, < 2 A(r) HT, S A(r) L,- (289. 1) 
Since this relation holds for all polygonal trains inscribed in y,,, it follows that 
Ly SA(r) L,. (289. 2) 


The assumption that y, and y» are one-to-one images of each other can be 
dispensed with, since any rectifiable curve y, contained in | z| =r can be 
decomposed into at most denumerably many arcs each of which can be mapped 
one-to-one onto an arc of y». Thus we have the following theorem: I/f f(z) 
is a function of bound one in |z| <1, then it maps every closed’ rectifiable 
arc yz, onto a similar arc yw» in the disc |w|<1, and the respective non- 
Euclidean lengths L, and Ly of these arcs satisfy the relation 


Ly SL,- (289. 3) 


The equality sign holds in (289.3) only if the mapping w= f(2) represents 
a non-Euclidean motion. 


* Closed as a point set. 
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The Derivative of a Bounded Function (§§ 290-291) 


290. Equation (286.1) can be written in the form 


wye—te) _— 1— wa f(2) 





fg —2 1l—2Zyz (2). (290. 1) 
If we let zg tend to 2) in (290.1), we obtain 
, 1— 29) | 

f'(zo) = > IE ale). (290. 2) 


Hence unless f(z) represents a non-Euclidean motion, we have at every point 
| 2| of the interior of the unit circle that 





fa < See es (290. 3) 


1—|z)? ~ 1—|2/? 
We have thus obtained the following theorem: The modulus of the derivative 
of a function of bound one in| z| < 1 always satisfies 


_ 2 
false (290. 4) 


and the equality sign holds only in the case of a non-Euclidean motion. In 
particular, in the disc |z| Sr <1 we have in any case that 


1 


If'()| S yr (290. 5) 


These bounds are the best bounds possible. 


The result of the preceding section can be derived, in the case of a con- 
tinuously differentiable arc y,, directly from relation (290.4), since (290.4) 
then implies that 





|dw| |dz| 
[Sh =) 1—|2/?’ (290. 6) 


Yw 


where the integrands represent the differentials of the respective non-Euclidean 
arc lengths. 

Remark, From what has just been said, it follows that relation (290.6) 
can be used to derive once more Pick’s theorem of § 286 above. 


291. We shall next obtain a bound for | f’(z) | under the additional assump- 
tion that f(z) vanishes at z=0. From this we obtain first, setting z—=0 
in (290.1), that 
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Wo = 2 g(0). (291. 1) 

Furthermore, setting | g(0) | =a we obtain from formula (287.3) the relation 
at |Z 

le(z)| S Thee (291. 2) 


If we substitute these two results into (290.2), we find that 


, (1 — a? | zg|?) (@ + |2l) (1 —a |2|) (@ + lz!) 
Med] S “eT Ea lal fir eed) 








The numerator of the right-hand side of this inequality increases monotonically 
in a up to the point 
1 —|2|? 


a, = 
2 | Z| 


(291.4) 
For sufficiently small values of | 2. |, more precisely for |z| <= /2—1, we 
have a) = 1, and the maximum of the right-hand side of (291.3) is obtained 
by setting a1. In this case, 


If'(z)| $1 
holds. But if |z)|>/2—1, then we must set 


in order to obtain an upper bound for | f’(2.)|. We have thus obtained the 
following theorem, which is due to Dieudonné: 
Tf f(z) is a function of bound one in | 2| <1 that vanishes at z=0, then 


(1 + |21?)? 


@lSt % Ql Saya 


(291. 5) 
according to whether |z| S V2 —1= 0.4142 or|z| > 2 —1. These bounds 
are the best bounds possible. 

The equality sign holds in the first case only if g(z) =1- In the second case 
it holds, as is easy to see, only if g(z) is a unit function of degree one and 
f(z) a unit function of degree two of the form 


h+z 


_ po, hte 
{(z2) =e" 2 Tone (291. 6) 
The determination of h can easily be reduced to the case of real w) and 2. 


In this case, 
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whence 
1—32 


Tee (291.7) 


It is remarkable that the upper bound for | f’(z)| in the disc |z| <1 is 
continuous, to be sure, but not analytic. 


A Distortion Theorem (§ 292) 
292. Let f(z) be a function of bound one in | z| < 1 for which 
f'(0) =b=1- 2? 


holds, where e 20. If e=0, then the results of § 290 above show that 
f(2)= 2. We shall prove that in every disc | z| <7 <1, the functions of 
the set just described converge uniformly to zg as e tends to zero. 

To this end, we set {(0) a and 


a—f() _ 
Tosi o* g(z), (292. 1) 


where g(z) is of bound one. Then 


fe) = pte 


1+ az e(2) (292. 2) 
and 
2 g(z) (l—aa) 
H(z) —-az= “T+a7e0 (292. 3) 
From this we calculate 
10) = g(0) (1— aa) =1- &. (292. 4) 


Hence 1—¢2<1—aa@ and a=sc, where |c| 1. It follows that 


{js (292. 5) 


1—ecc 
and 


e? (1 — 6?) co 
l1—éct 


g(0) —b = <e%. (292.6) 


Also, 
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o 
_ (l—e?)? = (2—cC) e? —&4 2? 
Li QO) Di Nie aeg 1—ecc 1—.2° (292.7) 
Now we set 
_ (0) — 2 A(z) 
g(2) = LEO eae (292. 8) 
and obtain 
_ _e(0) —b — (1 —g(0) b) z h(z) 
g(z)— b= Tro) 7 AG (292. 9) 
These formulas show that for |z| <7, 
2(1—e62) + 2e%r- 
le(z) — 8] S SS (292. 10) 


Here we made use of the fact that h(z) is of bound one. Now we have 





a+ze(z) —bz—ab2* g(z) 
f(z) —bz= - fase) 5 (292. 11) 





For | z| <1, finally, 





| eft + (L —e%) 74] (1 —e%) (L—r) + ret (1—e2 + 27) 
[f@)- ba] = ~ (I —e%) (1 —v) A —en) 
l+rt—r—4 re (1+ 27) l+re(1+27) (202.04) 
S¢- ad Alieaen. aeaSee 


This shows that in the disc |z| <7, the expressions f(z)— bz (where 
b = 1— é?) converge to zero uniformly as € goes to zero.* 


* A slightly more general theorem can be established by means of a much shorter (though 
not quite as elementary) proof for which I am indebted to Mr. Erhard Schmidt. Let the 


co 
function f(z) of bound one be given by j(z) =D a,2”. Then for 0<7 <1, z=7e'? 
v=0 


2x 
) 1 3 
2 | ay] 72 = aq | 1 T(z) dogs 1, 
0 


whence for r=1, 
foe} 
2 |a/?S1 
v=0 
follows. Hence if for any k, 
Jag] =1—e%, 
then 
Py |a,|? < e2' 


vk 
and therefore, by Schwarz’s Inequality, 
2 


1—,7r3° 





| fz) — a, 22S e®@ Dr? < 
vk 
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By Rouché’s theorem (cf. § 226, Vol. I, p. 229), it follows further that for ¢ 
sufficiently small (independently of the choice of a), the function w= f(z) 
has at least one zero in | z| <r, and that this function is simple (schlicht) 
in some disc | z| < 9. To obtain the best possible bounds in this connection, 
one proceeds best by reversing the problem and going after the maximum of 
| (0) | for all functions f(z) of bound one that represent a simple mapping 
of a given disc |z|=r<1. This problem leads to extensive calculations 
but can be handled by methods similar to those used above. 

Remark. The same method can be used to estimate the remainder of the 
Taylor series of f(z) —a— bz in terms of e and r. 


Jensen’s Theorem (§ 293) 


293. Let f(z) be a function of bound one that is known to have zeros at 
21,...,2n, all of these numbers being assumed to be distinct from z—0. 
Then we deduce just as in § 283 above that f(z) can be written in the form 


n 


fH) = 82) 


v=] 


ly— Zz 


= ? 
1—2,z 


where g(2) is also a function of bound one. From this it follows that 
|#(0) | = |g(O)| [21 22 --- 2n| SS [21 Ze --- Zn] (293. 1) 


This result, after re-norming the functions involved, is equivalent to the 
following theorem of J. L. Jensen (1859-1925): Let F(z) be regular in the 
disc |z| < R, let F(0)=1, and let 2,,..., 2, be among the non-zero zeros 
of F(z) in this disc. Then the least upper bound M of | F(z)| in|2z| <R 
satisfies the inequality 

eas (293. 2) 

| 2 2g +++ 2y | 

From (293.1) we can also derive an upper bound-for the number of zeros in 
a disc |z| <7 < 1 of any function f(z) of bound one in | z| < 1 for which 
F(0)= ap. For if is the number of these zeros, we have 


|ay| <7”, (293. 3) 


whence 


Me gee (293. 4) 


lr 
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An Application of Pick’s Theorem (§ 294) 


294. Let f(z) be of bound one in the disc |z| <1. We consider an 
arbitrary set of circles K(z) with non-Euclidean centers at zg and non- 
Euclidean radii g(2), and in the w-plane we consider the circles I’(z) with 
non-Euclidean centers at w= f(z) and non-Euclidean radii o(z). If A, is 
any point set contained in the union of the discs K(z) and if the point set 4, 
of the zv-plane is the image of A, under the mapping w= f(z), then by Pick’s 
theorem, A, must be contained in the union of the discs I’(z). We shall 
make use of this fact in what follows. 

Let us assume that f(z) is a real function, so that it maps the points of the 
real diameter of | z| < 1 onto points of the real diameter of | w| <1. Now 
if we consider the set of all non-Euclidean discs of (non-Euclidean) radius @ 
and centers on the segment AB (see Fig. 34 below), we see that these discs 
cover the lens-shaped region 4 NBM A _ bounded on either side by a (non- 
Euclidean) line of constant (non-Euclidean) distance from the segment 4B. 
Our observation above now implies that to every point of this lens there 
corresponds a point w= f(z) that lies within the corresponding lens in the 


a 
Rees 


Fig. 34 
Julia’s Theorem (§§ 295-297) 


295. Let us consider those non-Euclidean motions 





w=? 2? (|a| <1), (295.1) 


l1—az 
for which z = 1 is a fixed point; they are of the form 


1—a a—z 
vo=— 








(295. 2) 


l—a 1—az’ 
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Writing 3 3 
= —a= 295. 
a= A+ 1? 1 a A+ Tt’ ( Pe) 3) 


we obtain them in the form 











sD a (A—1)—(A +1) 2 & (1 + 2) —A (1 —2) 295.4 
*, A+1)—G—1)z (l+z)+A(1—z) ° ( ) 
This yields 
pa we DOR O gy pe BAF AFU DORA Oap5 5) 
(l+2)+4(1—2) (l+2)+4(1—2) 


We now set 4a + if and note that by (295.3), the condition | a| <1 
can be replaced by a>0. We find that 
1—w a (1 —z) 


Ttw @+a—-ip—-y- (295.6) 





This formula takes on a particularly simple form if we assume the point. 














2==— 1 to be a second fixed point of the transformation. For in this case 
B=0, so that 
1l—w 1l—z 
If we set 
Gis OE ps cts e. , (295.8) 


1—u, etn z’ T—, 6! ¥n w 
where u, and v, are positive numbers < 1, then 

W,=e'™Z, (n= 1,2,...) (295.9) 
represents a non-Euclidean motion. We shall show that under the assumptions 


1—v, 





lim u,, e*°" = lim v, e'** =1, lim —* =a, (295. 10) 


n= 00 n= 0O n=O n 


it is possible to determine the numbers :~, in (295.9) in such a way that 
(295.9) converges to (295.7). We first introduce the abbreviations 


t, =e ne, wei wy. (295.11) 


Then we have 


Za = cn he, (295. 12) 


Jutta’s THEOREM (§§ 295-296) 25 


This implies that 


-139 ino) (l+ Un) (lL — on) 
1 +e Zn = came a ea , | 
: rons | (295. 13) 
-18n == Mn) AT Sn) 
l-—e LZ, = : = Pe aie 
Similar formulas hold for W,. Now the equation 
1+ etn Zn = 1+ e-t¥n Wa (295. 14) 





Ten Z, ~ 1—e nw, 


holds identically if we set W, = e'?" Z, and take , = y,—8,. It therefore 
represents a non-Euclidean motion. If we substitute the expressions (295.13) 
and the analogous expressions for the W, into (295.14), we obtain these 
non-Euclidean motions in the form 

1—o, 1—y, 1+ uy, 1—f, 


fre ae ae ee (295. 15) 








and these motions map the point #,, e®" onto the point v,, e¥" and, by (295.10), 
converge continuously to (295.7). 

296. We now consider any function f(z) of bound one in | z| < 1 that 
is not the constant unity, and we consider sequences of points z, in the 
(interior of the) disc | z| < 1 that converge to z—=1. Let us assume also 
that lim f(2,)==1. For all such sequences we either have 


lim 2a! 60, (296. 1) 


n= 00 1— |2,! 


or else there is a sequence of the kind specified for which the limit in (296.1) 
is a finite non-negative number a. We must then even have a > 0, since 


by § 287, 





\(0)| + 121 ae 
2) S per’ eae 
whence 
Lf) 11H) 1 = 1H) 
T—|z) = 1+ AO lel = T+ 1A’ (298.3) 
from which 
1 —|#(0)| 
> 
aio > (296. 4) 


follows. If for a sequence {z,} the number a is finite, then with the notation 


Zn = un e’n, f(z,) =u, (296. 5} 
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it follows that 


lim u, =limv, =1, lim 1=% =«. (296. 6) 


n=0o n= 00 n=00 n 





Let x be a fixed point on the real diameter of the disc | z| <1 and let K, 
be the circle that has 1, e" as its non-Euclidean center and passes through 
the point x. The Moebius transformation (295.15) maps this circle onto a 
circle I’, of the w-plane having w,—=f(2,) as its non-Euclidean center and 
having the same non-Euclidean radius as K,. The circles K, converge to a 
circle K that is an oricycle (cf. § 83, Vol. I, p. 79) of the non-Euclidean 


So 





Fig. 36 


plane |z| <1 and passes through the point z—=1 and z=. Since the 
Moebius transformations (295.15) converge to (295.7), the images I", of 
the circles K, must converge to an oricycle I’ of the non-Euclidean plane 
|w| <1 that passes through the points w= 1 and w= y, where y and x 


are related by 

ee =a Gt. (296.7) 
Now if 2 is a point in the interior of the oricycle K, it must be contained in 
the interior of infinitely many of the circles K,; by Pick’s theorem, the point 
w==f(z) must then be contained in the interior of infinitely many of the 
circles I’, and therefore cannot be outside the oricycle ’. Since the mapping 
is neighborhood-preserving, the point w= f(z) must even lie in the interior 
of I’. Hence any boundary point of the disc K is mapped onto an interior 
point or a boundary point of I. 


297. From a study of Figures. 35 and 36 above it follows that 
AP Ax 1—<x 


“PB «E li« 











and 


AP) _— Ay i-y 
P\B, ~ yéEy l+y" 
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Thus the result of the preceding section is expressed as follows in geometric 
terms: 


A,P, AP 
P.B, =" PB’ 


By § 158, Vol. I, p. 154, this can be written in the form 


[1 — f(z) |? jl—2|? 
Ter =* 1 7F° (297. 1) 
Thus we have obtained the first part of the following theorem, which is due 
to G. Julia: 


If f(z) ts a function of bound one in | z| <1 that is not the constant unity 
and if {2,} is any sequence of points of the disc | z| <1 that converges to 
2 = 1 and for which lim f(2,) = 1, then either we have for all such sequences 
that 


1—If(2n) | 


lim (297. 2) 


n= 00 
or else there are finite positive real numbers a which are such that for alt 
|2| <1, the relation 


M—#e PR ze 


Tia =* tee (297. 3) 





holds. If, in particular, there is among these numbers a a value a and in 
|2| <1 @ point 2’ for which the equality sign holds in (297.3), then the 
relation 

11 — #2) |? [1 —2)? 


rT ~ 4 TeP oe 





holds at all points inside the unit circle and f(#) ts a non-Euclidean motion 
of the form 


(14+ 2) — (mq +i 6) (L—2) 
Olek canes ery cer 








(a > 0, B real). (297.5) 


We shall now prove the second part of this theorem. If we denote by K’ 
the oricycle through z = 1 and z = 2’, then w’ = f(z’) must lie on the image 
I” of K’. If 2” is any point of the non-Euclidean ray that joins z—=1 and 
g=2’, and if K” is the oricycle through z= 1 and z= 2”, then the image 
point w” = f(z”) lies inside or on the corresponding oricycle I”, and the 
pseudo-chordal distances w(2’, 2”) and p(w’, w’”) satisfy the relation 


yz’, 2") S p(w’, w"’). (297. 6) 
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But by Pick’s theorem, 
y(2’, 2”) = p(w’, w”’). (297. 7) 


Therefore the two pseudo-chordal distances are equal, and the transformation 
w == f(z) is a non-Euclidean motion. This last fact also follows from Pick’s 
theorem. The non-Euclidean motion has z= 1 as a fixed point and is of the 
form .(295.6), so that (297.5) is established. 


The Angular Derivative (§§ 298-299) 


298. Julia’s theorem has a converse. If there exists a finite positive 
number a which is such that relation (297.3) holds at all points inside the 
unit circle, then we can show that there exist in the disc | z| < 1 sequences 
of points 2, for which 


lim z, = lim f(z,) = 1 (298. 1) 
and for which 
- 1—I|fléa)l 
bee pea he (298. 2) 


exists and is Sa. For by (296.7), the Euclidean radii 


1—~* 1—y 
Cae ys Pe (298. 3) 





of the oricycles K and I satisfy the relation 
ar 


ee ere (298. 4) 


But (297.3) implies that the real point += 1— 2r of K is mapped onto a 
point f(x) for which the relation 


|1—f(x)| S2e (298. 5) 


holds. Comparing the last relations, we find that 


1—|f(#)l — [1-H] a eget 
Wey Stas oe iene 28:8) 
Passage to the limit yields 
~ 1 —If(x) | va 11 —f(4)I 
lim ee ee i < lim ees keer s Qa, (298. 7) 


z=1 e=1 
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from which our above statement follows immediately. We are now able to 
determine the smallest number a) for which the given function f(z) satisfies 
relation (297.3) at every point of the disc |z|< 1. By (298.7), a) cannot 
be less than 


On the other hand, if a) stands for this expression, then there are sequences 
of real numbers +, for which 


lim x, = lim f(%,) = 1 (298. 8) 
n=00 n= 00 
and 
lim 22 !fGal @ g, (298. 9) 
ics 1— x, 


holds. Hence by the preceding two sections, we may also substitute the 
value a for a in relations (298.6) and (298.7), and (298.6) then implies that 
—— 1—| oe |= 
tim 2M tim ee es, (298. 10) 
while a comparison of (298.10) with (298.7) yields the fact that the two 
limits exist and are equal, so that 
1—|/(#) 


lim os Sh = ‘O° 


x=1 x=1 


(298. 11) 


The non-zero number a) which we have thus determined is positive, by 
(296.3) ; hence (298.11) shows that 


im Lae 298. 12 
pn ayet oe) 


If we set 
1— f(x) =Ae®, (298. 13) 
where 4 is > 0 and # is real, we obtain 


L—If(@)l 2cos#—4 

IL—f(4)| 14 V1 —2A cos b+ 22 
If x tends to unity, then (298.13) shows that A must go to zero, whence cos 
and therefore also e* must, by (298.12) and (298.14), go to unity. Since 





(298. 14) 


1 — f(x) = |1 —f(x)| &? 


holds, we have thus obtained the following theorem: 
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For all functions {(z) of the type considered in this section, and for real x, 
the limits 





lim a1) (298. 15) 
ea x 


exist and are equal to each other. 


299. The last result can be extended from real values x of z to sets of 
complex values of z that lie in a triangle having one of its vertices at z= 1 


SY 
vs 


Fig. 37 


and having the opposite side 4B within | z| <1 and perpendicular to the 
real axis (see Fig. 37). 
By § 215, Vol. I, p. 215, all points 2 of the triangle 4 B1 satisfy the relation 
jl1—z2| 
——-" <M <oo. 
1—|{2| 
Hence if {z,} is any sequence from the triangular region that converges to 
z= 1, we have 


1—it@n)| < |1-Hedl < y 











| —HZn) 
1—|z,| ~™ 1—12,| | 1—z, (299. 1) 
Unless for all such sequences we have 
- 1—HEn) _ 
lim - <a (299. 2) 


n= 00 n 


it follows from Julia’s theorem that (297.3) holds; there must then exist a 
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number a <a that equals each of the three limits corresponding to those 
in (298.15). 

In this latter case, we denote the altitude of triangle 4B1 by h (cf. Fig. 37) 
and introduce the notations 





_— R(1—2,) = Xo 7, 
cea ea cg ee ear (299. 3) 
We also set 
L—z=1, (1-2, 1—#(2) =o, (1— (0). (299. 4) 


From the geometric interpretation of Julia’s theorem (cf. § 297 above), it 
follows that the functions ®,(¢) are of bound one in the disc |¢| <1 and 
constitute a normal family. Relations (299.3) and (299.4) imply that 
_ fel 5 

@,(t) —1= areas (¢—1) (L—7, (1 — %)], (299. 5) 
where ¢ and 2 are related by equation (299.4). In particular, if ¢ is real then 
for every value of n, the corresponding z equals a real number x,, and from 
limr, = 0 we obtain 


lim Ao) —"_ 1, lim &,() =. (299. 6) 


Hence by Vitali’s theorem (cf. § 191, Vol. I, p. 189), the ®,(t) converge 
uniformly to ¢ on every closed point set contained in the disc |¢| <1. 
We now return to the original sequence of z, and we define the numbers 
t, by the equations 
1— 2, = 1, (1— th). 


Then by (299.3), all of the points ¢t, lie on the side 4B of the triangle 4B1 
(if we consider the triangle as lying in the disc | ¢ | < 1). Hence it follows from 
the last result above that if we set 


@,(tn) = tn + Tr (299. 7) 


then lim t,—=0. Equation (299.5) yields 





Here, 
lim y, =limt, = 0, R(1—#,) =A, 


n=O n=0o 


whence 
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Pane eas |e 

ier ers Spe (299. 8) 
By (299.6) and by § 188, Vol. I, p. 187, the derivatives ®,’(t) likewise form 
a sequence that converges uniformly to unity on the side 4B of the triangle 
AB1. But by differentiating equations (299.4), we obtain 


®,, (t) = f'(z) ae (299. 9) 


so that 
, _ a, 7 
f* (ea) = aya Pate), 
(299. 10) 


lim f'(z,) = a. 
n=0oO 


We have thus proved the following theorem on the angular derivative : 

Let f(z) be a function of bound one in the disc | z| < 1,,and consider any 
triangle in this disc that has one of its vertices at g==1. Then for any 
sequence {2n} of points from the interior of the triangle that converges to 
z= 1, the limit 


(299. 11) 


exists and either always (that is, for every such sequence) equals infinity or 
always equals a positive number ay. In the second case, we also have the 
relation 

lim f’(z,) = a, (299. 12) 


n=0o 


and we refer to this number as the “angular derivative’ of the function f(z) 
at the point z=1. 


Further Properties of the Angular Derivative (§ 300) 


300. The following remark gives a criterion for the existence of the angular 
derivative that is very convenient in many applications. From the results of 
the last sections it follows that a function f(z) analytic in the disc | z| <1 
has an angular derivative at the point z= 1 if, first, f(z) is of bound one 
in | z| < 1, second, the relation 


lim f(x) = 1 


z=1 
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holds for real values x of z, and third, | f’(x) |< M holds for ~»<+*< 1, 
where 7, is a suitable number between 0 and 1. The third condition may 


also be replaced by lim |/’(x)| <M. These conditions are sufficient, since 
s=1 


we may write 


Ia — Heo =| fr) ax| <M(1—%), m<«<1. (300.1) 


F 


As a first application of this criterion, we can easily show that if f(z) and 
f2(2) are two functions of bound one in | z| < 1 and if 


H(z) = Ale) fol2), (300. 2) 


then each one of these three functions has an angular derivative at z= 1 
provided that the two others do. In fact, from, say, 


lim f(x) = lim f,(%) = 1 


x=1 z=1 
it follows that 
lim f,(x) = 1. 


x=1 


Also, 


yy — £(#) — fel) Ala) 
fe (*) o f1(*) J 


so that f2’(z) is bounded in some interval rp << #< 1. If we denote the 
angular derivatives of the above functions by a, a1, and a, then 


pees. (300. 3) 


which implies that a2 a, and a= a. 

Next we shall prove that if {f,(z)} is a sequence of functions each of 
whose terms f,(#) has an angular derivative a, at the point g==1, then any 
non-constant limit function f(z) of the sequence also has an angular deriva- 
tive a at g = 1 provided only that the sequence {a, } has a finite upper bound ; 
in this case, 

a <lima, 
n=00 
holds. 

To prove this, we note that at every point z of the disc | z | < 1, the follow- 
ing relation holds: 


IL—fel)i? — lal? 


1—|f,(2) |? = n 1—|z|?° (300.4) 
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Also, in the sequence {a,} there is a subsequence @y,, %,,»--- that converges 
to lima, ; using this subsequence to pass to the limit in (300.4), we obtain 





THF < hima, -A=2 for [z}<1, (300.5) 


1 — | f(z) |? — 1—|2|? 


and our statement now follows from §§ 296 ff. 


The Angular Derivative and the Zeros of a Function (§§ 301-304) 


301. We consider the unit function 


Ejse. (301. 1) 


l—z, 1-2 





and we note that 








E(1) = 1, 
ry Lah, tal (301. 2) 
Ge) ge reas gn 
Therefore the function E(z) has the angular derivative 
, , i= | 2; 2 
a’ = E'(l) = 7a (301.3) 


We now consider an analytic function f(z) that has a zero at z= 2, and 
an angular derivative a at z= 1. If we set 


f(2z)= Elz) f(z), 


then f,(z) must be of bound one and has, by the preceding section, an angular 
derivative a, for which a—a’+a, holds. This together with (301.3) 
yields the inequality 


1—|4(* 
= [Laz ° 





a (301. 4) 
Remark. If 2; =0, then a’ = 1 and q = 1, whence we immediately deduce 
the following theorem of Lowner: 
Let w= f(z) be a function of bound one in | z| <1 for which f{(0)=0, 
and assume that this function maps an arc of length s of the circle |z|=1 
onto an arc of length o of the circle |w|—=1. Then we must have o=s. 


302. Let f(z) have the angular derivative a and a finite or infinite number 
of zeros z,. Then by the preceding section, 
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1—|{z,|? se 
a2 Saat (302. 1) 


From § 158, Vol. I, p. 154 and from Fig. 38 below, we infer that 








1 —|z|? _ Why qv 1+ %y 
folel eh tte (302. 2) 


This observation enables us to determine the most general distribution of 
zeros z, for which 


= 2 
yale =a’ (302. 3) 


|1 — 2»|? 
holds. To this end, we choose any sequence of positive numbers 0, for which 
a’ = Lio, (302. 4) 


holds ; we then determine x, from the equation 





eat omer (302. 5) 


1—x, " 


and we finally construct the oricycles (cf. § 83, Vol. I, p. 79) through z= 1 
and z= x,. If we now choose an arbitrary point z, on each of these oricycles, 


(>) 


Fig. 38 


relation (302.3) ensues. If there are infinitely many numbers @g,, the points 
z, can always be chosen in such a way as to make the set of their points 
of accumulation coincide with any pre-assigned closed subset of the circle 
|z|==1. In particular, the point z= 1 may be the only point of accumula- 
tion. We now introduce the unit functions 
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k 
tz) = [TE (k= 1,2,...), (302.6) 
v=1 
whose respective angular derivatives are given by 
k 
a, = >” 0,. (302. 7) 
v=l 


Let {fnj(2)} be a convergent subsequence of the sequence {f,(z)}, and let 


g(z) = lim f,,(2) (302. 8) 
7=0 
be the limit of this subsequence. If G, is a subregion of the disc |z|< 1 
that does not contain any of the points z,, then all of the /,,(z) are += 0 in Gi. 
Hence by Hurwitz’s theorem (cf. § 198, Vol. I, p. 194), w(z) is either the 
constant zero or a non-constant function of bound one having its (single or 
multiple) zeros at the points z,. In the latter case, (z) must have by § 300 
above, an angular derivative a* for which 


* Hy = ab 
a* Slim a, = « 
j=0o 


holds. But since we can write 
P(2) = fng(2) 8nj(2) (j= 1, 2,...), 


it follows that, on the other hand, a* >«a,, (j= 1, 2, ...), whence we see that 
the angular derivative of y(z) at z= 1 must equal a’. 
If all z,+ 0, then (301.1), (302.6), and (302.8) yield 


|(0)| = [7 | £,0)| = JT lz1- (302. 9) 
vol v=1 
Setting 
[z,| =1- Ens 


we obtain by our construction above that 
e,=1-|z,|S1+%,52¢,, 


which implies that the sum ’ «, is finite. Hence the product on the right- 
=1 


hand side of (302.9) is likewise finite and different from zero. In this case, 
therefore, y(z) is not a constant, and this holds also in the case that a finite 
number of the z, are zero. 
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Now let 


wl) = im fay (2) 


be a second function that fits the specifications laid down for m(z). Then 
for every natural number 7, 


lv(2)| S |f,,(2)| 


holds, so that | p(z)| S| y(z)|. Butin the same way it follows that] @(z)| < | y(z)|, 
and we therefore conclude, by § 144, Vol. I, p. 139, that 


y(z) =e? y(z) for |z| <1, 


where # is a real number. Since each of the functions @(z) and w(z) has 
an angular derivative at zg 1, it follows that if we approach z= 1 along 
a straight line then 

lim g(z) = lim p(z) = 1, 

z=1 s=l1 
whence ¢? = 1. 

Using the same argument as in the proof of Vitali’s theorem (cf. § 191, 

Vol. I, p. 189), we find that the sequence {f,(z)} itself converges in the 
disc | z| <1 and that the equation 


t(2) = [J E.@) (302. 10) 


defines a non-constant function of bound one having the angular derivative a’ 
and the zeros 2,. 


303. Let 4 be a point of the disc | z| <1. If f(z) has an angular deriva- 
tive a at z= 1 and if we set 








1-2 A—}F{2) 

g(z) =— 1A 4 _Fq(2)’ | 

- de (303. 1) 
; Tae. edhe 
g (2) a 1 =F : (1—7 fz)? f'(2), | 
then g(z) has an angular derivative 
, 1—|Al? 

p= el) = ae. (303. 2) 


If we dénote the zeros of g(z) by z,—they are the points where f(z) assumes 
the value A—we have by (302.1) that 
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jl —A|? 1 — lz 2] 
a> . 
= aaa) Wea eee (303. 3) 
and this inequality cannot be sharpened. 


304. Let @ be assigned, and let x be a point of the negative real axis that 
lies inside the unit circle. For every point z, lying within the oricycle through 
2==1 and z= +2, we have 


ee > he. (304. 1) 


If we denote by ” the number of J-places of f(z) within the oricycle (i.e. points 
within the oricycle at which f(z) 2), then by (303.3), 


1—|A\? 1—% 











name Tee: (304. 2) 
The disc | z| <r <1, where + =—-,, lies within the above oricycle. Hence 
if m) is the number of A-places of f(z) in the disc | z| <7, then 

ipo (304.3) 


jl—Al? 1 —7" 


If in particular we set 4==f(0), we must have m= 1 for all r > 0, and 
we obtain 


|1 —#(0) |? 
Toor’ (304. 4) 


This inequality cannot be sharpened, and it is clearly better than (296.4). 


An Application of the Poisson Integral (§§ 305-306) 


305. Consider a real function y(¢) that is defined and sectionally con- 
tinuous on the unit circle | | = 1 and whose values lie between two positive 
numbers a and 8. We wish to construct a function that is analytie in the disc 
|z| <1 and whose modulus on the boundary of this disc coincides with 
wy(C) at all those points at which y(¢) is continuous. 

To this end, we substitute 


plt) = 1 ple) (305. 1) 


in the integral on the right-hand side of (148.11), Vol. I, p. 145, and we obtain 
in this way a function g(z) whose real part is represented by a Poisson integral 
(cf. § 151, Vol. I, p. 147) that is continuous and equal to /w(¢) at all points 
of continuity of y(¢). Then the function 
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f(z) = & (305. 2) 


is regular and distinct from zero in the disc | z | < 1, and the modulus | f(e**) | 
coincides with y(e) at all points of continuity of y(¢). Thus we see that 
within certain limits, we can assign the values of | f(z) | at will. Of course, 
the function f(z) constructed above is not the only one that satisfies the re- 
quirements, since every function of the form 
f(z) =f(z)E(z), 
where E(z) is any unit function, will do as well. 
306. The construction given in the preceding section enables us, in par- 
ticular, to obtain functions f(z) of bound one devoid of zeros in | zg| < 1 and 
equal in modulus to the constant « <1 on a given arc a of the unit circle 


E 


LO) 


0 
Fig. 39 


and equal to unity on the complementary arc 8. For such an f(z), the real 
part of /f(z) equals the product of Ju by the harmonic measure (cf. § 158, 
Vol. I) of the arc a. By § 158, Vol. I, p. 154, the level lines of | f(z) | are 
in this case arcs of circles that connect the end points of a. If we denote 
once more by 6 the angle between such a circular arc and the arc B (cf. Fig. 23, 
Vol. I, p. 156), then on the circular arc we have, by (158.5), the relation 

é 


l/(2)| =u. (306. 1) 


This particular function is used as a majorant in many proofs. 


Continuity of Bounded Functions under Approach 


Within a Sector (§§ 307-308) 


307. Let f(z) be of bound one in the disc | z—i| <1. We consider 
two chords AO and OB of equal length (see Fig. 39), and a Jordan arc y 
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that joins the point O to a point E on the boundary of the disc and lies within 
the sector bounded by the rays OA and OB. Let us assume that on y, 


\f(2)| Sue<l (307. 1) 
holds. The arc y divides the disc into two regions G, and G2, each of which 
is bounded by a closed Jordan curve. 


Now we construct, as shown in the two preceding sections, two auxiliary 
functions g:(z) and g2(z) regular and non-zero in the disc |z—i| <1 


E 





which are such that | yi(z) |= on the arc OB and | g,(2) |= 1 on the 
arc BEAO, while | g2(z) |= on the arc AO and | yo(z) |= 1 on the 
arc OBEA. 

Each of these functions exceeds pu, in absolute value, at every interior point 
of the arc y. This implies that 


|f)| < ler) 
If2)| < | pele) 


in the region G,, and hence in any case 


|f(2)| < max (| g,(2)|, | ¢2()|) (307. 2) 


for all points z of the disc |z—1| <1. 

Now let M, and M, be the midpoints of the chords AO and OB (see 
Fig. 40 above), and consider the circular arcs BNM,O and OM.NA. On 
the first of these arcs, | yi(z) | is a constant and equals a number p*®), where 
k(#) is between 0 and 1 and can easily be calculated from formula (306.1). 
Similarly | g2(z)| is constant on the arc OM,NA and also equal to pe). 


in the region G,, and 
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Hence in the lens-shaped region OM,NM,O we have 


max (|9,(z)|, | (2) |) < we, 
so that by (307.2), 
a (307. 3) 


and thus for all sequences {2,} of points inside the sector 4 OB that converge 
to the point O, we have that 


lim |f(@,)| Su. 


308. Let us now assume that f(z) is of bound one in the disc | z—i| <1 
and that f(z) converges to the number a as z approaches the point O along 
the curve y. Given any positive €, we choose Mo so small that 


wO< 
holds, and construct in the disc of Fig. 39 the circle | z —i@ | = @, where we 


select @ sufficiently small to insure that on the intersection OF, of y and 
| z— ig | < 9, the inequality 


pat 





holds. Now we apply the results of the preceding section to the function 


tz) —4 
2 » 


and the disc |z—io|< @, obtaining a lens-shaped region with an angle 
> 2— 28 which is such that in its interior, 


|#(z) —a| < 2e 


holds. From this it follows that f(z) converges to a for any approach of 
g to O within the angular sector 4OB. We have thus proved the following 
theorem: 


If the bounded function f(z) converges to the number a as 2 approaches 
the boundary point O along a Jordan arc y, then f(z) converges to a also 
if 2 approaches O along any other Jordan arc y’ ending at O and lying entirely 
within the angular sector AOB. 
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Two Theorems of E. Lindeléf (§ 309) 


309. A slight modification of the above construction yields the following 
theorem, which is due to E. Lindelof: 

Let f(z) be regular and of bound one in the disc |z—i|< 1. Let f(z) 
‘be continuous at every point € of an arc OCB of the boundary of the disc 
(see Fig. 41 below), and assume that f(£) converges to 0 as ¢ approaches 


E 


LA 


oO 


Fig. 41 


O along this arc. Then the function f(z) is continuous at O whenever 2 
approaches O from within the circular segment OC BAO (where AO is the 
chord, not the arc). 

To prove this theorem, let us first consider a circular are CNO that is 
tangent to the chord AO at O and whose radius is arbitrarily small. Let 
¢(z) be the non-zero analytic function in the disc |z—i| <1 whose 
modulus equals the constant w on the arc OC and equals the constant unity 
on the complementary arc. Within the lens-shaped region OC NO, we then 


have 
o 


|o(2)| < #*- 
If we choose 4 = max | f(£)| on the arc OC, then the following relation 
holds everywhere in the disc | z—i| <1: 


| f(2)| S| e2)|- 


As C tends to O, w and «*/* converge to zero. This implies that f(z) is con- 
tinuous at O if z is allowed to approach O from within an arbitrary segment 
OCB A’O of the circular disc, where A’ may be arbitrarily close to A on 
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the arc AB. But since the choice of A itself was arbitrary, we have thus 
proved the theorem stated at the beginning of this section. 

It is noteworthy that the conclusion of the theorem does not depend on 
the behavior of the function f(z) on the arc 4 O. 

If f(¢) is continuous on the arc AO as well and if the limits of f(¢) for 
¢— 0 exist and are equal to a and to b for € on AO and on OB respectively, 
then these two limits a and b must be equal provided only that f(z) is bounded. 
For by our last result, the function f(z) must converge along the diameter EO 
to both a and b. In this case, f(z) is continuous at O, relative to the entire 
closed disc, Hence if a= b for a function f(z) that is regular in | z—i| <1 
and satisfies all of the above continuity conditions on the boundary, then f(z) 
cannot be bounded. In fact, in this case every point w of the complex plane 
must be a boundary value of f(z) at O. This is clear for a =aand w=); 
but if @ is different from both a and b, then it follows from the result just 
obtained that the function 


H(z) —@ 


cannot be bounded in any neighborhood of the point? O. Therefore @ must 

be a boundary value of f(z). Note, however, that even if a= 0b the function 

f(z) may still have an essential singularity at O. In this case, f(z) is of 

course not bounded. An example of this possibility is given by the function 
1 


(2) =e *. 


These results are also due to Lindel6of. 


Fatou’s Theorem (§§ 310-311) 


310. In this and in the next few sections we shall derive several facts that 
require the use of the Lebesgue integral. The most important and remarkable 
theorem of this kind is due to P. Fatou (1878-1929), which we state as follows: 


Every single-valued analytic function f(z) bounded in the disc |z| < 1 is 
continuous, under approach within an angular sector (cf. § 307 above), at a 
set of boundary points on | z| = 1 whose linear measure always equals 2n. 


? For, any neighborhood of O contains some lens-shaped region F that is the intersection 
of the disc | z—i| <1 and a disc | z| << & As shown in § 314 below, we can map this 
region R onto the disc |*«—i|<1 by means of a function s=~(u). By the result 
obtained in the present section, the function g(«)—=f(w(u)) cannot be bounded in 
|w—i| <1, so that the function f(s) cannot be bounded in the region R. 
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In other words, the exceptional points, at which 


lim f(r e**) - 

r=1 
fails to exist, always constitute a set of linear measure zero. To be sure, for 
certain functions this set of measure zero may be very complicated; it may, 
for instance, be everywhere dense and non-denumerable on any arc of the 
boundary | z|=—1. 

Because of the result obtained in § 308 above, we need prove the theorem 
only for radial approach to the boundary. Also, we may assume without loss 
of generality that f(0)= 0, since this can always be achieved by merely 
adding a constant. 

Let f(z), then, be regular in | z| <1, and let | f(z)| < M in this disc. 
We introduce the function 

oeid 


o 
f(2) 
F(o, 9) = | flo é°) dd = ay &. (310. 1) 
ene ia: 


The second integral in this relation can be taken along any path that joins 
the points z= @ and z = 9 ¢* and lies entirely within | z| < 1, since f(z) /iz 
is regular in the disc |z| <1. Thus F(@,#) isa single-valued function in 
|z| <1, whence in particular, 

F(o, — x) = F(0, 2) (310.2) 


follows. Now by (310.1), 





e+4o (e+ Ao)et® 
|F(e + 4e, 8) — F(e, 8)| S| [az| + [Bal <2m| gl. (310. 3) 
e oid 


Here we have used the fact that 


2 <M 
az 





holds, by Schwarz’s Lemma. On the other hand, if we fix @ and let # vary 
we obtain 


|F(o, 8 + 48) — F(e, 3)| < M | 48}. (310. 4) 
From (310.3) we infer that 


F(8) = lim F(@, 8) (310.5) 


e=1 
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exists for every 3, and that the convergence is uniform. By (310.4), the 
function F(#) satisfies the relation 


< 
AB <M, 


| F (8 + Ad) — F(0) 
aps 
from which we see that F(#) is continuous and that its difference quotients 
are bounded. 
We now set z = r e'®and apply the Poisson integral to the circle | z| =e <1, 
where r < @, obtaining 


o2?— 


1 p A 
f(z) = za | Hee ae eges gy oe 


Upon integrating by parts, we see from (310.2) that the first resulting term 
(the one which is not an integral) vanishes, so that 


2 2 


1 ; d Q' 
He) = — 5 | Fle. 9) dp 0? — 279 cos(p— 9) +72 dp. 





The left-hand side of this equation is independent of 9. Since the integrand 
converges to a continuous function of @ as @ tends to unity, we may set 9g = 1 
in the last formula; obtaining 


; d 1—-?r? 
eS aa | Fl) dp 1—2rcos(p—9%)+ 7? ae: (310.6) 





An analogous formula holds in the case that f(z) is a constant C; for in this 
case, we can write 


1 r 1—?r? 
Ge mie i tres (pee 
which after an integration by parts yields 


C (1 — r?) 1—r 


a 
1 d 
a ESTE er -/¢o dp 1—2rcs(p—0) +7? dp. ( 
-2 





310. 7) 


In particular, for C—=1 and #—0, 


4 
1 f/f od 1-?r 1-—Pr 2 
a on | Pie 1—2rcosp+r? de aa 
—n 
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Let e**% be a point of the unit circle at which F(q@) has a finite derivative 
F’(%.). We shail show that in this case, 


lim f(r &) = F'(B,) (310. 9) 


r=] 


holds. Here it suffices to take #) = 0, since we can reduce the general case 
to the special case 3, = 0 by a rotation of the coordinate system. By (310.6) 
and (310.7), 


f(r) — F’(0) 
1—?7 


=-F(0) 5 +r - 3/0 (0)] ie 1—2rcosp+ dg. 








Now we select a positive number, 4 < a and set 


1-7? 


2 
1 t 
H(r,)=— 35 | FO) - PFO) ge Taare? (310.10) 
=) 





and 
a aah (310. 11) 
Cites ~ 
I(r) — F'(0) = — F( (7,4) + Jr, 4) (310. 12) 





holds. If we note that (310.1) and (310.5) imply that F(0)=—O0, and if 


we set 
F(9) = vF'(0) + vn(9), (310. 13) 
and denote the 1. u. b. of | 7(q)| in the interval from —A to A by h(A), we 
find that 
lim h(A) = 0. (310. 14) 


2=0 


From (310.10) and (310.13) it follows that 





H(r, A) = =e d 
fe acre pom a l—2respir? 


and if we note that 


d 1? 27(L—*) psing 9 (310.15) 


~ ? ag 1—2rcosgt+r? (lL—2rcosm+ r?)? = 
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holds, we obtain 


2 
h(a) d 1—r? 
2x ? ap 1—2rcosp+ r dy 





|H(r,4)| S 





2 
(A) - d 1-—r 
= a | Y dp 1—2rcosp+?7 dp, 
and hence finally, by (310.8), 


|H(r, a)| < 244 <a. (310. 16) 
1 


Y 


In order to obtain a bound for J(r, 4), we first observe that by (310.4) and 
(310.5), 


|F(~)|<2M 


holds in the interval of integration, and that in the same interval, we have 
(cf. § 152, Vol. I, p. 148) 


d 1-7 
dp 1—2rcosy+ 7? 


27 (1 —r?) 2 (1 — r?) 
(1 —2,rcosd + r?)? < “(1 — cos? A)? * 











Hence (310.11) yields 


[FOr, Ay] < 22 OC IPOD Gy _ yay, (310. 17) 


sint 2 


Finally, we obtain from (310.12), (310.16) and (310.17) that 





[/(r) ~ F(0)| < na) + [22 EEO | FON} (1-9). (310.18) 


sint A (1 + 7)? 


Given any positive number e, then by (310.14) we can choose 4 so small 
that h(A) < ¢/2. It then follows from (310.17) that for sufficiently small 
values of 1—?’, 


[/(r) — F'(0)| <e. (310. 19) 


We have thus derived as a first result the fact that for every #) where F (#) 
is differentiable, the given function f(z) converges to the value F’(#,.) as 
z approaches é® radially. 

To complete the proof of Fatou’s theorem, we shall now make use of the 
following basic theorem of Lebesgue: Jf a real function is defined on an 
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interval I and if its difference quotients are bounded on I, then the function is 
differentiable everywhere on I except possibly ona set of linear measure zero. 

According to this theorem, both the real and the imaginary part of F(@) 
are differentiable except at most on a set of measure zero, and this, together 
with the preliminary result stated above, proves Fatou’s theorem. 


Fig. 42 


311. We shall prove next an important generalization of Fatou’s theorem. 
We consider a function f(z) that is regular or merely meromorphic in the 
disc | z| <1 and the boundary values of which at a certain point ¢ of the 
boundary | 2 | = 1 fail to cover the Riemann sphere completely. Then there 
exists at least one number q, finite or infinite, that is distinct from every 
boundary value at ¢. 

If wm = oo then the function g(z) = f(z) is bounded in a certain neighbor- 
hood of ¢ within the disc. If @ is finite, the same statement holds true for 
the function 


In either case, g(z) is bounded in a certain lens (see Fig. 42 above). This 
lens can be mapped onto the disc | «| < 1 by means of a function z= p(w) 
composed of elementary transformations (cf. § 314 below). The function 
g(w(u)) is also bounded in | u| <1, so that Fatou’s theorem applies to it. 
Interpreted in terms of the original function f(z), this means that the con- 
clusions of Fatou’s theorem apply to f(z) in a certain neighborhood of the 
point ¢. 
This means that if the boundary points for which 


lim f(r e'*) 
r=1 


*Cf. C. Carathéodory, Vorlesungen tiber reelle Funktionen, 2nd edition (Chelsea Pub- 
lishing Co., New York 1948), p. 589. 
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fails to exist constitute a set of positive Lebesgue measure on every boundary 
arc that contains the point C, then the set of boundary values of f(z) at ¢ must 
cover the -entire Riemann sphere. 


Generalization of Poisson’s Integral (§ 312) 


312. The method by which we proved Fatou’s theorem will also enable us 
to greatly generalize the theory of the Poisson integral. 

Let f(z) be a real function that is bounded and Lebesgue-measurable? in 
the interval —r<op<zx. If we set z=re*, the formula 


1-7 


1 a 
U(r, 3) = xq | 1) Fier ree ee ag (312. 1) 


defines a function that is harmonic in the disc | z| <1. The function 
Q 
F(g) = [ #(9) 4 
0 


is continuous and has bounded difference quotients that are subject to all of 
the pertinent inequalities of § 310 above. It follows that for all ~ for which 
F(q) has a finite derivative F’(q), the equation 


lim U(r, y) = F'(9) (312. 2) 


r=) 


holds. But by a theorem of Lebesgue theory,’ we have 


except possibly on a set of measure zero, whence we deduce that everywhere, 
except possibly on a set of measure zero, 


lim U(r, y) = f(¢). (312. 3) 
r=1 


This result should be compared with Schwarz’s theorem of § 150 ff., Vol. I, 
p. 146 ff. 





* Carathéodory, loc. cit. p. 374 ff. 
? Loc. cit., p. 589. 
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The Theorem of F. and M. Riesz (§ 313) 


313. We shall now prove the following theorem: Let the function f(z) be 
analytic and bounded in the disc |z| <1, say | f(z)| <M, and let e be a 
Lebesgue-measurable point set on the circle | z|==1 which is such that 

lim f(r é*”) 


r=1 


exists and equals zero at every point of e. Then if the Lebesgue measure 
m(e) of e is positive, the function f(z) must vanish identically. 


To prove this, let e’ be the set that is the complement of e on |z|—1, 
and let us assume first that the Lebesgue measure of e’ is positive. Let u(r e**) 
be a harmonic function that assumes the constant value A/m/(e) almost every- 
where on e (that is, everywhere on e except possibly on a subset of measure 
zero), and the value A/[m/(e) — 2] almost everywhere on e’. Here, A stands 
for an arbitrary positive number. Then it follows from the preceding section 
that 

A 
m(e) —22 


= 0. 








u(0) = mle) - + [2 — m(e)] 


Let u(r e*®) be the harmonic function conjugate to « (re*®), which we can and 
do choose in such a way that v(0)=0 (cf. § 150, Vol. I, p. 146 ff.). Then 
the function g(z) = e*+*¥ is regular inside the unit circle and satisfies g(0) = 1 
and | g(z)|=e". Therefore |g(z)| is bounded in the disc | | < 1, just as is 
u(z). Also, according to the result of the preceding section, the following 
relation holds almost everywhere on e’ for the radial limit of g(z) : 


A 
lim |g (re) | =e ™ ~ 2%, 


r=1 


The function f(z)g(z) is likewise analytic and bounded inside the unit 
circle. Hence by Fatou’s theorem, we can apply the Cauchy Integral Formula 
to this function not only for the circles | z|—=+7 <1 but even for the unit 
circle | z |= 1 itself, since by a well-known theorem of Lebesgue we can 
in the case of bounded sequences interchange the two operations of taking 
the limit and of integrating. In particular, by formula (135.5), Vol. I, p. 132, 
we have 


(0) = H(0) @(0) = 34 | He**) ele'*) dp = 5 [ He") gle’) ag, 


since the integrand is zero on the set e. From this it follows that 
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1 


1/)| = 35 





A A 
[ He) ee") ay | Sq OMAR [fe | dp <M ema-F 


é 


Here, A may be any positive number, as large as we please; hence f(0) = 0. 

Now if we set f(z) = /(z)/z, then f,(z) is also bounded, and its boundary 
values agree with those of f(z) in modulus. Therefore we may apply the above 
discussion to f:(z) in place of f(z) and conclude that f,(0)—=0O. Similarly, 
the functions /f,(z)=f,-1(z)/z, (w=2, 3,...) must vanish at z=0, so that 
by § 143, Vol. I, p. 138, we must have /(z) = 0. 

If m(e’) = 0, then it follows from well-known properties of the Lebesgue 
integral that f(z) must vanish identically, and we have thus completed the 
proof of the theorem of F. and M. Riesz. 

At the same time, we have obtained the following result : 


If f(z) is a non-constant bounded function in | z| < 1 and a any complex 


number, then the set of points on the boundary | z | = 1 at which f(z) assumes 
the value ais of linear measure zero. 
Hence for any given arc on | z|==1, the values assumed by the radial 


limits—the existence of which is insured by Fatou’s theorem—form a non- 
denumerable set of numbers. For, the union of denumerably many sets of 
measure zero would itself amount to a set of measure zero, so that its measure 
could not equal that of the given arc. 


CHAPTER TWO 
CONFORMAL MAPPING 


Elementary Mappings (§ 314) 


314. We can map certain simple regions onto the interior | z| < 1 of the 
unit circle by combining Moebius transformations with the elementary con- 
formal mappings that we studied in §§ 246 ff. and 254 ff. (Vol. I, p. 256 ff. and 


Uo 


p. 263 ff.). The two most important cases that we shall need in the sequel are 
that of the general lens and that of the crescent of angle zero.? 

Consider the region bounded by two circular arcs (see Fig. 43) that inter- 
sect in the two points wo and w, at the angle 2A, where0 <A < 2. In order 
to map this region (the “general lens,” or “general crescent”) onto the disc 
|2| <1, we first set 


Fig. 43 


gue? Se. (314.1) 


w— wy, 


This transformation maps the lens onto an (infinite) sector bounded by two 
rays emanating from «0. Let us choose # in (314.1) in such a way that 
one of these rays coincides with the positive real axis. Then if we set 


v=u'=e* , (314. 2) 


*The terms lens and crescent are applied to any region bounded by two intersecting 
circular arcs. (The German term is Kreisbogenzweieck.) 
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the above sector is mapped onto the half-plane Nv >0 (cf. § 255, Vol. I, 
p. 264), and this half-plane can be mapped onto the disc | z| < 1 by means 
of another Moebius transformation, for instance by 


v—t 
-. 
v+it 





z= (314.3) 


The desired mapping function is the product of the transformations (314.1), 
(314.2), and (314.3). We note that the two boundary arcs of the lens are 
mapped analytically onto two complementary arcs of the circle | z|—=1, 
except that the analyticity of the mapping breaks down at the two “vertices” 





Fig. 44 


of the lens; but even at those, the mapping is still continuous. 

The limiting case 4 == 2 can readily be given a meaning, as follows: It 
represents the mapping of the complex plane with a cut along a circular arc, 
onto the interior of a circle. 

Returning to the general case, it is easy to verify that any given arc of a 
circle in | z| < 1 that connects the images on | z| = 1 of wo and w, has as 
its pre-image, in the above mapping, an arc of a circle through the interior of 
the lens; and the latter arc forms with any one of the boundary arcs of the 
lens an angle that is proportional to 4; this follows easily from § 254, Vol. I, 
p. 263. At the vertices of the lens, the mapping is not conformal ; it is referred 
to, at these points, as a quasi-conformal mapping. 

If A= 0 (see Fig. 44), the two points w» and w, coincide, and with a proper 
choice of a and f, the Moebius transformation 

Pree caters (314.4) 


Ww — Wo 


maps the given region onto an infinite strip of width 2, bounded by two 
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parallel lines one of which coincides with the real u-axis. This strip is 
mapped by 


v=e" 


onto the half-plane Sv > 0, and this in turn is mapped onto | z| <1 by 
(314.3). In this case too, there are two complementary arcs on | z | = 1 that 
are the analytic images of the two boundary arcs of the given crescent. 


The Riemann Mapping Theorem for 
Bounded Regions (§§ 315-323) 


315. Let a be a real number for which O <a <1. The Riemann surface 
of two sheets that is cut along | w | == 1 and has a branch point at w =a? is 
mapped by 


—w a—z\? 
1—a’?w = (#55) (315. 1) 
conformally onto the disc |z| <1. From (315.1) it follows that 


, baz _ 2a dw (a—2z) (l—az) 
warpage, haga <2 a panacaar (315-2) 








Hence in the disc |z|=1 we have dw/dz+-0 everywhere except at 
¢=a;w=a’. We also know from (14.11), Vol. I, p. 13, that at every — 
point of this disc, 
h—z h+ |2| 
l—hz = L+hlz|’ 





where the function 


h+lzl 4 (1-12) 


) 
L+thizl 1+Ajz| 








increases monotonically with | z|. Then for every ¢ satisfying |z} <<¢€<1 
h—z 
|(z)| = 


[z| hee 
2 <¢ (315. 3) 


<i 1+A¢ 











In particular, 
| w(z)| < a? (315. 4) 
if we choose for ¢ the positive root of the equation 


2a 


h+ O_o, - 
4 = ea h=aT8 


1+A¢ 








; (315.5) 


i.e. if we set 
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fag ees (315.6) 
~ 1+ a? F 
From this we obtain 


$-a@= 7" {-1-a+a?—a8+/2(1+ a9} 











= a(1—a)8(1 + a) = a(1—a)8 
(+a) —a?(1 —a) + 20 $a) l—a |/ I+at ° 
(1a 4) + * +a 
Since 
l-a 1+ at 
ae oie ree ara eee 


we finally have 





gi Stee 2a 315.7 
a diae a iz ; (315. 7) 
We have thus obtained the following result. 
The function w= f(2) defined by (315.1) maps the closed disc 
|z| sae 220-0" (315.8) 
conformally onto a point set lying in the interior of the circle | w| =a’. 


This result remains valid if the branch point w= a? is moved to the point 
w= a e*® by means of simultaneous rotations of the w-plane and the 2-plane, 
through the same angle. Instead of (315.2), we must set, in this case, 








io 
w=24% —* _ g(a, 8,2), (315.9) 
ev hz 
and we then have 
dw 2a 
dz |z=0 1+ a? > 0. 


316. Let G bea region in the disc | w| < 1 of any connectivity—finite or 
even infinite—and let A be the closed complement of G in |w|=1. We 
assume that the center of the disc is an interior point of G and that the 
distance a? between w = 0 and the set 4 is less than unity. Then 4 contains 
at least one point of the form 


w* = are! (316. 1) 


We now introduce the unit function 
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where a and # are as in (316.1), and we denote by A, the set of points of 
the disc | w, | <1 that are mapped onto points of A by (316.2). Let aj be 
the distance from w, 0 to the set A,. Then the set 4; contains at least 
one point of the form 

wt = ade, (316. 3) 
As above, we set 


hy is 
= Ww 7 
2 eh 








 _ o(y,5,0,), m=. (316.4) 


w 
hy w, 1+a? 


Now we denote by Ag the set of points of the disc | we | = 1 that are mapped 
by (316.4) onto points of 4:, and we denote by a2 the distance from w, = 0 
to Ao. 

Continuing in this way, we obtain an infinite sequence of closed point sets 
A,, A», ... and two infinite sequences of numbers a,, dz, ... and 9, %,.... 
We note that all of the positive numbers a,(k=1,2,...) are <1. 

Now if ¢, is the positive root of the equation 


Nyt € _ 72 2a, 
ithe ~ 4 (he = yh) 





then the transformation w,= 9 (az, 9, @z4,) maps the disc |wz4,|<¢, onto 
a point set of the zw,-plane that contains no points of 4,. Hence we always 
have a2,,=¢,. This together with (315.7) yields 


aby, — ap = f,—ap> 2%0— a) 
and further, since @,,, + a, <2, 
1 —a,)8 
gers =, (316.5) 
Therefore 
ay<ag<... 
and 
lim a, = 1. (316. 6) 
k=00 


317. Let us consider a sequence of unit functions 
f(z), fo(2), +> (317. 1) 
defined successively by the equations 
fy(2) = ya, 3, 2), Tn+t(2) =a hrlP(4n» 3,, z)) (n = 1, 2, oe e)s (317. 2) 


Then f,(2) is a unit function of degree 2" and satisfies f,(0) = 0, #/,(0) > 0. 
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We also note that 
w = f,(2) (317. 3) 


maps every point of the disc | z| < 1 that is not in A,—hence in particular, 
every point of the disc|z| < a2—onto a point of G. At all of these points, 
we have 


f(z) + 0. (317.4) 


318. We shall study some further properties of the functions f,(z). Let 
0<r<1, and denote by B,(r) the point set in the w-plane that is the 
image of the closed disc | z| <r under the mapping (317.3). A point of 
B,(r) may of course have more than one pre-image in |z|r. Since 
|p(4n» On, 2)| << |2|,it follows from (317.2) that 


Basrlr) £ Bar). (318. 1) 


Hence if A,(r) stands for the distance (which may be zero) between the 
two closed sets B,(r) and A, we must have 


A,(r) S$ A,(r) S-°-. (318. 2) 


For all for which 7 < a2, the closed point set B,(r) lies in the region G, 
and we therefore have 
lim A,(7) > 0. (318. 3) 
n=0O 
A second property of the function f,(2) may be regarded in a certain sense 
as the converse of the first. Let wo be any point of G, and let it be connected 
to w=O0 by a path y, lying in (the interior of) G. Then by (317.4), we 
can find for every » a path y,") that lies in | z| <1, emanates from z= 0, 
and is mapped by (317.3) onto y.._ Now we can prove the following theorem: 
All of these paths y,™ lie in a fixed disc 


lz) S7,, (318. 4) 


the radius r, of whichis <1. 

To prove this, we first note that for every point 2 of y,“), we can solve 
the equation w= f,(z) for z, obtaining the inverse function z= g,(w). If 
we denote the minimum of the distance between y, and A by 6, then the 
function 


y(u) = gn(w + 6) (318. 5) 


is regular and of bound one in the disc | «| <1. Hence by (290.4), we have 


| y’(0)| $1 —|¥(0)|?, (318.6) 
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where by (318.5), we must set 
j dz 
(0) = gn(w) = 2, p'(0) = Sen”) = 9 aa 


But this implies that 








dz 
6 dw s 1-— |2|%, 
whence, by integrating, we obtain 
|dz| 1 
[Sh <5 [ \ao|. (318.7) 
Yaln) yw 


The first of these integrals is equal to the non-Euclidean length A, of y,(n), 
while the right-hand side represents the Euclidean length L of yy divided 
by 6. Therefore, 


A,S 


2 


and we need only set 


to complete the proof of the above statement. 


319. We are now able to prove that the sequence {f,(2) } converges. 


Since this sequence is normal in the disc | z| <1, it contains subsequences 
{fa(2)} for which 


lim f4,(2) = 1(2), (319. 1) 


j=00 
the convergence in (319.1) being continuous. 


Now let z be any (interior) point of the disc | z | < 1, and select a number r 
for which | z|<7<1. We also introduce the notation 


Wa= Trl). (319. 2) 


Then if 6, stands for the distance from w, to A, we have by the preceding 
section that 

6, 2 A,(7). (319. 3) 
Also, from (319.1), 


and by (318.3) and (319.3) we have 
lim 6, 2 lim A,,(r) > 0. (319. 4) 


j=00 j= 00 
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From this we conclude that every point w= f(z) is an interior point of G. 

Let us now consider once more the paths 7 and y,() introduced in the 
preceding section, and let 2) be the point of y,(m) that is mapped onto the 
point w) by (317.3). If 2* is a point of accumulation of the set {2}, then 


the sequence m,, 2,... contains a subsequence m,’, n2’,... for which 
2* = lim 2) (319. 5) 
j = 00 


holds. All of the points 2 lie in the disc|z| < 7,. Hence 
f(2*) = lim ty, (2?) = Wy. (319. 6) 


Now let y%() be thé image under w= f,(2) of the line-segment joining 
z—=0 and z=2™), and let y® be the image under w= f(z) of the segment 
joining g = 0 and g=2*. We note that for all values of for which a2 > 1,, 
the curve y%(n) is topologically equivalent, or homotopic,’ to the given curve 
Yw and has the same end point w . But since the curves y%(m,) converge 
uniformly to y%', the curve y* must also be homotopic in G to the curve yy. 
We have thus obtained the following result: 


Every point 2 of the disc |z| <1 is mapped by w= f(z) onto an interior 
point of the region G. For every path'y, that lies in G and joins w=0 toa 
point wo, there is at least one point 2* such that 


Wy = f(2*) (319.7) 


and such that the image y* of the line-segment joining 2==0 and z= 2* ts 
homotopic in G to the given path y,,. Finally, at every point 2 of the disc 
|2| <1 we have 


f'(2) +0. 


The last statement is an immediate consequence of Hurwitz’s theorem 
(§ 198, Vol. I, p. 194) if we only note that in every disc | 2| <7 < 1, the 
derivative f,’(z) is 4-0 for all sufficiently large n. Therefore the function 


z= g(wv) = lim g,(w) 


n=0o 


* Two curves y, and y% lying in the interior of G and having the same end points wo 
and 2; are said to be homotopic in G if they can be approximated to any desired degree of 
closeness by polygonal paths whose union is a sum of closed polygons lying, along with 
their interiors, entirely in G. In this case, the closed curve that is obtained by taking Yw 
from zw» to ze, and y% back from zw: to 2%, can be shrunk to any one of its points by means 
of a continuous deformation that takes place entirely within CG. 
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not only exists in a neighborhood of the point w= 0 but can also be con- 
tinued along any path y,, within G (cf. § 232, Vol. I, p. 236 ff.). 


320. We shall now prove, on the basis of the properties established in the 
preceding section, that the mapping function w = f(z) is uniquely determined. 

To this end, let w(t) be regular in | ¢| <1 and let every point ¢ of this 
disc be mapped by w= y(t) onto a point of the region G. Assume also 
that to every curve y,, in G that joins w — 0 to a second point w= wp, there 
corresponds at least one curve y; in |t| <1 that joins t=O to t= fo. 
Finally, let y(t) = 0 in |¢+| <1, let p(0) 0, and (0) > 0. 

Now if ¢ is any point of |¢| <1 and ify, is the image under w= q(t) 
of the line-segment joining the center t=O of the disc to the point ¢, then 
by the theorem of § 319, the pre-image under w= f(z) of the curve 7» is a 
curve y, that joins = 0 to a second point 2 of the disc | z| <1. Thus we 
are led to a function z= w(t) regular in a certain neighborhood of ¢. By 
the monodromy theorem, y(t) must be a single-valued regular function every- 
where in | ¢ | < 1, and it satisfies y(0) 0 and y’(0) > 0. By interchanging 
the roles of ¢t and z in the above, we similarly obtain a function t=‘y'(z) of 
bound one in |z|< 1, which is the inverse of z= y(t) and for which 
% (0) =O and x.’(0) >0. But by Schwarz’s Lemma we have y’(0)= 1 
and x ’(0) <1, which together with 7’(0)y’(0)=1 yield y(¢t)=# There- 
fore t= 2 and 9(2z) = f(z). 

By the same method as was used in the proof of Vitali’s theorem (§ 191, 
Vol. I, p. 189), we now find that the original sequence {f, (2) } itself converges 
to f(z), introduced in § 319 above merely as the limit of the subsequence {tns(2)}- 


321. The function z= g(w) introduced at the end of § 319 need not be 
single-valued. In other words, the mapping w= f(z) may assign to two 
different points 2’ and 2” the same image point wo, so that 


f(z’) = fle") = w 


holds. But in this case, the images in G of the two line-segments joining 
2=0 to z=<2’ and to z= 2” cannot be homotopic in G. For if they were, 
then we should be able to transform the path 2’O 2” formed by the two seg- 
ments by means of a continuous deformation into a curve y, that joins 2’ to 2” 
and whose image in G is a closed curve y,, passing through wp» and having a 
diameter (as a point-set) that is as small as we please. But since f’(2’) +0, 
there is a neighborhood U, of the point 2’ that does not contain the point 2” 
and is mapped one-to-one onto a neighborhood U,, of wo. This leads to a 
contradiction if the diameter of set y,, is so small that this curve y, lies 
wholly within U,,, ; for then y, would lie wholly in U, and thus could not 
join 2’ to 2”. 
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322. If, in particular, the region G is simply-connected, then any two paths 
Y» and y» that join w=0 to ww, are homotopic in G. In this case, 
there is therefore one and only one point 2 in |z|< 1 that is mapped by 
w== f(s) onto a given point w ). Hence by the monodromy theorem, the 
function z = g(w) is single-valued in G and the mapping w= f(z) is simple 
(schlicht). Cf. § 200, Vol. I, p. 196. 

323. Let G be a simply-connected region of the w-plane that may or may 


not contain the point at infinity in its interior and whose frontier contains at 
least two distinct points A, and B, (see Fig. 45 below). 





Fig. 45 


Let w, be an interior point of G that is not at infinity. We construct the 
arc A,w)B, of the circle determined by these three points (this arc may 
degenerate into a line-segment or into a ray). Let A be the first frontier 
point of G that is encountered on the (directed) sub-arc w,.A,, and let B be 
the corresponding point on the complementary sub-arc w)B,. Then all of 
the interior points of the arc Aw,B are interior points of G, and its end-points 
A and 8 are frontier points of G. 

We now map the w-plane onto a u-plane, by means of a Moebius trans- 
formation, in such a way that the points A, wo, and B of the w-plane are 
mapped onto the points 0, 1, and o respectively of the u-plane. The image 
of the region G is then a simply-connected region G; of the u-plane that has 
the points u = 0 and u = o as frontier points and contains all of the points 
of the positive real axis in its interior. We now set «= v*; then among 
the regions of the v-plane that correspond to G,, there is one that contains the 
point vy = 1 in its interior. This region, which like G, itself is simply-connected, 
we denote by G,. It lies entirely in the half-plane Rv > 0; for if G. contained 
a point v* for which #tv* = 0, then G, would contain a Jordan arc joining 
v==1to v*. Then let P be the first point of the imaginary axis that is en- 
countered as the Jordan arc is traversed from v= 1 to v= v*, and let Q 
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be the last point of the real axis encountered on the sub-arc 1P. The sub- 
arc PQ, which we denote by yo, would then lie either in the first or in the 
fourth quadrant of the v-plane. Under u = v*, the arc y) would be mapped 
onto a curve y, lying in G, and having its end-points on the positive real axis 
of the u-plane. By adding a piece of the real axis, if necessary, to y,, we would 
thus have obtained a closed Jordan curve containing the point «=O in its 
interior. But such a curve cannot exist, because G, is a simply-connected 
region that contains neither «=O nor u = o as interior points. 
Now if we set 


v—1 


Soar are 


then the half-plane tv > 0 is mapped onto the interior | t| <1 of the unit 
circle | |= 1. We have thus obtained the following result : 

Every simply-connected region whose frontier contains at least two distinct 
points can be mapped onto a bounded region by means of elementary trans- 
formations. 


Combining this result with that of the preceding section, we obtain the 
Riemann Mapping Theorem: 


Every simply-connected region having at least two distinct frontier points 
can be mapped one-to-one and conformally onto the interior of the unit circle. 
The mapping function w= f(z) is determined uniquely if we assign to a given 
line element? in the region G a definite line element in the disc |z| <1. 


The Koebe-Faber Distortion Theorem (§§ 324-329) 


324. Let G be a simply-connected region of the w-plane that does not 
contain the point at infinity in its interior. Assume that the disc | w| < 1 lies 
in G and that the point w= 1 is a frontier point of G. 

Let us consider the two-sheeted Riemann surface having its branch points 
at w= 1 and w= o. The transformation 


l—w= (324.1) 


maps this surface onto the simple u-plane; the two points « = + 1 correspond 
to the two points of the Riemann surface that lie “over” w= 0. 

The transformation (324.1) maps every curve in G that emanates from 
w == 0 onto two curves of the u-plane. The set of all curves of the u-plane 


1A line element consists of a point 2 along with a direction through 2. Thus the last 
condition is met if we assign, say, the conditions w—=f(2z0), f/(20) > 0. 
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that can be obtained in this way and that, in particular, emanate from u = + 1, 
covers a simply-connected region that we shall denote by Gy. 


u-plane 
Fig. 46 


If uo is any complex number, then the region G, cannot contain both of 
the points + uw). For if it did, then we could join these two points by a path yu 
entirely within G,; to y, there would correspond in G a closed curve yw, a 
single point wp» of which would correspond to the two end-points -+ u%» of yy. 
Since G is simply-connected, we could transform y, by means of a continuous 
deformation into a curve passing through wy and having an arbitrarily small 
diameter. But since the end-points of the image curve y, remain fixed through- 
out this deformation, we would thus be led to a contradiction. 

Equation (324.1) transforms the circle | w |= 1 into a lemniscate of the 
u-plane whose equation in polar coordinates is 


0? =2cos29 (324. 2) 


This lemniscate (see Fig. 46 above) is symmetric with respect to the point 
u = 0, and of the two finite regions bounded by its loops, one must lie 
entirely within G, while the other, by what we have just proved, cannot contain 
any point of G,. The transformation 
1l—u 1—t 


t=5re, w= TG (324. 3) 





maps the lemniscate (324.2) onto the closed curve C of Fig. 47 below, which 
has a double point at t = 1 and also consists of two loops. 

The transformation (324.3) maps G, onto a simply-connected region G; that 
lies wholly within one of these two loops and contains the other loop in its 
interior. Also, by elimination of « from (324.1) and (324.3), we obtain the 
equations 





sete fe, . we (324.4) 


14+Vl—w ~ aya? 
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From this it follows that for | w|=1, 
|e] < (1+ V2)? (324.5) 


holds. Since the two loops of the curve C are mapped onto each other by 
1 
t 


v= 


t-plane 


Fig. 47 


we also have that for | w|=1, 


le hava) (324.6) 


From this we see that G; lies in the disc (324.5) and contains the disc com- 
plementary to (324.6) in its interior. Finally, if we set 


t= (1+ V/2)*2, 


then G; is mapped onto a simply-connected region G, of the z-plane that lies 
in the interior | z | < 1 of the unit circle and contains the disc |z| < (1+ V2)-4 
in its interior. Neither G nor G, contains the point at infinity in its interior ; 
therefore the point t==-—1 is not in the interior of G;, and the point 

= — (1+ /2)-? is not in the interior of G,. 

325. Let G* be a simply-connected subregion of G that is bounded by an 
analytic curve y» and contains the point w= 0 in its interior. The trans- 
formation (324.1) maps G* onto two separate regions of the u-plane, one of 
which contains the point «1 while the other contains u=—1. The 
boundaries of these regions are likewise analytic curves, which we denote by 
yu’ and y,”. If uw’ is any point of y,’, then vu” = — w’ is a point of yy”. The 
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two regions are in turn mapped by (324.3) onto two separate simply-connected 
regions of the ¢-plane. One of these contains the point t= 0 and will be 
denoted by G;*; this region is the interior of a closed analytic curve y;’. The 
other-region is the exterior of a closed analytic curve y;”. Since these two 
regions of the f-plane have no points in common, y;’ must lie inside y;”. 
Finally, the transformation t= 1/t maps the two curves y;’ and y;” onto 
each other. 


326. Before proceeding along the above lines, we shall derive in this section 
some properties of the function /z that will be needed in the sequel. We begin 
by noting that relation (159.5) of Vol. I, p. 157, viz. 


[udv=/[\f@|?dxdy> 0, 
Y G 


remains valid also in the case that G is a doubly-connected region bounded by 
two curves y’ and y”, the function f(z) being single-valued in G. Then 


udv = / ud, (326. 1) 
a 


provided that the curve y’ is inside the curve y”. Also, if the point z=0 
lies in the interior of the region bounded by y’, then 


lz=lee*=let+iy 
is regular but not single-valued in the annular region G. However, we still have 


[lodp> /ledy, (326. 2) 
e r 


because the differential dy is single-valued in the region G. Assume now that 
the two curves y’ and y”, like those at the end of the preceding section, are 
the images of each other under 2” = 1/2’; then 


[todp=—J[lody, 
Y ¥ 
so that (326.2) implies that 


[lodp <0. (326. 3) 
; 


Now let ¢(2) be a function that is regular and non-zero in the closed disc 
|z| 1. We set 
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F(z) =2 92), eo 
Fre’) = (3) ei (5) ( . ) 


By our assumptions concerning @(z), the function /@(z) is regular in 
| ¢| <1, and on the circle | |= 1 we have 


Ly(e*®) = 1[F(e*®) e- #9] =lo +i (p— 9). (326. 5) 


If we denote the circle | z | = 1 by ~ it follows from (159.5), Vol. I, p. 157 that 


[led —) 20. (326. 6) 
On the other hand, a use of the Mean Value Theorem yields 
4 2a 
1|F'0)| =! | 9(0)| = 82 90) = gz [To ds. (326.7) 
0. 
Hence by (326.6), 
LF ’(0)| So if Lo dy. (326. 8) 


327. We again consider the region G introduced in § 324 above and the 
mapping 
w = f(z) (f(0) = 0, f’(0) > 0), (327.1) 


which maps the disc | z| < 1 onto this region G. If 7 is a positive number 
<1, we set 

g(2) = (rz), (327. 2) 
and by (324.4) obtain 





1—Vi—¢(2) g(2) 
F(z) = eS l= = 327.3 
@) 1+Vi—e2) = (1+ Yi —e(2) P ( ) 


By § 324 above, t == F(z) maps the closed disc | z | = 1 onto the region G;* 
whose properties we indicated in § 325 and whose boundary we shall now 
denote by y’ (instead of by y;’ as in § 325). Since the function F(z) is simple, 
p(2) = F(z) /z is regular and nowhere equal to zero, and with the notation 
(326.4), relation (326.8) holds true. But by (327.3) and (327.2), 





Fo) = £9 = 7 70). (327.4) 
Hence by (326.8), 
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I 





Qn 
, 1 ? 1 
£#0|< tz | vO) leds = 3 | body. (327.5) 
0 Y 


By § 325, y’ lies inside an analytic curve y” that is the image of y’ under 
t==1/t. Hence by the preceding section, the right-hand side of (327.5) 
satisfies the inequality (326.3), so that 


and since this holds for all r < 1, we finally obtain 
\/'(0)| <4. (327. 6) 


If we study the elementary mappings (324.1) and (324.3), which upon 
elimination of u yield the second equation of (324.4), we see that the equation 


4z 
(+22 | 





(327.7) 


represents a mapping of the disc | z| < 1 onto the simple w-plane cut along 
the positive real axis from w= 1 to w=. This region satisfies the condi- 
tions imposed on the region G in § 324. Also, we note that w’(0)=4. This 
shows that (327.6) gives the best possible bound. 

We note furthermore that in relation (326.3), the left-hand side cannot 
vanish unless y’ and y” coincide, i.e. unless y’ coincides with the unit circle 
|| == 1, since the double integral in (159.5) vanishes only in this case. 
From this it follows that the equality sign can hold in (327.6) only if the 
region is the w-plane with the cut as described above. 

328. Let G be an arbitrary simply-connected region of the w-plane that 
contains the point w==0 but does not contain w== 0, and whose frontier 
has at least two distinct points. Let w= f(z) be a function that maps the 
disc | z | < 1 onto the region G and for which f(0)== 0. Let 2, be any point 
inside the unit circle, let 2» = f(2o) be its image in G, and denote the distance 
of wo from the frontier of G by a(wo). We set 


v= 








(328. 1) 


We also put 





ee) = + {7( lea ) =}. (328. 2) 


1—azyv 


Then the function w= g(v) maps the disc | v | < 1 onto a simply-connected 
region of the w-plane that does not contain the point w= oo and whose 
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frontier is at unit distance from the point #=0. Then according to the 
preceding section, 

\e"(0)| $4, 
whence by (328.2), 


If’(@)| S pear (328. 3) 


We summarize the results of the last two sections in the following distortion 
theorem of Koebe and Faber: 

Let G be a simply-connected region of the w-plane that does not contain the 
point w= o in its interior. Let w= f(z) be a function that maps the disc 


uv 


OP =1 
Fig. 48 


|2| <1 onto G. Then if a(w) stands for the distance of the point w from 
the frontier of G, we must have 





, 4 
i”’)| < ae (jz| <1, w=f(2)). (328.4) 
The equality sign holds if and only if the region G is a simple plane with a 
cut along a ray and the point w lies on the extension of this ray. 

329. We now again make the assumption that the distance from the point 
w == 0 to the frontier of G is equal to unity. Then for every point w, of G, 


a(w,) S1+ |v, (329. 1) 


and relation (328.3) implies that 


|dw| 4 |dz| 


14+ |w| = 1—|2|?’ (329. 2) 





whence by integration we obtain 
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14+ |2| 


1(1+ |w|) <2l T=? 





Therefore, 


1+ a 4 |2| 
lel $ (G5) - = aon ve) 





If the distance from w= 0 to the frontier of G equals a and if r is a positive 
number < 1, then it follows from (329.3) that the following relation holds 
for |z| <r: 


4ra 


From this we deduce the following fact: Let © be a set of simply-connected 
regions G each of which contains the point w==0 but does not contain the 
point w== oo, and assume that for none of the regions G the distance a of its 
frontier from w= 0 exceeds a fixed number J/ ; then the functions w == f(z) 
with {(0)= 0 that map |z| <1 onto the regions G constitute a family of 
functions that is bounded in the small (cf. § 185, Vol. I, p. 184) in |z| <1 
and is therefore normal in |z|< 1. 

If we note that by the above definition of the numbers a and regions G, the 
disc | w | < a always lies in the corresponding region G, and that the inverse 
function z= y(w) of w= f(z) is of bound one in the disc | w| <a, it 
follows by Schwarz’s Lemma that 


; 1 


and hence that 

|/'(0)| 2a. (329. 4) 
Therefore the above condition involving M may be replaced by the condition 
that 

\#'(0)| <M (329. 5) 
hold for the functions f(z) of the family; the new condition likewise insures 


that the family is normal in the disc | | <1, since it follows from (329.5) 
and (329.4) that the set of numbers a is bounded. 


The Mapping of Doubly-Connected Regions (§§ 330-331) 


330. If G is a doubly-connected region of the w-plane, then the frontier 
of G consists of two disjoint continua, C, and C,. Let us assume that at least 
one of these, say C,, contains more than one point. Then the (simply-connected ) 
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region G, bounded by C, and containing C, in its interior can be mapped, 
according to the Riemann Mapping Theorem, onto the disc |¢| <1 by a 
mapping function whose inverse we denote by 


w = g(t). (330. 1) 


We must now make a distinction between the case in which C, consists 
of one point and that in which it consists of more than one point. In the first 
of these cases we can clearly arrange, by a proper norming of the mapping 
(330.1), that the image of G will be the punctured disc 


0<|t}<1. (330. 2) 
We now consider the part lying inside the circle |¢|—=1 of the Riemann 


surface having a logarithmic branch point at t= 0 (cf. § 249, Vol. I, p. 258), 
and we map this region by means of the transformation 


w=lt (330. 3) 
onto the half-plane aw <0. We map into the z-plane by means of 


oo (330. 4) 


z—1’ 
and finally, using the function in (330.1) above, into the w-plane by means of 


w= y(e”) = f(z). (330. 5) 


We could also have obtained the function f(z) by the method of §§ 315-320, 
paying due attention to normalizing it properly. 


Now if 





fy = Cot (330. 6) 


is a point of the disc | zg | < 1 that corresponds to a point w» of the given region 
G, then the points z,(v = + 1,+2,...) that are obtained from (330.6) by the 
substitution of @)-+ 227 for wo will also correspond to wo. The transition 
from 2 to one of the points z, can always be represented by a limiting rotation 
(cf. § 82, Vol. I, p. 78) of the non-Euclidean plane |z|< 1. Hence the 
function w== f(z) maps the disc | z| < 1 conformally onto a Riemann sur- 
face that has a logarithmic branch point at C, and whose frontier consists of 
the continua C, and C,. This Riemann surface, being mapped continuously 
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onto | z| < 1, is simply-connected ; we call it the universal covering surface? 
of G. Using the notation of § 318 above, we see that every closed path yy 
corresponds under w= f(z) either to a closed path y, or to an open path 
whose end-points are the images of each other under a limiting rotation of 
the non-Euclidean plane | z| < 1. 

331. Next we consider the case in which each of the two continua C, and C, 
that constitute the frontier of G contains more than one point. We again start 
by mapping the simply-connected region G, bounded by Ci, and containing C, 
in its interior, onto the inside of a circle Ci’; then C, is mapped onto a con- 
tinuum C2’. We then map the simply-connected region bounded by C.’ and 
containing C,’ onto the inside of a circle C.” and note that the image C,” of 
the circle C,’ under this last mapping must be a closed analytic curve. There- 
fore we can assume from the very beginning, without loss of generality, that 
C, is the unit circle | w | = 1 and that C, is a closed analytic curve that lies in 
| w| <1 and loops around w=0. 

In the present case, the transformation 


o=lw (331. 1) 


maps the covering surface of G—that is, the Riemann surface of infinitely 
many sheets all lying between C, and C,—onto a kind of strip of the w-plane, 
bounded by the imaginary axis C,* and an analytic curve C,* that lies in the 
half-plane Raw <0. Since the curve C,* is periodic, the strip is mapped onto 
itself by the transformations 


o,=o+2yni (v=0,+1,42...), (331.2) 
Now we map the interior of this (simply-connected) strip onto the disc 

| z| <1 by means of a function 
o = y(2) (331. 3) 
and we then have in the product w= f(z) of the transformations (331.1) 
and (331.3) a mapping function that has the same properties as the function 
f(z) described in the result of § 319 above. To each of the congruence trans- 
formations (331.2) of the strip there corresponds a non-Euclidean motion S, 


of the non-Euclidean plane | z| <1. We set S:==S and note that S, is 
obtained by iteration of S, so that we can write 


S,=SS...»- times = S”. 


We shall see shortly that S cannot be a rotation of the non-Euclidean plane ; 


* The concept of universal covering surface is discussed more fully in §§ 336 ff. below. 
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meanwhile, the following reasoning shows that it cannot be a limiting rotation 
either : 

Let G be a doubly-connected region all of whose congruence transformations 
S, are limiting rotations. Then there exists a Moebius transformation 


_ aut B 
~ yute 


that maps the disc | z| <1 onto the half-plane Ru <0, and under which 
the limiting rotation S,;==S of the z-plane corresponds to the Euclidean 
translation u’ =u + 227i of the u-plane. Setting t= e” and w= q(t), we 
thus arrive at a one-to-one mapping of the region G onto the punctured disc 
0<|t|< 1. The function g(t) is bounded and simple. By Riemann’s theo- 
rem of § 133, Vol I, p. 131, we can extend g(t) to a function regular in the 
whole disc | t | < 1 by setting (0) wy. The extended function must like- 
wise be simple; for if there were a non-zero t = ?¢’ for which p(t’) = wo, then 
since g(t) is neighbood-preserving there would be a point ¢, near t= 0 and 
a point fp near ¢’ for which ¢,; + te and m(t:) = @(te), and could not be 
simple in the punctured disc. But now it follows that the continuum C2 would 
have to consist of the single point wo. 

Thus S must be a non-Euclidean translation, and as such it is a Moebius 
transformation with two distinct fixed points F,; and Fe that lie on the unit 
circle | z| == 1. We now consider in the v-plane a strip 


|Rv| <h. (331. 4) 


We can map this strip one-to-one onto the disc | z| < 1 by means of a trans- 
formation == y(v), and we can norm this transformation in such a way 
that the two ends (the portions near v= ©) of the strip are mapped onto 
neighborhoods of the two fixed points F; and F2. If we do this, then the non- 
Euclidean translation S corresponds to a Euclidean translation of the strip 
onto itself. The magnitude of this translation depends on h; we can make it 
equal to 227 by choosing h suitably. 
We now set 


v=lo. 
Then the function 


w = ef vl) — F(w) 


represents a one-to-one mapping of a circular annulus onto the doubly- 
connected region G. We have thus obtained the following result: 

Let G be any doubly-connected region whose frontier consists of two disjoint 
continua, each of them containing more than one point; then G can be mapped 
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one-to-one and conformally onto a concentric circular annulus. 
If R, and Rez are the radii of the two concentric circles of the annulus, then 


and this ratio is therefore a number that is uniquely determined by the region 
G; it is called the modulus of the region G. From this we derive the following 
corollary : 

Two doubly-connected regions can be mapped conformally onto each other 
if and only if their moduli are the same. 


The Group of Congruence Transformations (9§ 332-335) 


332. We return to a problem that came up briefly in § 321. We saw in 
that section that the function w= f(z) of § 319 (the function that maps the 
disc | z| < 1 onto the given region G) need not be simple in | z| <1, ice. 
that f(z) may assume the same value at different points of the disc | z| <1. 
We shall call any two such points equivalent. 

If zg, and zo are equivalent points, let us write 


ae ea fe AS. (332. 1) 


1—Z4 1—2, 4’ 





If we substitute the first of these expressions into w= f(z) and recall that 
f’(z) does not vanish in | z | < 1, we see that a certain neighborhood of u = 0 
is mapped onto a simple neighborhood of wo = f(2,). The latter neighbor- 
hood may in turn be considered as the image under w= f(z) of a certain 
neighborhood of ze (since the points 2; and ze are equivalent), and it may 
also be considered as the image of a certain neighborhood of uv’ = 0, in virtue 
of the second relation in (332.1). Hence we have established the existence of a 
one-to-one relation 


uw! = o(u) (p(0) = 0) (332. 2) 


in a certain neighborhood of u = 0, and with the aid of the theorem in § 319, 
we see that @(u) can be continued analytically along every path in |u| <1 
and is therefore, by the monodromy theorem, regular and single-valued in the 
whole disc |u| <1. In this argument, the roles of u and w’ are clearly inter- 
changeable, so that we can produce similarly a single-valued regular function 


u= yw’), (332. 3) 
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and this must of course be the inverse of (332.2). Both m(u) and p(w’) are 
of bound one and vanish at the origin, so that by Schwarz’s Lemma, 


hence by (332.1), the relation connecting z and 2’ must represent a non- 
Euclidean motion S which is such that f(z) = f(z’) ; thus the motion S carries 


<n 
a7 


Fig. 49 Fig. 50 
every point into an equivalent point (under w= f(z)), and in particular it 
carries 2, into 22. 
If S’ is another non-Euclidean motion of this kind, carrying every point 2 
of the non-Euclidean plane | z | < 1 into an equivalent point, then the product 


S” = S'S 


of the two motions S and S’ has the same property. The same holds for the 
motion S~? inverse to S. Therefore the non-Euclidean motions of the kind 
described constitute a group ©. 

Any function f(z) for which the relation 


f(z) = f(Sz2) 


holds for every element S of the group © is called an automorphic function 
of the group G. 

None of the above motions S can be a non-Euclidean rotation. For if 2 is 
the fixed point of such a rotation, then every neighborhood of 2 would have 
to contain two equivalent points z, and z2; but this is impossible, since there 
are neighborhoods of 2) that are mapped one-to-one onto a part of the region G. 
Hence each of the motions S must be either a limiting rotation or a translation 
along a non-Euclidean line (cf. § 82, Vol. I, p. 78). 

If z, is any point of the disc | z| < 1 and gg = Sz, a point equivalent to 21 
under w= f(z), we consider (resuming once more the notation of § 319) 
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a curve y2 that joints z, and z2. The curve y, is mapped by w= f(z) onto a 
closed curve y» lying in the region G. Now if S is, first, a non-Euclidean 
translation of the non-Euclidean plane | z| < 1 with fixed points F; and Fo, 
then the two points 2; and 22 must lie on a line of constant (non-Euclidean) 
distance from the non-Euclidean line g whose end-points are F, and Fa. Hence 
this line of constant distance from g is mapped onto itself by the translation S 
(see Fig. 49). 

Second, if S is a limiting rotation, then 2, and 22 both lie on the oricycle 
that passes through 2; and through the only fixed point F that S has in this 
case (see Fig. 50). This oricycle is mapped onto itself by S. Here as in the 
first case, any path y, that joints the two equivalent points z,; and 22 is mapped 
by w==f(z) onto a closed curve y, of the region G. 


333. Any given curve y, of the region G is the image of an infinite number 
of curves y!) of the disc | z| < 1, and these pre-images are permuted among 
themselves by every motion of the group ©. Since all of these curves y*) 
have the same non-Euclidean length, we can introduce a metric in G by 
assigning this common length to the image curve y as its length.1 We shall 
denote this length by Z¢(7,), 

We recall (cf. § 316 above) that the region G lies in the disc |w| <1. 
Considering this disc as a non-Euclidean plane and denoting the non-Euclidean 
length of y» by A(y,), we have by Pick’s theorem of § 289 that 


Ayu) < Le(yw)- (333. 1) 


Now let G’ be any region that lies in | w| < 1 and contains G. In accord- 
ance with §§ 315-321, let 


w= gu) — (p(0) = 0, g(0) > 0) (333. 2) 


be a function that maps the disc | «| < 1 onto the region G’. The points of 
|u| <1 that are mapped onto (interior) points of G form an open subset 
of | «| < 1 that can always be represented as a union of at most denumerably 
many regions, and these regions are permuted among themselves by the trans- 
formations T of a group & of motions of the non-Euclidean plane | «|< 1. 
We denote by G* that one among these regions which contains the point u = 0 
in its interior. Let 


u=y(z)  (y(0)=0, y’(0) > 0) (333. 3) 
be a function that maps the disc | z| < 1 onto the region G*. 


*If the region G is multiply-connected, the concept of distance between two of its points 
can be established only under certain restrictive conditions, but we shall not have to deal 
with this case. 
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Let y,. be a path in G that joins the point w — 0 to any other point w = wo 
of G. Since this path also lies in G’, there is, among the (possibly infinitely 
many) paths in | «| < 1 that correspond to y,, by (333.2), a definite path y,, 
emanating from «0. This path y, must necessarily lie in G*. Similarly, 
there is in the disc | z| < 1 a path y, emanating from z= 0 that is mapped 
onto y, by (333.3). Then the function 


w = f(2) = p(y(2)) (333. 4) 


maps the path y, onto the path y,. This function w+= f(z) has all of the 
properties required of f(z) in § 319, and it must therefore coincide with the 
mapping function w= f(z) of § 319. 

We shall denote the non-Euclidean lengths of the curves y,, y, and y, in 
the non-Euclidean planes |z| <1, |u| <1 and |w|<1 by Aly,), A(y,) 
and A(y,,) respectively, as before. Then with the notation introduced earlier 
in this section, we have 


Le (Yu) = Lee(Yu) = Aly:)- 
Moreover, 


Le w) = A( wu)» 
and by Pick’s theorem, 


A(yu) < Les(yu), 


A(yu) < Ly (Yu) : 


A comparison of these relations yields the following theorem: 


and similarly 


If G and G" are two regions lying in the disc | w| <1 which are such that 
G contains the point w= 0 and is itself a subregion of G’, then with the above 
notation we have the following inequalities : 


A(yw) < Le Yu) < Le(Yw)- (333. 5) 


Here, G’ is assumed to coincide neither with | w| <1 nor with G. 


334. The results of the preceding section enable us to establish a criterion 
for deciding whether a substitution S of the group © is a limiting rotation or 
a translation of the non-Euclidean plane | z| < 1. 

Assume first that we are dealing with a translation S along a non-Euclidean 
line e. Without loss of generality, we may assume e to be the real axis (see 
Fig. 51 below). If 2; is any point and 22 its image under the translation S, 
let 2;’ and 29’ be the points at which the non-Euclidean perpendiculars to e, 
through 2; and 22 respectively, intersect e. Then S maps 2,’ onto 22’, and the 
distance s = E,(z], 22) is an invariant that indicates the magnitude of the trans- 
lation. On the other hand, s may be regarded as the non-Euclidean distance 
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between the above two perpendiculars, so that we certainly have E,,(z,, 2.) = s. 
Every path y, that joins 2; and 2 is likewise of a non-Euclidean length = s. 
Now if yw is the image under w= f(z) of such a path y,, then y» is a closed 


Fig. 51 


curve in G whose length L(y), in the metric of § 333, is 2s. The same 
holds for all curves y%, that are homotopic to y,, in G, since any such y% may be 
regarded as the image of a path y¥ whose one end-point is mapped onto the 
other by S. Therefore in the metric just mentioned, the lengths of the curves 
homotopic to y.» have a non-zero lower bound. 

Next, assume that S is a limiting rotation and that it maps a point 2, onto 
a point z.. These two points then lie on an oricycle w that is tangent to the 
circle | z| == 1 at the fixed point F of the limiting rotation. The two non- 
Euclidean lines through F that pass through 2; and 2 respectively are parallel. 
Let z* and 2¥ be their respective intersections with a second oricycle w* 
emanating from F. Now as the diameter of w* is allowed to go to zero, the 
non-Euclidean distance E,,(z¥, z*) must likewise converge to zero. The easiest 
way to see this is to map | z| < 1 onto a Poincaré half-plane (cf. § 84, Vol I, 
p. 79) in such a way that F is mapped onto the point at infinity ; then 2; and 22 
lie on a parallel to the real axis, and so do z¥ and 2%; finally, if h and h* are 
the respective distances of these parallels from the real axis, then E,,(z*, z¥) 
goes to zero as 1/h* does. 

We have thus derived the criterion announced at the beginning of this 
section, which can be stated as follows: 

Let yw be a closed curve in G that is not homotopic to zero, t.e. that cannot 
be shrunk to an interior point of G without having to pass over frontier points 
of G. To yw there corresponds a transformation S of the group ©. 

Then S is either a translation or a limiting rotation of the non-Euclidean 
plane |z| <1, according to whether the lengths of the curves homotopic to 
Yw, m the L-metric of § 333, have a non-zero or zero greatest lower bound. 
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335. Now let y» be a closed curve in the region G that is the image of a 
path y, having two distinct end-points 2; and z2. Then there is in the group © 
a transformation S that maps 2; onto 22. We can then find in G a closed Jordan 
curve y% that contains all of the points of y,. in its interior and stays within a 
distance € of 7; moreover, y%, can be selected in such a way that 


Lelyi) < Lely) + € (335. 1) 


holds. We can obtain such a Jordan curve y%, for instance, by constructing 
small circles about certain of the double points (if any) of y, and by replacing 
certain portions of y, by suitable arcs of these circles (see Fig. 52). 





Yw has three double points 
ye is the heavier line 


Fig. 52 


Inside y* there must be at least one point that does not belong to G; for 
otherwise, y,, and y% could be shrunk by means of a continuous deformation 
to curves that lie within an arbitrarily small disc in G, so that 2; and zg could 
not be distinct points, as they in fact are. 

Let us then consider first the case that every curve y% of the kind specified 
above contains at least two distinct points P; and P, that do not belong to G. 
We pass through P; and P2 a non-Euelidean line e of the non-Euclidean plane 
| w | <1; let the end-points of e be Qi and Q2 (see Fig. 53). Let R, be the 
first and R, the last point of intersection of e and y* as e is traversed from 
Q: to Qe. The points R; and Re subdivide y* into two Jordans arcs, and 
each of these has an L-length (cf. § 333 above) that exceeds the non-Euclidean 
length of the segment R, Re of e, and therefore also exceeds E,(P1, P2). But 
by (335.1), this implies that 


Lely) + & > Lgl) > 2En(Ps, Pa), 


and hence also that 
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Le (yw) = 2 E, (Pi, P,) . (335. 2) 


Relation (335.2) holds also for every closed curve y» that is homotopic in G 
to yw. Therefore by the criterion of § 334, the non-Euclidean motion S must 
in this case be a translation. 

Next we consider the case that there exists at least one Jordan curve yi of 
the kind specified in whose interior there lies one and only one point P that 
does not belong to G. Then P is an isolated point of the frontier of G, and 


Fig. 53 


there exists at least one punctured disc x that has its center at P and otherwise 
belongs to G. By a continuous deformation within G, we can then transform 
y*,and 7» (which has no points exterior to y%,) into a pair of curves that share 
all of the specified properties of yé and yy and lie within x. If & is an arbitrarily 
small disc concentric with x, then the homotopic image of y» just obtained 
must in turn be homotopic to the boundary of k traversed n times, where n is 
some non-zero integer (cf. § 330 above). 

Let the radii of x and of & be o and r, respectively. By means of the function 
w==It, we map the punctured disc x onto the Poincaré half-plane and we 
find that 


L,(k) = : (335. 3) 





The L-length of the boundary of x traversed n times is 1 times the quantity 
in (335.3). Since this quantity goes to zero if r does, and since by § 333, 
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Le(k) < L,(R) 


holds (the punctured disc x being a subset of G), it follows that there are 
curves homotopic to y, in G whose L-lengths are as small as we please. There- 
fore by the criterion of § 334 above, S must be a limiting rotation. 

We have thus shown that the group S cannot contain any limiting rotations 
among its elements S unless the closed set A consisting of the points of 
| w | <1 that do not belong to G (cf. § 316 above) contains isolated points. 


The Universal Covering Surface (§§ 336-338 ) 
336. Once more, let 


w = f(z) (336. 1) 


be the mapping function whose existence was demonstrated in §§ 315-320. 
If the region G, is multiply-connected, then for any given point ao of the disc 
|2| <1 there are infinitely many equivalent points 


{a;} = dg, ay, dy, .... (336. 2) 


In what follows, we shall stick to a fixed point a, and therefore to a fixed set 
(336.2). If 2 is‘any point of | z| < 1 that is distinct from all of the a;, then 
there are at most a finite number of points of (336.2) within or on the non- 
Euclidean circle with center at z that passes through a). Among these there 
is at least one point, say @,,, which has the smallest (non-Euclidean) distance 
from the center z, i.e. for which E,,(a,,, 2) is a minimum. For certain positions 
of z, there may be several points of (336.2) that qualify. 

Now let S,, be that non-Euclidean motion of the group & (cf. § 332 above) 
which maps the point a@,, onto a, and let the image of z under this motion be 
denoted by 2. Then 


E,,(4, 20) S En(4;, 20) (336. 3) 


holds for 7 = 1,2,---. We wish to determine the set of all those points 20 
for which (336.3) holds true, and to this end we construct the non- Euclidean 
perpendicular bisector w; of the (non-Euclidean) line-segment a)a;. Then 
uj divides | z| < 1 into two non-Euclidean half-planes. One of these contains 
ay, and we denote it by U;. Each of the open point sets U; is convex in the 
non-Euclidean sense, that is to say that if 2’ and 2” are any two of its points, 
the set U; contains the non-Euclidean line-segment joining 2’ and 2”. 
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Any disc |z| <7 <1 intersects only a finite number of the lines* y;. 
Hence we can find an N = N(r) such that | z| <7 lies in the interior of Uj; 
for all j > N. The intersection of the half-planes U;, Us,---, Uy and the disc 
| z| <r is a convex non-Euclidean polygon with a finite number of sides and 
vertices and a finite number of boundary arcs that belong to |z|—=~r7. The 
interior region of this polygon consists of all those points of | z| < 7 that are 
closer to a, than to any other point of the set (336.2). If we let 7 tend to unity, 





Fig. 54 


we obtain in the limit a convex polygon with at most denumerably many vertices 
and a finite or infinite number of sub-arcs of | ¢|—=1. We shall denote the 
interior of this limiting polygon by F,; it consists of all those points of 
| z| < 1 that are closer to a) than to any other point of (336.2). 

Let S, be that element of the group © which carries a, into dp, and let us 
denote the image of Fy under S,—1 by F,. Then F, consists of all those points 
that are closer to a, than to any other point of (336.2). Thus for any point 
Zn Of F,, we have 

En(an, Zn) < E,(4%, Zn); 


therefore z, cannot belong to Fy, and it follows that the regions Fo, F,,--- 
are mutually disjoint. Since the motions of © distribute the points 21’, 20’, --- 
equivalent to a given point 2)’ of Fy into the various regions F,, we conclude 
further that no two points 2’ and 2” of Fy can be equivalent. 

Now let ¢ be any point of | z | < 1 that is not contained in the open point-set 
F,+ F, +...; then the set of points a; that have the smallest possible distance 
from ¢ contains at least two distinct points, since € would otherwise have to 
belong to one of the sets F;. Hence there exists a circle with ¢ as its non- 
Euclidean center that passes through the points 4,,,...,@;,(p 22) but does 
not have any of the points a; in its interior. Fig. 54 illustrates this circle, under 
the assumption that ¢ is at z=0. 


* This is seen easily if we note that for a given r, the non-Euclidean circle with center 
at a and non-Euclidean radius, @ contains the disc | | <_r in its interior if 9 is sufficiently 
large. For every point a; that lies outside the non-Euclidean circle with center at a) and 
non-Euclidean radius 29, the corresponding 4m; lies entirely outside the disc | z| <r. 
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We are led in this way to a well-defined convex polygon whose vertices, in 
order, are @;,,...,4@;,. The perpendiculars from ¢ onto the sides of this poly- 
gon subdivide a sufficiently small neighborhood of ¢ into » parts that are 
easily seen td lie in the regions F;,,F,,,...,F;, , respectively. Therefore the 
point ¢ belongs to the frontier of each of these p regions. Hence every point 
of | z| < 1 is either an interior point or a frontier point of one of the various 
regions F;, and the totality of regions F; plus their frontiers may be regarded 
as a kind of mosaic that covers | z| < 1 completely. Every point ¢ that is not 
contained in any of the F; is equivalent to at least one point ¢, of the frontier 
of Fy. For our above ¢, we obtain such an equivalent ¢, by mapping any one 
of the regions F;,,...,F i, onto F, by means of a non-Euclidean motion belong- 
ing to the group G. This yields in fact p distinct points $,,, ---, oi, of the 
frontier of F) that are equivalent to ¢ and therefore also to each other. For 
if any two of these points, say f,, and ¢,,, coincided, then the transformation 
S;, Sz! would have ¢ as a fixed point and would therefore have to be elliptic, 
and we know this to be impossible by § 332 above. In our “tiling” of the 
unit disc | z| <1, each ofthe ¢,,..., ¢;, isa point at which p of the regions F; 
meet. The points of the frontier of Fo for which p = 3 coincide with the 
vertices of the polygon that bounds Fy; at every interior point of any of the 
sides of this polygon, we must have p= 2. From this we infer that the sides 
of the polygon must be equivalent in pairs. 


337. Let us now consider the region G,. which is the image under (336.1) 
of the disc |z| <1. By the results obtained above, we know that any two 
distinct (interior) points of Fy are mapped onto two distinct (interior) points 
of Gy», in other words that the mapping of Fy into Gy» given by w= f(z) is 
simple. Furthermore, every point of Gy» is the image of at least one interior 
or frontier point of Fy. The sides of the bounding polygon of Fy are mapped 
onto certain curves in G,», two distinct sides being mapped, in general, onto 
two curves that have no interior points in common; but whenever the two 
sides of the polygon are equivalent, their image curves coincide. Every vertex 
Cy of the frontier of Fo is mapped onto a point w)=f(¢.) at which p (p = 3) 
of the image curves meet, since w= f(z) maps Fig. 54 one-to-one and con- 
formally onto a neighborhood of ao. 

Let us now cut G, along all of the curves that correspond to the frontier of 
F,. Then the residual subset G* of Gy (i.e. Gi» minus the above curves) is 
the image under w= f(z) of the simply-connected region Fy); hence G* is 
itself a simply-connected region. Wei’ note that each of the regions F; is 
mapped by w = f(z) onto this same region G*. Now we consider an infinite 
number of specimens of G* that we denote by Go*, G.*, ..., and we assign to G,* 
the convex region F;. We note that because of their convexity, no two distinct 
regions F; and F; can meet along more than one of their sides; also, that any 
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two of the finite number of regions that meet at a point ¢) must have a side 
of their frontiers in common; and finally, that any given disc | z| <r < 1 is 
covered by a finite number of the regions Fj. 

Now consider two regions F; and F; whose frontiers have a side si; in com- 
mon, and let G;* and G;* be the corresponding specimens of the image region 
G*. To s;; there corresponds in the w-plane a certain curve o;;, and every 
sufficiently small neighborhood of any given point of s;; is mapped one-to-one 
onto a neighborhood of the corresponding point of oj. We now join one 
of the “banks” or “sides” of oj; in the region G,* with the opposite bank of oj; 
in G;*; by what has been said above, the choice of the banks to be joined 
here is quite unambiguous. We first apply this process of joining to finitely 
many specimens and finitely many curves, the specimens being chosen in 
such a way that their pre-images in the 2-plane cover a given disc 
|2|<r<1, and we then imagine the process continued indefinitely as r 
is allowed to tend to 1. In the limit, we obtain a simply-connected Riemann 
surface which is the one-to-one image of | z|< 1. Our entire construction of 
this surface seems to have depended on our initial choice of the point ao in 
|2| <1; but the resulting surface is actually independent of this choice, as 
can easily be seen by an argument like the one in § 320 above. 

The Riemann surface “over” G, that we have thus obtained is called the 
canonical universal covering surface of Gy». In its place we can use, whenever 
it is more convenient, the subdivision or “tiling” of the disc | z| < 1 by means 
of the regions F;. The region F, can be extended, by adding a portion of its 
frontier to the region itself, to a so-called fundamental region Fo*, i.e. to a 
point set that is disjoint from every one of its equivalent sets F;* and that 
together with these equivalent sets covers the entire (interior of the) disc 
|z| <1 exactly once. The simplest way of obtaining such a fundamental 
region is to add to Fy only one of every two equivalent sides of the frontier 
polygon, and to retain only one vertex from every system of p equivalent 
vertices of this polygon as described in § 336. This particular construction 
always yields a connected point set as a fundamental region (cf. § 100, Vol. I, 
p. 96). 

338. In conclusion, we wish to show that each of the regions F; has frontier 
points that lie on the circle |z|==1. To this end, we select a sequence of 
distinct points 

Wy, We, Ws,... 


in Gy in such a way that the sequence converges to a point of the frontier of 
Gy, or more generally, in such a way that the points of the sequence have no 
point of accumulation in (the interior of) G,. In | z| <1, we consider any 
sequence of points 


21, 2g, 2, --- (338. 1) 
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for which }(z/) = w, (v= 1, 2, ...) holds. Then the sequence (338.1) cannot 
have a point of accumulation in (the interior of) | z| <1; for if it did have 
one, say 29, then w)==f(2Z0') would be an interior point of G,, that would 
also be a point of accumulation of the sequence w1, we,---. Now if F;* is any 
fundamental region, then for every point 2 of (338.1) there is an equivalent 
point z, in F;*. Since all of the points of accumulation of the sequence {z,} 
lie on | z | = 1, it follows that the frontier of F;*, and hence also the frontier 
of the open set F;, must have points in common with | z|—1. 


Simultaneous Conformal Mapping of Nested 


Annular Regions (§§ 339-340) 


339. The following problem is of importance in the theory of uniformiza- 
tion. Consider an infinite sequence of complex planes, which we shall call the 
£1-plane, Ze-plane, etc., and consider in each 2,-plane two simply-connected 
regions G!”) and G/*-)) which are such that G!” contains G{*-) and both contain 
the origin 2,0. The problem we set ourselves is to find a sequence of 


(a) y 
Gn ae 
2n-plane #0+:-plane 
Fig. 55 
regions G), G®,... in a w-plane, and a sequence of mapping functions 


w= gz), having the following properties : 

1. Each region G™ contains the origin w—0 in its interior, and is 
itself contained in the next regionG +1); 

2. For n=2,3,..., the function 


w= p(z,) (p"(0) = 0, p™"(0) > 0) 


maps the region G') conformally onto the region G™, and at the same time 
maps G'*-1) conformally onto G*-. 
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Without loss of generality, we may assume that the desired regions G!”) are 
circular discs of radii r,, since we could map any other G) onto such a disc 
which must then contain the image of the region G’’-1). Assume then that 
the region G!" coincides with the disc | z | < 7,, and let 


Zur = 1 1(2,) (4 (0) = 0, 720) > 0) (339. 1) 


be the function that maps this disc onto the region G\"),. The radius r, being 
given, /\")',(0) is proportional to 7,,, and we can always determine 7,41 in 
such a way that 
72,0) =1 (339. 2) 
holds. 

Now we set 7, = 1, and we stipulate that (339.2) hold for n= 1,2,--- 
Then the radii 7, and the functions (339.1) are uniquely determined. We 
define additional functions by setting 


f (24) = FP (en) (339. 3) 
Mey =P Ue). (339. 4) 


The functions (339.3) can all be determined provided that we know all of the 
functions in (339.1). Similarly, the functions /),(z,) can all be determined 
once we have all of the functions (339.1) and (339.3). Continuing in this 


way, we obtain all of the functions /") ,(z,). We note that all of the functions 
(339.4) satisfy 


£0 (0) =0, 72,0) = (339. 5) 


340. Now we observe that for fixed n, the functions (339.4) represent 
conformal mappings of the disc | 2,| <7, onto simple, simply-connected 
regions. Hence it follows from the last result of § 329 and from (339.5) that 
the sequence {/\") x(2n)}, (k= 1, 2, ..-), constitutes a normal family of func- 
tions. Therefore there exists a sequence of numbers 2(”), ki”, ... which are 
such that the sequence {f{”? +a) (2n)}, (P= 1, 2, .-.), converges continuously in 
the disc | 2,|<7rn. We have a convergent subsequence of this kind for 
every n, and by Cantor’s Diagonal Process (cf. § 92, Vol. I, p. 90) we can 
therefore select independently of n a sequence of numbers ,, k2,... which 
are such that for every n, we have 


lim f2) (2) =P™(2,)  (%=1,2,...). (340.1) 


p=o0o 
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By (339.5), the limit function 9 (z,) cannot be a constant. Being the limit 
of functions /,,;,(z,) simple in the disc | Z| <1, the function g™(z,) is 
itself simple in this disc (cf. §200, Vol. I, p. 197) and it therefore maps 
| Zn | <7, onto a simple, simply-connected region G™. The functions (z,) 
and the regions G“, however, furnish a solution of our problem, as we shall 
see presently. For upon replacing the subscript k by kp in (339.4) and then 
passing to the limit. we obtain the equation 


P™) (24) = 9 *Y (f.1(z,)), (340. 2) 


which implies that the second of the two specified conditions is met. 

Also, the numbers 7, are monotonically increasing with 1; for if we had 
Yn+1 <n, it would follow from Schwarz’s Lemma that |/")’(0)| <1, since 
the function 2,,, = /!")1(z,) maps the disc | 2,.| <7, onto a subrégion of the 


disc | 2n41| << n41- Hence 7, <7,,, and we must have either 


lim 7, = 00 . (340. 3) 
or ak 
limy, = R. (340. 4) 


These two cases have to be discussed separately. 

Assume first that (340.3) holds, and denote the distance of the point w= 0 
from the frontier of the region G) by a,. Since p)’(0) = 1, the Koebe-Faber 
distortion theorem (cf. § 328) implies that a, = 7,/4 and therefore that 

lim a, =oo, 

n=oo 
which means that the nested regions G‘ will cover any pre-assigned disc 
| w|<-r ifm is chosen sufficiently large. 

In the second case, i.e. if (340.4) holds, we note that our construction 
implies that 


fet ip(@n)| <7 


n+kp n+kp 


<R, 
so that in the limit, 

lo”@,)|< R (2n] < tn) 
holds. Here, all of the nested regions G“™ lie within the disc | w| < R, and 
their union is a simply-connected region H that is likewise contained in 
|w|< R. Let the conformal mapping of H onto the disc | t| < R be given 


by the function ¢ = y(wzw), with w(0)=0, w’(0) > 0. Then by Schwarz’s 
Lemma, 


y'(0) 21 (340. 5) 
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must hold. On the other hand, the functions 


t= Pz) = p(o™(z,)) 


give the mapping of | 2, | <r, onto a subregion of |¢| << R. It then follows 
from y” (0) = 1 that Y’(0) = y’(0). But by Schwarz’s Lemma 


Therefore 


and by (340.4) we thus obtain y’(0) = 1. This together with (340.5) yields 
y’ (0) = 1, which is possible only if p(w) = w, in which case H must coincide 
with the disc | w| <R. It follows from this that any given smaller disc that 
is concentric with | w | < R will be covered by the regions G) if n is large 
enough. 


CHAPTER THREE 


THE MAPPING OF THE BOUNDARY 
The Schwarz Reflection Principle (§§ 341-342) 


341. Let G, be a simply-connected region of the w-plane that is its own 
mirror image under a reflection in the real axis, i.e. that is symmetric with 
respect to the real axis, and assume that the real point wo is an interior point 


w-plane 
Fig. 56 


of G,. Then there is a segment A, B, of the real axis that contains the point w> 
in its interior and whose end points A, and B, are points of the frontier of Gy 
(see Fig. 56). 

Let the function 


w=y(t) (341.1) 


represent a conformal mapping of the open disc | ¢ | < 1 onto the region Gy 
under which the point t= 0 is mapped onto w= wp while y’(0) > 0. We 
denote the points of intersection of the circle | ¢|==1 and the real axis of 
the f-plane by 42 and By (see Fig. 57 below), and we denote the disc | t | < 1 
by G;. Both G,, and G; are transformed onto themselves by the reflections in 
the segments 4,B,; and A2Bz respectively. It follows from this that the equa- 
tion w= y(f) also represents a conformal mapping of G; onto Gy, for which 


88 
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y(0)=w, and p’(0) > 0. Since there can be only one mapping of this kind, 
it follows that ae 

y(t) = p(t). (341. 2) 


Hence if w(t) is developed in a Taylor series, the coefficients of the series must 
all be real. This implies that under the mapping (341.1), the segments 4,B, 
and A,B correspond to each other, and from this it follows further that the 
regions G,, and G;’ (see Figs. 56 and 57) correspond to each other. 

Now we map the disc | z| < 1 onto the half-dise G,’ by means of a func- 
tion t==4(2); then the function w—f(z)—=y(y(z)) maps the disc 
|2| <1 onto the region Gy’. But the function t= y (z) can be constructed 
in terms of elementary transformations (cf. § 314 above), and if we follow 


c 
A 8B 
t-plane D g-plane 
Fig. 57 Fig. 58 


this through we find that the segment A»Bz corresponds to an arc of the circle 
| z| == 1 with two (distinct) end-points A and B (see Fig. 58). Moreover, 
the inverse function g(t) is regular in the whole disc |¢| <1 and 
represents a conformal mapping of this disc onto the z-plane cut along the 
arc BCA. Under this mapping, two complex conjugates ¢ and ¢ correspond 
to two points z and 2* = 1/z that are images of each other under inversion 
(reflection) in the circle |z|—=1. Similarly, the function w= f(z) is 
regular on the arc 4DB and maps the two points z and 2* that are inverses 
of each other with respect to the circle, onto two points w and w that are 
symmetric images of each other in the real axis of the w-plane. 

The results just obtained are known as the Schwarz Reflection Principle. 


342. The Schwarz Reflection Principle can be generalized considerably. 
Let f(z) be a function meromorphic in the disc | z | < 1 and assume that on 
an arc AB of the boundary | z|==1, all of the boundary values of f(z) 
(cf. §99, Vol. I, p. 95) are either real or infinite (see Fig. 59). Then the 
function 


ile) ~i 
82) = F043 (342. 1) 
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is meromorphic at every point of the disc |z| <1. At every point ¢ of the 
arc AB, all of the boundary values of | g(z) | are equal to 1, since the mapping 


w—t 


wti 





transforms the real axis of the w-plane onto the circle | w|—=1. If ¢ is an 
interior point of the arc 4B, we can choose a natural number 7 so large that 
the two following requirements are met: First, if the boundaries of the two 
discs 


le]<1, Jz~t] <= (342. 2) 


intersect at the points C and D, then the arc CD of | 2 | = 1 is a subarc of 
AB; and second, the relation 


5 < |g(z)| <2 (342. 3) 


holds at every point z that lies in the intersection of the two discs (342.2). 


B ry 
D 
E, 
¢ 1 
A C 
2-plane u-plane 
Fig. 59 Fig. 60 


For otherwise, we should be able to assign. to every natural number n a point 2, 
inside the unit circle for which 


[zn — 6] <= 


holds and which satisfies one of the two relations | g(z,)|2=2 and 
| g(2n) | 1/2. But then | g(z) | would have at ¢ a boundary value different 
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from unity, contrary to what we noted earlier. 
Let us now map the shaded lens of Fig. 59 onto the disc |u| <1 (see 
Fig. 60) by means of a function 


z= y(u) (342. 4) 


in such a way that the arc CCD is mapped onto the semicircle C,£,D, that 
lies in the half-plane Ru > 0, and let us set 


h(u) = g (p(w). (342. 5) 
Then by the above, 
> < [Alu)| < 23 


therefore one of the branches of the logarithm of h(u) is regular in |u| < 1 
and has a bounded real part in this disc. We introduce the notation 


A(r, 8) = RL A(r e**) (O<r<1). (342.6) 


Then if « is any point of the disc |u| <1 and if |u| <7 <1, we have by 
Poisson’s Integral Formula (cf. §§ 150-152, Vol. I, p. 146 ff. and formula 
(148.11), Vol. I, p. 145) that 








22 
0) —Lh 1 8 
[ie ROS TAO A. [ae 9) ee a. (342. 7) 


Since for 0 <8 < 2/2 and for 32/2 < &< 22 all of the boundary values 
of | h(u)| are =1, so that 


lim A(r, 8) = 0 


r=1 
holds true, it follows from letting r tend to unity in (342.7) and setting 
A(8) = lim A(r, 8) 
r=1 


that 
82/2 


Lh(u) = HO) EHO) hy A fas a (342. 8) 


n/2 





But this representation of /h(u) shows that /h(u) is regular on the semicircle 
C,£,D,; the same holds true for h(u), and therefore g(z) must be regular 
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at every point of the arc CCD; the same then applies to f(z). We have thus 
proved the following theorem: 

Let f(z) be meromorphic in the disc |u| <1, and let all of the boundary 
values of f(z) on an arc AB of |u| =1 be real or infinite. Then if ¢ is any 
foint of the arc AB, the function f(z) either is regular and real at ¢ or else 
has a pole at ¢. 

This theorem is remarkable in that it shows the regularity of the function 
f(z) on the arc AB to depend only on the distribution of the boundary values ; 
it does not require the assumption of continuity of the function on the arc. 

We note that in the above proof, we needed the given meromorphic func- 
tion f(z) only in a certain neighborhood of the arc AB, so that the theorem 
goes through whenever we can find for every interior point ¢ of the arc AB 
a lens CDC (see Fig. 59 above) in which f(z) is meromorphic. 


Conformal Mapping of the Region Inside 
a Jordan Curve (8§ 343-346) 


343. Let y, be a Jordan curve (simple closed curve, cf. § 106, Vol. I, 
p. 100) and let Gy» be the finite region bounded by y, (the “inside” of 
Yw)+ Since y» is a one-to-one continuous image of the circle e*”, there exist 
two continuous periodic functions x(q) and y(q) for which the points of 7 
are given by 


w(y) = x(y) +7 (9). (343. 1) 
For any two values g, and q, of @ that are not congruent modulo 2a, we have 


2() + 2(P2)- 
Let the function 


w= f(z) (343.2) 


represent a one-to-one conformal mapping of the disc | z|< 1 onto the 
region Gy». Let A be any point of the curve y.., and consider a sequence {w,} 
of points of G, converging to 4. By (343.2), the points w, are the images 
of (uniquely determined) points z, of the disc | z| <1 that have no point 
of accumulation in the interior of this disc. We shall prove that the sequence 
{z,} has one and only one point of accumulation 4’. 

To this end, assume that the sequence {z,} had, besides A’, an additional 
point of accumulation B’. By Fatou’s theorem (cf. § 310), there are two radii 
O’ Pi’ and O’P’ of the circle | z |= 1 whose end-points Py’ and Pd’ are 
separated by the points A’ and B’ and along which the function (343.2) con- 
verges to certain boundary values w, and we, respectively, We also assume 
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P,’ and P2! to be chosen in such a way that no two of the w;, we, and A coin- 
cide (see Figs. 61 and 62). 

The mapping (343.2) transforms the broken line P;’O’ P.’ into a Jordan arc 
@, O wy that is a cross cut of the region Gy» (cf. § 113, Vol. I, p. 105). This 
cross cut divides G, into two subregions G,,’ and G,,” whose pre-images 
under w==f(z) are the sectors O’P,’ A’P.’ and O’P,'B’ Py’ of the disc 
|2| <1. Now if the point A lies, say, on the frontier of G,,.’, then the distance 


w2 


» 
nd 
N 


Fig. 61 Fig. 62 


between A and the subregion Gi” is not zero, so that the sequence {w,}, 
which converges to 4, cannot have more than finitely many of its points lying 
in G»” or on the frontier of G,,”. The pre-images of these points therefore 
also constitute a finite set, consisting of all those members of the sequence {z,} 
that lie in the sector O’P,’B’P,’; thus B’ cannot possibly be a point of 
accumulation of the sequence {2}. The result we have obtained may ‘be 
stated as follows: 


The mapping (343.2) makes it possible to associate with every point A of 
the Jordan curve pw a point A’ of the circle z = e*® with the following property: 
For every sequence of points {w,} that converges to A, the sequence of pre- 
images {z,}, (under the mapping (343.2)) converges to A’. 

This correspondence between the points of y,» and the points of | z| == 1 
can therefore be expressed by means of a single-valued function 


3 =X) (343. 3) 


that is periodic and has period 22. 

We can easily show that the function (343.3) is continuous. To this end, 
consider a convergent sequence of numbers 9, @2,... whose limit is go, and 
let Ai, 4.,... be the points of y,. that correspond to the q; by virtue of 
(343.1) ; the A; converge to a point 4, of y». We must prove that if 
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Aj’, A,’,... are the points of the circle |z|==1 that correspond to 
A,, A,,... under the relation (343.3) and if A’ similarly corresponds to Ao, 
then the sequence A,’, A.’,... converges to A,’. But this is almost self- 


evident, because we can determine a sequence of interior points wi, w2,... 
of Gy» in such a way that the distance between w, and A,, and the distance 
between the corresponding points z, and A,, are both less than 1/v. Then 
lim w, = A,,so that by our last theorem lim z, = Aq. 


344, Next we wish to prove that every subarc y* of the Jordan curve yy 
contains pairs of points whose pre-images on | z|==1 under the mapping 
(343.3) induced by (342.2) are two distinct points. 

Let M be an interior point of the arc y* (see Fig. 63 below). Then M has 
a non-zero distance 6 from the complementary‘arc of the Jordan curve yy. 





Fig. 63 


Let x be a circle whose center is at M and whose radius is less than 6. If we 
denote the outside of y» (the region exterior to yw») by Hy», then H,, must 
contain points that lie inside x, since M is on the frontier of H». Now any 
two points of Hy» can be joined within H,, by continuous curves; therefore 
Hy must contain points of the circle x itself. Hence there is at least one arc 
B of x that lies in H,, and whose end-points P and Q lie on y.. Also, P and Q 
must be distinct, since a similar reasoning shows that at least one (non-zero) 
arc of x must lie in Gy. 

By our construction, the two points P and Q lie on y%. We wish to show 
that the points P, and Q, of | z|==1 that correspond to P and Q under 
w == f(z) are distinct. 

P and Q divide y, into two Jordan arcs y,’ and yw’. We consider the 
(closed) Jordan curves B+ y;, and 6+ yi, which bound two finite regions 


w 


, 
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that we denote by G,’ and G,,”. If G,»” contains a point of Gy», then it must 
contain all of G,,. Let us assume that G,,” is a subregion of H,.. Then every 
point R of y,,’ lies outside G,,”, and in any neighborhood of RF there are points S 
that belong neither to G, nor to G,”. We can easily show that S must also lie 
outside G,’; for there are points T that belong neither to G,» nor to 
Gy nor to Gy”, and if we join such a point T to S by a continuous curve 
that avoids G,,, this curve can meet the frontier of G,,’ only in points of B 
(if at all) ; we can then arrange by means of a continuous deformation of the 
curve that it meets neither y,, nor 8. Hence S lies outside G,,’. 

Since S is outside G,,’ and R is on the frontier of G,’, all the points of 
Gy that lie in a sufficiently small neighborhood of R must be (interior) 
points of G,’, whence it follows that the whole region G,, must be inside the 
Jordan curve 8 + yj, i.e. that G,, is a subregion of G,,’. Thus we always have, 
if necessary after interchanging the symbols for the above curves y./ and 7.” 
(and likewise those for Gy’ and G,’), that Gy’ contains Gy. 

Let us now map the circular arc 6 onto a segment of the real axis of a 
t-plane by means of a Moebius transformation, and let the image of G,,’ under 
this transformation be the region G,’. We then map G;’ by means of t*= u, 
similarly as in § 323, onto the interior region G,’ of a Jordan curve of the 
u-plane, in such a way that G,’ lies in the upper half-plane while the image 
of 6 is a segment of the real axis of the u-plane. By the Schwarz Reflection 
Principle it is now evident that when G,’ is mapped in turn onto |v| <1, 
the images of P and Q are two distinct points Po and Qz on |v|—=1. At the 
same time, the v-image of y,.” is a cross cut y»” of |v| <1, and that of G,, 


is a region G, bounded by an arc of the circle | v | = 1 and by the cross cut y»”. 
Finally, when G, is mapped onto | z| <1, the points Pz and Qe are mapped 
onto two distinct points P, and Q; on | z|==1, and we have proved the 


result stated at the beginning of this section. 


345. It is now easy to prove that under our original mapping (343.2), 
two distinct points A and B of y» always are the images (actually not under 
w== f(z) but under the induced mapping (343.3)) of two distinct points 
A, and By. To this end, we shall borrow a fact that will be proved in the 
next section, namely that 4 and B can always be joined by a cross cut g of Gy. 
Assuming the truth of this statement, we infer from it that under the con- 
formal mapping of | z | < 1 onto G,, the cross cut q is the image of a curve qy 
that has at most two points 4, and By in common with the circle | z | = 1 and 
must therefore be a cross cut of the disc |z| <1. But the points A and B 
divide the Jordan curve y,. into two arcs on each of which, by the preceding 
section, there are pairs of points whose pre-images are likewise pairs of distinct 
points; also, the two subregions into which q divides G, are the images of 
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two non-empty subregions into which q, divides | z| <1; hence 4; and By 
cannot coincide. 

Now if 21, 22,... is a sequence of points of the disc | z| < 1 that converges 
to a point of | z | == 1, then the images w,, we, ... of these points cannot have 
more than one point of accumulation 4 on the curve y,,. Hence the relation 
between the quantities # and @ of § 343 can be expressed not only by (343.3), 
but also in the inverse form 


p = Md). (345. 1) 


Just as we have shown A(q@) to be continuous (§ 343), we can prove the 
same for #(#) ; it follows further that both A(q@) and u(#) are monotonically 
increasing and cannot be constant on any interval of their domain of definition. 
This implies that the order of any three points 4;, B,, C; of the circle | z |= 1 
is preserved by the mapping (343.3)—or (345.1)—for their images A, B, C 
on the curve y,.; in other words, the mapping leaves the cyclic order of any 
three points intact. We have at last arrived at the following theorem: 

If there exists a one-to-one and bi-continuous mapping of the frontier of a 
simply-connected region onto a circle (in other words, if the frontier is the 
topological image of a circle), then any conformal mapping of the region onto 
an open circular disc induces a corresponding mapping, of the kind mentioned, 
of the frontier of the region onto the frontier of the disc. 


It clearly follows that a similar correspondence of their frontiers is induced 
by any conformal mapping of one Jordan region G, (i.e., simply-connected 
region whose frontier is a Jordan curve) onto another Jordan region G,. This 
follows from the fact that the mapping of G, onto G, can always be accom- 
plished by first mapping G, onto the disc | #| <1, and then mapping this 
disc onto G,; the theorem applies at each of the two steps. 

On the basis of the above theorem, we can find examples of analytic func- 
tions that are regular and bounded everywhere in |z| <1, that are not 


regular at any point of | z | == 1, and which even so have just a single boundary 
value at every point of |z|==1. Thus Fatou’s theorem (cf. § 310) holds 
here not only for approach within a sector to a point of | z |= 1 but also 


for any arbitrary approach to the point. 
Remark. If we wish to make use of the theory of Fourier Series, we can 


expand the mapping function w= f(z) of a Jordan region in a series of 
the form 


which for r = 1 becomes a trigonometric series 
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f(e'*) = 3a, (cos m 3 + isin n 3). 
n=0 . 


This series need not converge, but by a well-known result of L. Fejér it is 
summable. Therefore every Jordan curve can be represented by means of 
a Fourier series. 


346. We still have to prove a result which we have already made use of 
in § 345, namely the fact that any two points A and B of the frontier y of a 
Jordan region G can be joined by means of a cross cut of G. It clearly suffices 
to show that any point O in G can be joined to any given frontier point A by 
means of a Jordan arc all of whose points, with the exception of A, are in G. 

To this end, let the curve y be given by means of parametric equations 


x=x(p), y=y(¢), 


and let A be any point of this curve, which we may without loss of generality 
assume to correspond to the value g = 0 of the parameter. The function 





oly) =V(x(p) — (0)? + (y(@) — yO), (346. 1) 


which represents the distance between the point A and a variable point of y, 
is continuous and positive in the interval — 2 S » <a and has its only zero 
at p =0. Ifr is a positive number that is = max e(~), then there are certain 
values of q in the above interval for which 


o(p) =7 (346. 2) 


holds. The I.u.b. of the moduli of these values of gw is a non-zero positive 
number 6(r) that decreases monotonically as r does. 
Let m(r) be the minimum of the function @(@) in the intervals 


—-xS9 5-67) 


and 
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O(n) Sp<x 


Then the number m(7) cannot exceed 7; the function m(r) is positive, non- 
zero, and decreases monotonically as r does. If (7) is the circle of radius 7 
whose center is at A, then by § 344 there is a least one cross cut of G that is 
an arc of x(7). In general, there will be several or even perhaps infinitely 
many arcs of'x(r) that are cross cuts of G, say B,, Be, .... Each of these arcs 
6; divides G into two subregions G;’ and G;’”.. We reserve the symbol G;” 
for that one of these two subregions whose frontier consists of the arc (; 
together with a part of the Jordan curve y on which || = 6(7) holds. Hence 
the distance from the point A to the subregion G,” is at least equal to m(r). 
From this it follows that the points P of G for which the distance A P is less 
than m(r) must all lie in the subregion G;,’. 

Now let P and Q be two (interior) points of G whose distances from A are 
both less than m(r) ; we join P to Q by a polygonal train o wholly within G. 
If there are points on o whose distance from A exceeds 7, then o must intersect 
some of the arcs #1, Bg,--- and must have at least two points in common with 
each of the arcs that it intersects. There can be only a finite number of such 
arcs B,,, since each of the finitely many segments that make up o cuts the 
circle x (r) in at most two points. 

Let 14; be the first and N; the last of the points in which o meets f,, as o is 
traversed from P to Q. We replace the part of o that goes from M; to 
N; by the appropriate sub-arc of f,,. After doing this for each of the finitely 
many / involved, we obtain a path that lies within G, joins P to Q, and has 
all of its points within distance 7 (or less) of A. Thus we have the following 
result : 

Any two points of G whose distance from A is less than m(r) can be joined 
to each other by a path that lies wholly in G and has all of its points within 
distance r (or less) of A. 

Now let 71,72,... be an infinite sequence of positive numbers for which 
1% > m4 and limr, =O. Also, let P:,P2,... be a sequence of points of G 
whose distances from A satisfy the conditions 9, < m(r,), n=1,2,---. 
Since m(r) decreases with 7, we have m/(r,,,) <m/(r,) and hence also 
On+1 < m(r,). Now if O is any (interior) point of G, let us join O to P, by 
a path wholly within G; next we join P, to P, by a path in G that lies within 
distance 7, of A; then we join P2 to P; by a path in G that lies within distance 
r, of A; more generally, we join each Py, to P,41 by a path in G that lies 
within distance 7, of 4. 

The curve OP,P,... constructed in this way may of course have double 
points; we can avoid this by simply eliminating certain portions of the curve. 
The resulting curve is then a Jordan arc that joins O to A and lies in G (except 
for its end-point 4), and this is what we had set out to obtain. 
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The Concept of Free Boundary Arc (§§ 347-348) 


347. A point A of the frontier of a region G,, of the w-plane is said to be 
accessible if it can be joined to an interior point of G, by a Jordan arc (by a 
free cut; cf. § 113, Vol. I, p. 105). There are regions not all of whose frontier 
points are accessible. For example, consider a square in which we delete all 
of the points of an infinite number of free cuts that accumulate toward the 
segment AE of the side AD (see Fig. 64). Then it is not possible to join the 
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Fig. 64 


vertex A to any interior point of the resulting region G by means of a 
continuous curve lying in G. 

On the other hand, the frontier of G certainly contains points that can be 
joined to interior points of G by means of free cuts. In special cases, these 
free cuts may even be straight-line segments. 

Returning to a general region Gy», let A be a frontier point that is joined 
to an interior point O by a free cut, and consider any sequence of points 
W1, W2,... of the free cut that converge to the point A. Then if G,. is mapped 
conformally onto the disc | z| < 1, the images 21, 22,... of wi, We,... must 
converge to a definite point 4, of | z|—= 1; the proof of this fact, with the 
aid of Fatou’s theorem (cf. §§ 310-311), is similar to the proof of the ana- 
logous theorem for Jordan curves in § 343 ff. above. But in contrast to the 
results for Jordan curves, it is here not necessarily true that the images of two 
convergent sequences on two different free cuts joining O to A are the same 
point of | z |= 1. There are even cases in which the set of points of | z | = 1 
that is obtained from a set of different cross cuts all ending at A has the 
cardinality of the continuum, as is shown by the following example (see Fig. 65 
below). 

Consider the half-disc y > 0, x? + y? < 1, and for every rational number 
p/q with 0 <p <q, where p and q are relatively prime, lay off the line- 
segment of length 1/q that emanates from the origin O and forms the angle 
pn/q with the positive real axis. Our region G,, will be the open half-disc 
minus all of the points that lie on any of these segments. Consider any 
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sequence of points converging to O that lies on a radius whose angle of in- 
clination is 2a, where a is irrational. These points lie on a free cut of Gy, 
and their images under the mapping onto | z| < 1 lie ona free cut of | z| < 1. 
But between any two such free cuts of Gy» there lies at least one of the above 


oO 
Fig. 65 


segments, with an angle pz/q, that is part of the frontier of G,. This implies 
that the images of the points of two convergent sequences on the two free cuts 
converge to two distinct points of | 2 |= 1. 


348. By a free (or accessible) arc of the frontier of G» we shall mean a 
Jordan arc yy’ that has the following properties: 1. Every point of y,’ is an 
accessible frontier point of Gy (i.e. a frontier point that can be joined to an 
interior point of G, by a free cut). 2. If O is any (interior) point of G,, and 
if P and Q are any two points of y,’, then we can draw two free cuts OP and 
OQ in such a way that these two free cuts together with a sub-arc PQ of yy’ 


ZA 0 OF 


A 


Yw is here the line-segment AE 
Fig. 66 





form a (closed) Jordan curve OPQO whose interior is a subregion of Gy. 
(See for instance Fig. 66.) 

We now wish to prove that under a conformal mapping of the disc | z| <1 
onto the region G,, there corresponds to any given free arc y of the frontier 
of Gy», with end-points A and B, at least one circular arc A,B; of | z|=1, 
and this correspondence between the arcs 7’ and 4,B, is one-to-one and 
continuous. 
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To prove this statement, let us consider the Jordan region OPQ O used in 
the above definition of free arc, P and Q being any points of y», and let us 
denote this Jordan region by G,,’. If w= f(2) is the function that gives the 
mapping of the disc | 2 | <1 onto the region Gy, then the pre-image of G,’ 
under w= f(z) is a subregion G,’ of the disc | z| <1. The frontier of G,’ 
consists of two free cuts O,P, and O,Q, of the disc | z| < 1 together with 
the circular arc P;Q, (unless P; and Q: coincide). In any case, G,’ is a 
Jordan region whose frontier, by § 345, is mapped one-to-one and continuously 
onto the frontier of G.’. Therefore P; and Q, cannot coincide, since their 


images P and Q are distinct. We now let P and Q converge to A and B, and 
our statement is proved. 


Reflection in Analytic Curves (§ 349) 


349. The Reflection Principle of §§ 341-342 can be generalized so as to 
apply to “reflections” in arbitrary analytic curves. Let a real analytic curve 
in the z-plane (¢ = + 7y) be given, either by an equation of the form 


F(x, y) =0 (349. 1) 
or by means of parametric equations 
x= 9(), y= y(t) (é real) (349. 2) 


where the functions F(x, ), p(t) and w(t) are assumed to be represented 
in a certain neighborhood of a point of the curve by power series with real 
coefficients. Throughout this neighborhood, we assume at least one of the 
two partial derivatives F, and Fy, or at least one of the two derivatives gy’ 
and y’, to be non-zero. 

We consider the function 


z= f(t) = y(t) +7 p(t) (349. 3) 


as an analytic function of the complex variable t defined in a neighborhood 
of a real point tp. Our assumptions imply that f’ (to) ++ 0, so that there exists 
a disc |t—to| <r that is mapped by (349.3) one-to-one and conformally 
onto a neighborhood of the point 20 = f(to). One of the diameters of this 
disc is a segment of the real axis of the f-plane, and this diameter is mapped 
by (349.3) onto a certain arc of the curve (349.2) in the z-plane. Now the 
following definition was given by H. A. Schwarz: 

Two points 2 and 2* are said to be reflections (or inverses) of each other 
relative to the curve (349.2) if they are the images under (349.3) of two 
points t and f of the disc | t—t.| <r that are each other’s reflections in the 
real axis of the t-plane. 
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Hence if 2 satisfies (349.3) then 2* satisfies 
2* = oft) +7 yf). (349. 4) 


Now let w be the complex conjugate of z*. Since the coefficients in the Taylor 
expansions of g(t) and w(t) are real numbers, we can write 


w = z* = g(t) —7 (2). (349. 5) 
From (349.3) and (349.5) we obtain 








Pa lined y= i. (349. 6) 





F(75* FF) =0. (349.7) 


From this relation we can calculate w as an analytic function of zg, and it 
follows in particular that the operation of reflection in the curve (349.1) is 
independent of the choice of the parameter ¢. The calculation of the derivative 
dw/dz from (349.7) shows that there are singular points at which dw/dz = 0 
or = 0, except in the case of a circle or a straight line; but we shall not 
prove this here. At such points, the reflection is undefined. 

Thus it should not be thought that if y is a given analytic curve, any and 
all points of the complex plane can be reflected in y. As an example of this, 
one might study the reflection in the ellipse—which is an analytic curve— 
given by 

Pz) 


y? 
F(x, y)= a+ o—1=0. 


The Mapping of the Frontier in the Neighborhood of a 
Free Analytic Boundary Arc (§ 350) 


350. Let the function 
w= f(z) (350.1) 
represent a mapping of the disc | z | < 1 onto a simply-connected region G,, 
whose frontier contains a free analytic arc y,’. If wo is an interior point of 


the arc y,’, then by the preceding section there exists a subregion G,’ of 
Gy that is mapped by 


w= z(t), t= w(w) (350. 2) 


onto a region G;’, where y(t) is regular in a neighborhood of to = w(wo). 
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Let us assume, as we may, that G,’ lies in the upper half-plane and that yo’ 
corresponds to a segment A* B* of the real axis of the ¢-plane. If 


2=9(w) (350.3) 


is the inverse function of (350.1), then G,’ is mapped by (350.3) onto a sub- 
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region G,’ of the disc | z| <1, and by § 348, the frontier of G,’ contains an 
arc A,B, of |z|=1. 
Let us now apply the theorem of § 342 to the function 


t = w(f(2)) = A(z), (350. 4) 


which is regular in the region G,’; this yields the fact that the function (350.4) 
is regular on the arc 4,B,. Then the function f(z)—= yx(A(z)) is likewise 
regular on the arc 4,B,, since by the preceding section the function (350.2) 
is regular on the line-segment A*B*. Hence the function f(z) can be con- 
tinued analytically across the arc 4,B,, everywhere along that arc. In par- 
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ticular, if 2 is an interior point of G,’ and z* = 1/7 is its reflection in | z|—=1, 
then f(z) is defined in the neighborhood of 2*, and the two points w = f(z) 
and w* — f(z*) are reflections of each other relative to the arc yw. 


The Mapping at a Corner (§§ 351-353) 


351. Let G,, be a simply-connected region whose frontier contains a free 
Jordan arc MAN, and assume that at the point A the arc has two tangents 
‘AP and AQ that form an angle ma(0<a<2). Let w=f(z) represent a 
conformal mapping of | z| < 1 onto G,. Then we shall prove that every free 
cut of G, that ends at A and has a tangent at A which makes an angle 


c 8 


Fig. 70 


xzda (0 <b <1) with AQ is the image of a free cut of | z | < 1 that meets 
the frontier | z| = 1 of that disc at the angle 2#. 

This result is almost obvious in the case that the parts 4M and AN of the 
free Jordan arc are straight-line segments. For if we denote the point 4 by 
Wo, then the intersection of G,,. with a suitable disc | w— wo | < @ is mapped 


by means of 
1 
u = (Ww — w)* (351.1) 


onto a half-disc. Now 
1 


u = (f(z) — Wo)* (351.2) 


maps this half-disc onto a subregion of | z| <1, and by § 341, the diameter 
of the half-disc in the w-plane corresponds to a circular arc on | z| == 1 on 
which the function (351.2) is regular; in particular, therefore, it is regular 
at the point 2) which corresponds to “). From this and from § 314 follows 
the truth of our statement in this special case. 
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352. The proof of the result in the general case requires the following 
preliminary proposition. Assume that the region G,, contains a subregion Hy 
and that the frontiers of these two regions have the free Jordan arc ACB in 
common (see Fig. 70 above). We map both G, and H,, onto the interior of 
the same circle k and we norm each of these two mappings in such a way that 
the end points A and B of the free Jordan arc ACB are mapped onto the 
points A, and B, of k (see Fig. 71 below). 


k 
A, 8, ‘ 
C, 4 G 8, 
Fig. 71 Fig. 72 


Now let y be a cross cut of the interior of K that joins 4, to B, and is itself 
a circular arc. We denote the images of y in the regions G, and Hx by ye 
and yx, respectively. Then we shall show that yy lies in the (interior of the) 
Jordan region bounded by ACB and yg. 

We map the open disc bounded by kK conformally onto the half-disc | ¢ | < 1, 
wt > 0 of diameter A2Bo, in such a way that 4oBe corresponds to the cir- 
cular arc A,C,B,. Under this mapping, y is transformed into a circular arc y’ 
that joins A, to By (see Fig. 72). 

The half-disc may be regarded as the image of Gy»; then y’ is the image 
of yq’ and the image of H» is a subregion H’ of the half-disc. The same 
mapping transforms yy into an arc y”. What we have to prove is that 
y” lies in the circular segment bounded by y’ and 4.C2Bo. 

Now the function that maps H’ onto the upper half of the disc |¢| <1 
and leaves the diameter A)C2Bz fixed will map y” onto the circular arc y’. 
By the Schwarz Reflection Principle (cf. § 341 above), this mapping function 
is regular on A2Be and its Taylor expansion at t=O has real coefficients 
only. Thus we may apply the theorem of § 294, and our preliminary proposition 
is proved. 


353. We now return to a corner of the frontier of G, where the angle is 
aa, and we shall assume only one “side” AN of the corner A to be a straight- 
line segment (see Fig. 73 below). We construct two regions G,’ and Gy” 
with the following properties: G,’ is to contain G,, and its frontier is 
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to contain two line segments AN and AM’ that form an angle a(a + e€) 
at A. G,” is to be a subregion of G, whose frontier shares with that of 
Gy» the segment AN and contains a segment 4M” that forms an angle 
a(a—e) with AN at A. 

Now we consider three mapping functions that map the regions Gy’, Gu, 
and G,,”, respectively, onto the interior of the same circle K, each time in 


Fig. 73 


such a way that the common frontier segment 4 N is mapped onto the same 
arc A,N, of the circle kK. Let y, be a circular arc inside kK that joints 4; to Ny 
and meets the arc 4,N, of K at the angle 29 (0 < 9< 1). The inverses of 
the three mapping functions map yo onto curves y’, y, and y”, respectively, 
and by the, preceding section y lies between y’ and y”. By § 351, y’ and 
y” have tangents at A that form with AN the angles w#(a+ 6) and 
a i (a — ), respectively. Since ¢ >0 was arbitrary, y must also have a 
tangent at A, and this tangent must form the angle 2a%a with AN. The result 
is therefore proved in the case that one side of the corner is a straight-line 
segment. 

Finally, to settle the general case, let G, have a corner M AN and let G,,’ 
be a region that contains G, and has the corner MAK with the straight 
side AK. If we map G,,’ onto a half-plane, G, is transformed into a sub- 
region G,; of the half-plane; the frontier of G, has a corner M,A,N,, where 
M, A, is a straight-line segment. If G, is mapped in turn onto the interior 
of the unit circle, we have constructed altogether a mapping of G,, onto | z| < 1 
in two steps each of which preserves the proportionality of the angles at the 
corner. 

Every point A of the frontier at which a free arc has a single ordinary 
tangent can be regarded as a corner with the angle 2. Our result thus implies 
that in this case the mapping is isogonal at A. Nevertheless, the mapping 
function may have a singularity at 4 and need not even possess an angular 
derivative at this point (cf. § 298). 
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Milloux’s Theorem (§ 354) 


354. We conclude this chapter with an application of the Koebe-Faber 
distortion theorem (cf. § 328), an application that is actually related to the 
material of the preceding chapter. 
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We consider in the disc | z | < 1 a Jordan arc y that joins z= 0 to a point 
of the frontier | z|—= 1. If the image of y under the reflection (inversion) 
in |z|= 1 is added to y, we obtain a Jordan arc that we denoted by »’. 
By 2 we shall denote a point of | z| < 1 that does not lie on y. 
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We now cut the z-plane along y’, and we map the resulting region onto the 
disc | t| < 1 by means: of a function 


where we assume that g(0)—= 20. By our construction, the circle | z |= 1 
is a line of symmetry of the z-plane cut along y’; hence its image in the ¢-plane 
is a non-Euclidean straight line if |¢| <1 is taken to represent a non- 
Euclidean plane, say the non-Euclidean line that passes through the point 
—it (t > 0) and is perpendicular to the line joining == 0 to t= —1t. 

We now wish to find a lower bound for t that depends only on | 2 | and is 
independent of the particular choice of the curve y. To this end, we note first 
that the distance between y and any point z of | z| < 1 never exceeds | z |, 
so that we may conclude from the Koebe-Faber distortion theorem—in par- 
ticular from (328.4), adapted to our present notation—that 


dz 


az 412] 
dt 


Ss Tyr (354. 2) 








Now if we let ¢ vary on the segment that joins ¢==0 to t = —1t, and denote 
the image of this segment in the z-plane by y*, it follows from (354.2) that 
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Fig. 76 is obtained from Fig. 75 by a translation of the non-Euclidean plane 
in the direction of the imaginary axis that takes E into t’ =O. From this 
it follows that 





(354. 5) 


because 8 = 2— 2a; thus if we set /|z| = tg B, then 
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a—6 1—tgB _ a 
2 ees tg (= - 8), (354.6) 


whence 





a7 = + —arctg V | Z|. (354.7) 


Let w(t) be an analytic function that does not vanish anywhere in | ¢| <1 
and whose modulus equals w(“ <1) on the arc BDA, equals unity on the 


interior arc A EB, and hence equals 1/u on the arc ACB (see Fig. 75 above). 
Then we have 


HI (0) = 5 {2 — 8) lp— 81 py} 
ek (354. 8) 
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Hence by (354.7), 


1-4 arctg V| zo] 
ly0)|Se ” . 


(354. 9) 

Now let f(z) be any function that is of bound one and regular in the disc 
|z| <1 with a cut along y; also, let w be the l.u.b. of the modulus of the 
boundary values of f(z) on y. Then f(g(t)) is regular and of bound one in 
the non-Euclidean half-plane 4 E BD, and its modulus along the arc BDA of 
the frontier of this half-plane is = a. Therefore the modulus of this function 
does not exceed | y(t) |, and we can write 


4 — 
-£ arcteV Ta] 


1 
Ifo) | = [A(g(0)) | S | y()| Se (354. 10) 
This is the content of Milloux’s theorem. The equality sign holds in (354.10) 
if and only if the Jordan arc y coincides with a radius of the disc | z| < 1 
while 2 lies on the opposite radius. 


PART SEVEN 


THE TRIANGLE FUNCTIONS AND 
PICARD’S THEOREM 


CHAPTER ONE 


FUNCTIONS OF SEVERAL COMPLEX VARIABLES 
Definition of an Analytic Function of Two Variables (§§ 355-356) 


355. We have already used analytic functions of several variables in a few 
places in this book, without bothering about a general definition of such func- 
tions. Since in the sequel we shall have to define certain analytic functions 
(of one complex variable) as solutions of certain differential equations, we 
must now acquaint ourselves with the simplest facts about functions of two 
complex variables. 

Let us consider a complex function F(x, y) of two complex variables x, y. 
The pair of variables «== 2+, +ix%2, y= i + ie may be considered as 
determining a point in a four-dimensional space. We define the distance 
(écart) between two such points (x’, y’) and (x, y’’) to be the nop-negative 
real number 


E(x’, y'; x", y") = |x’ — x" | 4+ |y’- "|. (355. 1) 


A point (x,y) of this space will be considered an interior point of a point 
set 9 if there exists a 6 > 0 which is such that, (%, y) being a point of 
%, M contains all those points (x’, y’) for which E(x, y; +’, y’) <6 holds. 
A sequence tae y»)} of points of the space is said to converge to the point 
(#0, Yo) if 
lim E(x,, y,; 0, Yo) = 9 

holds. Using (355.1), we can also formulate the concepts of point of accumula- 
tion and of frontier of a point set in the usual way. A region is then defined 
as an open and connected point set (cf. § 100, Vol. I, p. 97). 

Among the more important types of regions of the (#, y)-space are the 
bi-cylinders, defined as follows. Consider two regions G, and Gy, of the 
x-plane and y-plane respectively. The set of points (x,y) of our four- 
dimensional space , for which both x © G, and y €G, is then called a bi- 
cylinder. Not every region of ft, is a bi-cylinder ; for example, the hypersphere 


ait xgt vit 3S 0%, (% = 4+ 0%, Y= Vi tt Yo) 


is not a bi-cylinder. A detailed study of functions of several variables, and 
especially a study of their singularities, is made immensely more complicated 


113 
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by the necessity of dealing with general regions. For our purposes, however, 
we need only the beginnings of the theory, where everything can be done in 
terms of bi-cylinders. 


356. We now set down a definition of analytic function that corresponds 
to our definition for the case of one variable in § 128, Vol I, p. 124. 

DEFINITION: J function F(x, y) defined in a region & of the space R4 1s 
said to be a regular analytic function in © if the partial derivatives OF [0x and 
OF /0Y exist at every (interior) point of &. 

F. Hartogs (1874-1943) was the first to prove that if F(x, y) is a regular 
analytic function in a bi-cylinder 


|x| SR, ly] SR,, (356. 1) 


then it can be expanded in a power series 


Dut (356.2) 


that converges absolutely and uniformly in every closed subregion of (356.1). 

The difficulties that arise when one proceeds to prove Hartogs’ theorem 
are due to the fact that the above definition only insures the continuity of 
F(x, y) asa function of x, where y is held fixed, or as a function of y, where x 
is held fixed; thus one must first prove that F(x, y) is continuous as a func- 
tion of the four variables 71, ¥2, y1, y2. This kind of difficulty does not comé 
up at all in the case of functions of a single complex variable. Hartogs’ proof 
probably cannot be simplified much further ; at least, all attempts at simplifica- 
tion have so far been unsuccessful. But in Hartogs’ own arrangement of his 
proof, the main lines of thought are not brought out quite clearly ; for one thing 
because—as was customary at the time (1905)—he attaches too great an 
importance to the uniform convergence of certain series that are best omitted 
altogether and for another, because he did not use Lebesgue measure and had 
a hard time getting through the set-theoretic parts of his proof. 


Proof of Hartogs’ Theorem for Bounded Functions (§§ 357-358) 


357. The result of Hartogs stated in § 356 would be almost trivial if we 
were given also that a relation 


|F(x, y)|<M (357. 1) 


holds everywhere in the bi-cylinder (356.1). For by the above definition of 
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analytic function, F(+,y) is a regular analytic function of y in the disc 
| y | Sy, for each separate value of x involved, so that it can be expanded 
in a series of the form 


F(x, y) = fo(x) + f(x) y+ --- +44) +0. (357. 2) 


Now if | F(x, y)| <M, then F(x,y) may be regarded within |x| SR, 
as a normal family of analytic functions of + that depends on the parameter y, 
whence it follows that fo(+) is analytic in the disc | x | S Ro. 

For every x in this disc, the function 


F(z, a fo(*) = h(x) ae fa(x) yer (357. 3) 


is a regular analytic function of y in the disc | y | = R,. Hence the modulus 
of this function attains its maximum on the circle | y| = R,, and we have 


F(x, 9) — fol) | < |F(«, 9) + Ifo)! 2M 
ee Ve fe <5 


y ¥ 


We can therefore apply the above argument to the right-hand side of (357.3) 
and find that f,() is also a regular analytic function in | «|< R,. Con- 
tinuing in this way, we find that all of the /,(x) have this property. 

Now it follows from the inequality (209.3), Vol. I, p. 207, that 


It,(x) "| <M (357. 4) 


holds for | y| = Ry, and if we represent /,(x) by a power series 


f,(*) = x a," , (357.5) 


#=0 


then it follows for the same reason that 
|, x y"| <M (357.6) 


holds for |x| < R,,|y| S Ry. This implies that the double series 


co 
D tes (357.7) 
4,¥=0 


converges absolutely and continuously in every closed subregion of the bi- 
cylinder, and this proves Hartogs’ theorem in the case of bounded functions. 
In fact, if |x| <OR,, |y| <oR, where 0 < (#, #”) < 1, then 
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fs) 


M 
Dy lu *" el S GH Ga: (357.8) 


#,v=0 


358. Next, we wish to prove that if F(x, ¥) is defined and has partial 
derivatives 0F/0x and OF/0y in a closed bi-cylinder (356.1), then we can 
find subregions of this bi-cylinder in which the function is bounded. In par- 
ticular, we shall prove that in every neighborhood 


ly] <e (358. 1) 


of the origin of the y-plane, there are regions G, which are such that for 
every y of G, and every x of the disc | *| = R,, the function | F(x, y) | 
remains below a finite bound. 

To this end, we first assign to every point y of the disc | y| SR, the 
maximum u(y) of | F(x,¥)| on the circle |*|— Fz, and we note that 
u(y) is finite at every point of (358.1). 

We denote by N;, (R=1,2,...) that part of (358.1) on which u(y) < k. 
By Osgood’s theorem (cf. § 193, Vol. I, p. 191), there exists at least one 
region G, and a number ky for which N,, is everywhere dense in G,. For 
otherwise we could find in the disc (358.1) a nested sequence of closed 
discs K,;, Kz,... which are such that at every point y of kK, the inequality 
L(y) 2 n would hold; but the discs xk; all have at least one point yo in com- 
mon, and at this point 4(o)== co would have to hold, and this, as we noted 
above, is impossible. Therefore there exists at least one disc 


ly —a| < o* (358. 2) 


contained in (358.1), in which N;, is everywhere dense. Then for every y in 
N,, and for every x in | + | = Rz, we have | F(x, y) | S ko, and since F(x, y) 
is a continuous function of y, this inequality is also valid at all points of the 
bi-cylinder 


[x] <Rz, |y—a|<e* (lal +e*<e). (358. 3) 


Thus the statement made at the beginning of this section has been proved. 


Proof of Hartogs’ Theorem in the General Case (§§ 359-361) 


359. The decisive steps in the proof are contained in the following lemma 
of Hartogs. 


Let F(x,y) be a regular analytic function in the bi-cylinder 
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|x| SR, |y| S|yol- (359. 1) 
Also, let | F(*,y)| <M for 


lz] S|Rel, [y]| Sil (al <|y%l)- (359. 2) 


Then F(x, y) is bounded in every bi-cylinder 
Iz] Sx |y| Syl. (359. 3) 


where ris any number < R;z, and | y,| any number between | y, | and | yo |. 


To prove this, we again represent F(x, y) by a series 


F(x, y) = fo(%) + A(x) y + fo(%) y? +++ (359. 4) 


and note that by (359.2), the argument of § 357 can be used to show that the 
j,(*) are analytic functions. We can then determine a number R between 
r and R, which is such that none of the (at most denumerably many) zeros 
of the functions /,(x) (»= 0, 1, 2,...) lie on the circle | *|—=R. 
Everything now depends on obtaining bounds for the functions 


It.(*) vo (v=0,1,2,...) (359. 5) 
in the disc | x |< R. We first have, by (359.2), that 


\y 


oo |, (359. 6) 


t(#) 
“M y Vz 


0| < 














Now denote by P, the set of all arcs of the circle | + |= R on which the 
left-hand side of (359.6) exceeds unity. Also, let x be a fixed point on this 
circle. Since the right-hand side of (359.4) converges for y = yo, there is a 
number n, for which |f,(x) yo| <M for all vy > nz. This means that for all 
sufficiently large values of v, the point + does not belong to the set P, and 


hence does not belong to the union Q,= P,+ P,,,;+-:-. The intersection of 
all of these open sets Q,, therefore, cannot contain the point x, and since x 
was an arbitrary point of the circle | + | = FR, the intersection is empty. If mQ, 


denotes the Lebesgue measure of Q,, then by a well-known theorem’ we have 


lim m Q, = 0 
y=0o 


and hence also 


*C. Carathéodory, Vorlesungen tiber reelle Funktionen, 2nd ed. (Chelsea Pub. Co., 
New York 1948), § 265, Theorem 15. 
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lim m P, =0. (359.7) 


»=0O 


360. Now we consider the functions 


hfe) == 1) S| 4 rly], (ware, |x| <R, y= 1,2,...), (360.1) 








which are harmonic except for a finite number of singularities at the zeros 
of /,(x), and by means of the Poisson Integral we construct non-negative 
harmonic functions g,(7 e**) in the disc | + | < R that are equal to /| yo/y: | 
on the point-sets P, and that vanish at all the remaining points of the circle 
|#|=R. A comparison of (359.6) with (360.1) then yields 


g(r °°) = h,(r e**) (360. 2) 


everywhere in the disc | * |< R. This is the first application known to the 
author of the concept of harmonic measure, which was rediscovered and used 
with great success in recent times by R. Nevanlinna. Now we can find bounds 
for g,(r e*®) as follows: First, we have by § 157, Vol. I, p. 153, that 


R+yr 





gre”) < 2,0) p—» (360. 3) 
and second, we have 
P, 
BO) El a (360. 4) 








whence it follows by (359.7) that the sequence of g,(x) converges to zero 
uniformly in the disc | x | =r. Thus for any given e > 0, we have by (359.1) 
that for all sufficiently large v, and for all x in | «| Sr, 








1 » 
st —_ +1 y¥|<e 
holds, so that 
(x) (22)") <M. 








Finally, we can assign to every € a positive number M, which is such that for 
all v= 1,2,..., 





1) (Ge) 


holds true. The lemma of Hartogs then follows from the fact that for every 
ye with | yo |< | yo|, we can determine ¢ from the equation 





<M, (360. 5) 
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Yo 
e& 





[ye] = |<] (360.6) 
361. We now combine Hartogs’ lemma with the result of § 358 and con- 
clude from this that F(x, y) is bounded in the bi-cylinder 


|x] Sr<R,, |y—al< R,-2|al, (361. 1) 
and hence also in the bi-cylinder 
|x| Sr, |y| SR,—3]al. (361. 2) 


But we had | a| < @, and @ was any positive number of our choice. There- 
fore F(x, y) must actually be bounded in every closed bi-cylinder that lies 
in|*|< Rz, |4|< R,. Together with the result of § 357, this finally yields 
Hartogs’ theorem, which we state once more, as follows: 


If the complex function F (x, y) is defined and has partial derivatives OF /0x 
and OF /0y everywhere in the bi-cylinder |x| < Rz, | y| < Ry, then it can 
be represented by a double series 


F(x, y) = sa, xh yy” (361. 3) 


4v=0 


that converges absolutely and continuously everywhere in the bi-cylinder. 


Properties of the Function F(x, y) (§§ 362-363) 


362. From the representation of the function F(+, y) as a double series 
it follows immediately that F(+, y) is continuous as a function of its two 
variables, and it follows also that all of its partial derivatives of all orders 
exist. We see that each of the various partial derivatives is itself a regular 
analytic function and that all of the well-known formulas of the differential 
calculus, such as, for example, 

°F 0°F 


Sow yin (362. 1) 


are valid here. Also, if x= q(u,v) and y=y(u,v) are two regular ana- 
lytic functions, then 


D(u, v) = F(y(u, v), p(w, v)) (362. 2) 
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is itself a regular analytic function of (u,v), and the following relation (as 
well as various others like it) holds true: 


o@ =F oe OF op 
Ou Ox oy du- 





(362. 3) 


Moreover, by § 130, Vol. I, p. 128, we have 
Fé, ») = Fé, a) 
zai | = dt = — va] | Gata gat 5 ay, (62.4) 


363. The theory of normal families can likewise be applied to functions of 
two complex variables. The developments of §§ 174-181, Vol. I, pp. 173 ff., 
involving the concept of continuous convergence, apply to point functions 
generally and can therefore be applied immediately to functions of two variables. 

Let us now consider a sequence { F,(%, y) } of uniformly bounded analytic 
functions defined in the bi-cylinder 


F(x, y) = 











[z|< Re, |y|<R,. (363. 1) 


Given ¢ > 0, we can assign to every point (%o, yo) of this bi-cylinder a 
neighborhood 


in such a way that for all » and for every fixed y in | y— yo | < 6, the func- 
tions F,(+,) have an oscillation in the disc | *—2#)|< 6 that does not 
exceed e; this follows from Schwarz’s Lemma. Since a similar statement 
holds with x and y interchanged, it follows that for any two points of (363.2), 
the inequality 


[Fal ) — Falx, y")| <2e (363. 3) 


holds. Therefore the limiting oscillation of the sequence {F,(%, y)} vanishes 
at every point of (363.1), which implies that there exist subsequences that 
converge continuously in (363.1). The limit function F(%, y) of such a 
subsequence is of course analytic, since it represents, for fixed values of y 
(or #), an analytic function of x (or of y, respectively). 


Analytic Functions of More Than Two Variables (§§ 364-365) 


364. The proof of Hartogs’ theorem in §§ 357-361 can be extended to 
functions of more than two variables by means of mathematical induction ; this 
yields the following theorem: 
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If the function 
F(a, .05 2n) (364. 1) 
ts defined in the poly-cylinder 


l4| SR, |e] S Re, .-, [tn] S Rn (364. 2) 


and has partial derivatives OF /0z, in this poly-cylinder, then the function can 
be represented at every interior point of (364.2) by an absolutely and con- 
tinuously convergent multiple power series 


co 
a ny 2 Qe BR (364. 3) 


Wye 
Vy 0.0, MQ =O 


A function of this kind 1s called a regular analytic function. 


We shall sketch the proof of this theorem for n== 3. Thus, let there be 
given a function 


F(x, 9, 2), (364. 4) 

defined in the tri-cylinder 
[x] SR, |y| SR, |e] SR (364. 5) 

and having the derivatives 


OF OF oF 
Ox’ Oy’? dz 


in this tri-cylinder. By the theorem for two variables, we can expand the 
function (364.4) at every point x of the disc | x |S R, into a series 


oe Furl) y* 2”, (364. 6) 
u,v=0 
If in the tri-cylinder (364.5) we have 
|F (x,y, 2)| <M, 


then we can prove, just as in § 357 above, that all of the /,,,(x) must be regular 
analytic functions and that the expansion 


F(x, y, 2) = » Bins x" y" 2” (364. 7) 
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has all of the required properties. We now assign to every point (y, 2) of the 
bi-cylinder |y| S Ry, |z{ SR, th maximum yw*(y,z) of | F(%,y, 2) | on 
the circle | + |= R,. Using the fact that u*(y, 2) assumes only finite values, 
we can show as in § 358 above, with the aid of Osgood’s theorem, that in every 
neighborhood of a point of (364.5) there exist six-dimensional subregions in 
which F(x, y, 2) is bounded. 


365. The lemma of Hartogs (cf. § 359 above) can be extended just as 
easily. To this end we note first that we may assume, without loss of generality, 
that R, = R, in (364.5). Then if yp and 4, < 79 are two positive numbers 
less than R, (and R,), we shall assume that F(x, y,2) is analytic in the 
tri-cylinder 


|x| SR, |y| Sm, |2|S% (365. 1) 
and bounded in the tri-cylinder 


la] SR, |yl Sm, [2] Sm. (365. 2) 


With this as a basis, we can prove that in the representation (364.6) all of 
the 7,,(%) are analytic, and we then choose a number R < R, which is such 
that on the circle | «|= R, all of the /,,(x) are different from zero. This 
entails that the following relation holds at every point of the disc | #| SR: 


foal net? 








ee eae (365.3) 


Now if P,, denotes the set of all those arcs of | x | = R on which the left-hand 
side of (365.3) exceeds unity, it follows as in § 359 above that for any given 
€ > 0 there are at most finitely many P,,, for which 


m oe >eé (365. 4) 
holds. 


For all u,v, we now form the harmonic functions 


h, (7 9) = — > — 





id 
el + In (365.5) 
and we assign to these by means of the Poisson Integral the functions 


g(r e'°) = h,,(r e**) (365.6) 


that have the value Jyo/m on the point sets P,, and vanish at all other points 
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of |«|—=R. Then in every disc | x| Sr (r < R), we have (cf. § 360) that 
Suv(*) Ss é, 


provided we take u + »v sufficiently large. The remainder of the proof follows 
the lines of §§ 360-361. 


Some Theorems on Differential Equations (§§ 366-368) 


366. Frequently an analytic function w= f(z) is defined as being a solu- 
tion of a differential equation of the form 


am = F(z, 0). (366. 1) 

We shall make the assumptions 
F(z,w) regularin |z| <2R, |w| S2R, (366. 2) 
|F(z,w)| SM in |z| S2R, |w| S2R (366. 3) 


and we shall prove that under these assumptions, equation (366.1) has a 
uniquely determined solution 


w = f(z, a) with (0,4) =a (366. 4) 


that depends on the parameter a. Here f(z,a) denotes a regular analytic 
function of two complex variables that is defined in a bi-cylinder 


jel Sn, lal SR. (366. 5) 


To prove our statement, we begin by considering any analytic function 
g(z,a) of two variables that is defined in a bi-cylinder 


jz] Sr<2R, |ja|SR (366. 6) 
and satisfies the condition 


|p(z,4)| S2R (366. 7) 


in this bi-cylinder. Then F(z, y(z,a@)) is a regular analytic function of z 
and a in the bi-cylinder (366.6) and satisfies the condition 


|F(z, p(z, a))| SM 
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in the bi-cylinder. We shall now investigate the function 
p(z,a)=at i F(z, p(z, a)) dz. (366. 8) 
6 


At every point of the bi-cylinder (366.6), the function (366.8) is regular and 
satisfies the inequality 


|p(z, 2)| S|a|+Mr<R+Mr. 


Now if we set 


7 R 
y=min (2 R, =m) ‘ (366. 9) 
then we have 
3R 
lya|S=, 


so that y(z, a) satisfies all of the conditions that we imposed on (2, a). 
Now we set, successively, 


ie We. poate ead HE F(z, fa(2, a)) de (m = 0,1, 2, ...) (366.10) 
0 


and we note that with r determined by (366.9), all of the functions f,(z) are 
regular in the closed bi-cylinder (366.6) and that 


lfa(z,a)| <S- (w= 0,1,2,...) (366.11) 


holds in (366.6). 

The sequence of functions (366.11) is normal. We shall prove that in a 
certain neighborhood of the origin (z,a)—=(0,0), the functions f,(z, a) con- 
verge continuously to a limit function f(z, a). 


367. To prove the last statement, we define by means of 


F(z, w) — F(z, wo) 
: WwW — Wy 








W(z, w, Wo) for w+ Wp, 


(367. 1) 


W(z, W, Wo) = 2 Fl, w) 





for w= W, 
w= Wy 


a function of three complex variables that is seen to be defined and regular 
in the tri-cylinder 


jz) <2R, |w|<2R, |wm|<2R 
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Therefore Y(z,w, w.) is bounded in every smaller closed tri-cylinder, so 
that for, say, 


lls, lols, [mol s (367.2) 
we can write 
|P(z, w, w)| SN. (367. 3) 


But by (367.1), the identity 


F(z, falt, @)) — F(z, fy-al2, @)) | (367.4) 
= P(e, fal2, 4), fa-a(2s 4) - (fale, 4) — fax 4) | 


holds not only at the points of the bi-cylinder (366.3) at which 


fal, a) + fa-i(2, a) 
but also at those where 


fal2, a) = fa—1(2; a), 


We obtain therefore from equations (366.10) that 


z 


Ira, &) — fal, @) = | (2, fale. 4), fo-sl2s 4) « (fq(@04) ~ fo-a(2s4)) d2. (367.5) 
0 


Now we set 
a, = max |f,(z,@) —fa-r(z,@)| for [2] S7,|a|<R, (367.6) 

and we select r in such a way that all of the relations (366.11) hold. Then by 
(367.3) we also have 

| Vz, fal2, a), fn-1(2, a))| < N, 
and from (367.5) we obtain 

Inea(2, 4) — fylz, @)| < Nr aq, 
so that 


Oni SNray 


holds. We now place an additional restriction on the size of r by setting 


. R 1 
y =min (2 Ria on) (367.7) 


whence we obtain 
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© %. 
Cn S 3° s rts 





T° 


Hence in the bi-cylinder of (367.6), with r further restricted by (367.7), 
the limit function 


f(z, a) = lim f,(z, a) 


n=o0o 


exists, and the convergence is uniform. The last fact, incidentally, not only 
follows from the general theory but can also be gleaned directly from our 
formulas, since we can write 


[ta(2, @) — (2, @)| S| fn ~ fnsal + [fata — fase] t+ S2enyr- (367. 8) 


Finally, to establish the fact that the function f(z, a) just obtained is a solu- 
tion of the differential equation (366.1), we need only observe that 


fusslts a) = a+ | F(z, fe, a)) dz + | P(e, fale a), £24) “(fale a) — f@,)) ae, 
0 0 


and that the modulus of the last term on the right-hand side goes to zero 
as m increases. 

368. The function w= f(z, a) that we have constructed above is the only 
function of zg and the parameter a which satisfies both the differential equation 
(366.1) and the boundary condition f(0,a@)—=a. To prove this, let g(z, a) 
be another function that depends on the parameter a and for which 


g(z,a) =a + [Fe g(z, @)) dz (368. 1) 
iy 


holds; we do not even have to assume that g(z, a) is an analytic function of 
two variables, but merely that for every value of a from the disc |a|< R, 
the function g(z,a) is a regular function of | z| in some disc |z|<@. In 
any case, it then follows that 


fle, a) — g(z, a) = [ P(e, He, a), gle, a))-(fl2, a) — glz,a)) dz. (368.2) 
0 


For any fixed value of a, let us now denote the maximum of | f(z, ¢) — g(z, a) | 
in the disc |z| = @ by w(@). This first implies, by (368.2), that 
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f(z, a) — g(z, a)| SNe alo), 
and hence also that 


0 S @(e) SNe a(o). 


Thus if @ is selected in such a way that No <1 holds, w(@) must vanish. 


Systems of Differential Equations (§ 369) 


369. The existence and uniqueness proofs, given in §§ 366-368, for the 
differential equation (366.1) with a boundary condition (366.4), carry over 
without any but obvious modifications to systems of first-order differential 
equations. The statement of the corresponding theorem is as follows: 


If the functions 


F(Z; 1, We, -.., Wn) (k=1,...,”) (369. 1) 
are regular analytic functions in the poly-cylinder 


\z) Re 





w,|<R, (v=1,..., ”) (369. 2) 
and if the point 


Z=%, w,=Q, (y=1,...,”) (369. 3) 


lies in (the intertor of) the region (369.2), then there exist a netghborhood 
|2—20| <1 of 2 and n functions },(z) (y=1,..., n) regular in this neigh- 
borhood that satisfy the following relations (where we set wy= fx(2), 
k=1,...,n): 


f,(%) = Q, (369. 4) 
and 


dw, 
dz 





=F,(z;v,,...,W,) (k=1,..., 0). (369. 5) 


The functions },(z) are determined uniquely by the two conditions (369.4) 
and (369.5). 


The theorem and its proof can be extended to the case that the functions 
(369.1) also depend on p parameters A,,..., A) and are analytic in a poly- 
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cylinder of the space of the variables (z; w1, ..., Wy3/1,---,4,). It can be 
proved that in this case the solutions /,(z; @,,..., @,3 41, --., A») are analytic 
functions of all m + p+ 1 variables z, a;,4;. This can be done, for instance, 
by showing that the approximating functions that occur in the course of the 
proof are themselves analytic and bounded in the » + p+ 1 variables and 
therefore constitute a normal family. 

As is well known, differential equations of higher orders, or systems of 
such equations, can be reduced to systems of first-order differential equations 
by the introduction of new variables, and to the latter systems the above results 
can be applied. 


CHAPTER TWO 
CONFORMAL MAPPING OF CIRCULAR-ARC TRIANGLES 
The Schwarzian Derivative (§§ 370-374) 


370. The aim of this chapter is the study of the mapping of arbitrary 
circular-arc triangles (i.e. regions whose frontier consists of three arcs of 
circles). We shall develop analytic expressions for the mapping functions, 
expressions that can also be used for the numerical calculation of these func- 
tions. What we shall present here is one of the most complete branches of 
analysis, to which many of the most outstanding mathematicians of the 19th 
century have contributed. 

By the Riemann Mapping Theorem (cf. § 323), every circular-arc triangle 
can be mapped conformally onto the interior of a circle or onto a half-plane. 
We shall norm the mapping function 


“u=u(z) (370.1) 


in such a way that the three vertices of the triangle are the images of the 
three points z 0,1, and o. By a proper choice of the order of these vertices, 
we can also arrange for the interior of the triangle to correspond to the half- 
plane Sz >0. Now the Moebius transformation 

au+b 


wa ee (370. 2) 





transforms u(z) into w(z), where w(z) also maps the half-plane ¥(z) > 0 
onto either the interior or the exterior of a circular-arc triangle. The vertices 
of this new triangle are at the points w(0), w(1), and w(), and these three 
points can be made to coincide with any three pre-assigned points of the 
w-plane by a suitable choice of the coefficients in (370.2). We know from 
§§ 70-72, Vol. I, pp. 59 ff., that the shape of a circular-arc triangle is uniquely 
determined by its angles, which we shall always denote in the sequel by 
nd, mu, and av. Besides ordinary circular-arc triangles with non-zero angles 
we shall also study those having one or more cusps; however, we shall not 
consider triangles with re-entrant corners, although the theory can be extended 
to that type as well. Thus A, u,v will be subject to the conditions 


O< (Apr) <1. (370. 3) 
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H. A. Schwarz proposed and solved the problem of finding a relation among 

the functions u, w, and their derivatives that is independent of the coefficients 

a, b, c, d and hence independent of the position of the circular-arc triangle in 

the plane. The calculations that lead to a solution of this problem are as follows, 
From (370.2) we obtain by successive differentiations that 











,_ aad—be_, d ,_ @ ; 2cu’ 
OS Geran et at apt aaa 
or, setting 
he tote 
q lw=W, (370. 4) 
4 tw =U 370. 5 
dz u= » ( ° ) 
that 
2cu’ 
w=u-—*. (370. 6) 
Another differentiation yields 
j »_ 2eu" 22 4’? 
U cut+d (cu+d)2~ 
Now «” = w’U, and by (370.6) we also have 
cu’ 1 
wwe eM): 
We finally obtain 
’ ’ 1 1 1 
U'—-W'=U(U Wea (C SW) t= Uta We 
This result may also be written as follows: 
a@, , tfd, \? d,s, 1/a,,? 
Srl x (ge lw’) = Hel’ — 5 (Ele). (370. 7) 


The two sides of this relation represent a differential invariant that is inde- 
pendent of the coefficients a, b, c, d, that is, invariant under the transforma- 
tions (370.2). The left-hand side of (370.7) is called the Schwarzian derivative 
of w with respect to z, and following Cayley (1821-1895), it is usually denoted 
by the symbol {w, 2}; thus 


{w, z} = EDN lt RO (370. 8) 


2 w’2 
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371. If we substitute the mapping function w(z) of a circular-arc triangle 
ABC into the formula for the Schwarzian derivative, we obtain a function 


{w, z} = F(z). (371. 1) 


Schwarz calculated this function F(z) explicitly, and this is what we shall 
now proceed to do. 

To begin with, w(z) is regular at every point 2. of §(z2) > 0 and satisfies 
w’ (20) + 0, so that by (371.1), F(z) is likewise regular at 29. By the Schwarz 


a! 
Cc al 
B 
A 
c! 
Fig. 77 


Reflection Principle, F(z) is regular on the real axis of the z-plane, except 
at the points zg = 0 and z= 1 which correspond to two of the vertices of the 
triangle. The reflections (inversions) of the circular-arc triangle A BC in its 
three sides yield three new triangles 4’CB, B’AC and C’BA (see Fig. 77 
above). Since any two of these new triangles can be mapped onto each other 
by means of two successive reflections in circles, they are also the images of 
each other under a Moebius transformation (cf. § 51, Vol. I, p. 41). The 
mapping functions of the new triangles (i.e. the functions that map a half- 
plane of the z-plane onto these triangles) are obtained by analytic continuation 
of the function w(z) across the segment 0 < * <1 and across the rays 
1 < x and x <0, respectively. In this way, we obtain three functions which 
when substituted in (371.1) always yield the same function F(z). Thus F(z) 
is a single-valued analytic function that has no singularities except possibly 
at g=0 and e=1. 


372. We now wish to determine the expansion of F(z) at ¢==0, and to 
this end we first assume that the angle 24 is > 0. We then use a Moebius 
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transformation to map the vertex A of the triangle onto the origin and to map 
the sides AB and AC onto two straight-line segments the first of which lies 
on the real axis. This done, the mapping 





1 
v=w? (372. 1) 
Cy Ay of 
w-plane v-plane 
Fig. 78 Fig. 79 


transforms Fig. 78 into Fig. 79; in the latter figure, the boundary in the 
neighborhood of v==0 (i.e. near the point 41) coincides with a segment of 
the real aixs of the v-plane. It follows that 


1 


w= A,z+ Agzt+--, A,+ 0 
so that 
w= (a9 ta,z+--), a +0 (372. 2) 
and 
w= 21+ bz+--), by + 0, (372. 3) 


where the power series on the right-hand sides have a non-zero radius of 
convergence. 

If the triangle ABC has a cusp at A, that is, if A= 0, then we can map 
the point A onto the point at infinity by means of a suitable Moebius trans- 
formation that also takes the two sides AB and AC into two parallel rays 
whose distance from each other is 2, and we can even arrange for one of these 
rays to be a part of the real axis of the v-plane. Hence we can write in this case 


ef — Cizt+Caz+-, C, +0 
and 


, 1 Cyt 2Cygz+--> 

ni C2 + Ca¥ rca (bo + bz +°**) bot O- (372.4) 
We see that equation (372.4) has the same form as equation (372.3) if we 
set A= 0 in the latter (but the numbers 0; are of course not the same in the 
two equations). 


w 
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373. We therefore have in both cases that 


A—1 
bw’ = 4 begtazte, (373.1) 
ea lw’ = +54 + a regular function, (373. 2) 





age ( 2 Iw')'= NE Co : 4 + a regular function. (373. 3) 
This yields 


= {w,z}= po aS regular function. (373. 4) 


222 





An entirely analogous procedure shows that in a neighborhood of z= 1 the 
expansion of F(z) has the following form: 


1— 
F(z) = sae + >=; +4 regular function. (373. 5) 


Finally, to investigate the behavior of F(z) in the neighborhood of z= o, 
we first note that if we set z==1/t, then in the neighborhood of t=O we 
have, by (373.4), 


1— 
{w, = = ae a + a regular function. (373. 6) 


Now in passing from z to ¢t, we have 


,_ aw 2 dw w 

a lw'=l—=-+2lt+n1 
a Pe 2 4 (, aw 
wee (2 i) 2p 





2 dw 
Aa lw =, (05 vy +285 5 (2 we) + 20, 


-3 (Zw) =-FF ll 4)- 208 5 (1p) - 28. 


Hence we have 


= {w, 2} = #4 {w, t} (373. 7) 
and a comparison with (373.6) yields 


1—v? h 1 1 
wa t+3t+a 8 ( : (373. 8) 


z 


F(z) = 
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Therefore the expression 


1-2 hy 1—p? hg 


Fie) 22? Zz 2 (1 —2z)? 1—z 





(373. 9) 


is regular in the entire plane and converges to zero as 2 goes to oo. Hence by 
Liouville’s theorem (cf. § 167, Vol. I, p. 165), the expression (373.9) must 
vanish identically, so that 




















1-8 | ky 1— py? h 
£G) = oe + yaaa t more (373. 10) 
It also follows from (373.8) that 
limzF(z)=0, limz? F(z) =>” | (373. 11) 
and this together with (373.10) yields the relations 
hy = hy, 
ps Ait IE (373. 12) 
2 2 1 23 
the latter because of 
1 1 1 
Z 1—z z(4—2) 
We have thus obtained the following final result: 
1—i? 1-—p? 1—1?— pp? + 9? 
F()= >a + ga—@ 22(1—2) (373. 13) 


374. The result expressed by (373.13) is due to Schwarz and may be 
stated as follows: 

Let the half-plane 32>0 be mapped conformally onto an arbitrary 
circular-arc triangle whose angles at its vertices A, B, and C are ni, np, 
and nav, and let the vertices A, B, C be the images of the points z=0, 1, @, 
respectively. Then the mapping function w(z) must be a solution of the 
third-order differential equation 


ww” — 3 w’’2 1—/? 1—p 1—)?— pe? + y? 
{w, 2} wy tet t ZG 27(—2) 








. (374.1) 
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If wo(z) is any solution of (374.1) that satisfies wo’(z) + 0 at all interior 
points of the half-plane, then by § 370 above, the function 


w(z) = S00 FE (ade +0) (374.2) 
is likewise a solution of (374.1). It follows from this that every solution of 
the differential equation (374.1) that is regular and non-constant in the half- 
plane Sz >0 represents a mapping of this half-plane onto a circular-arc 
triangle with angles nd, np, and av. 

The last two results together yield a theorem that we had already obtained 
in Chap. 3, Part I, Vol. I, to the effect that from any given circular-arc triangle 
with angles 2A, au, and av, we can obtain all other circular-arc triangles 
having the same angles by means of Moebius transformations. We have thus 
reduced the conformal mapping of circular-arc triangles to a problem of pure 
analysis; what remains to be done now is to actually carry out the integration 
(i.e. the solution) of the differential equation (374.1). 


Reduction to the Hypergeometric Differential Equation (§§ 375-377) 


375. We begin with the following observation: Every solution of a second- 
order linear homogeneous differential equation 


u"’ + p(z) uw’ + g(z)u=0 (375. 1) 


can be represented as a linear combination of two particular solutions u,(2) 
and u2(z). For example, if zo is any point of the z-plane at which p(z) and 
q(z) are regular, we can select u,(z) and “2(z) as those solutions that satisfy 
at 2) the initial conditions u,(z) = 1, (zp) = 0, and (zo) = 0, m3(29) = 1, 
respectively. Then every solution of (375.1) can be written in the form 


u(z) =a uy(2) + bug(2), (a= uz), b= u'(%o)) (375. 2) 


where a and 0 are finite constants. 
Now it so happens that the Schwarzian derivative of the quotient 


edit Welker (375. 3) 


Cu + date, 


can be expressed in terms of the coefficients p(z) and q(z). For if we set 
Uv = U2/u;,, then we find that 
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v a ; 
d lv’ Mictenre ss uy! Hh 
dz Uy Uy — Uy My Uy 
and since 
uy = —pm—- GH, Ug = — p Ug — | Ue ’ 
it follows that 
aa uy 
ql a a aera 
qd? hee ; uy uy? 
ae FY =-p tes Se ber a 
1 (a “\2 p* uy uy? 
~} (ivy'=- 8 apt ath 
Therefore we finally have 
2 
{v, 2} =2q—p'-4. (375. 4) 


376. Now if we determine the coefficients p and g in (375.1) in such a 
way that 


1—iH? 1—,? 1-H pt 
2 22% + 2(1—2)? 22(1—2z) i 








(376. 1) 


then the quotient w of two arbitrary solutions of (375.1) yields the general 
solution of the differential equation (374.1). If we set, for instance, 


b 





a 
ase aa ia ep (376. 2) 
where a and 0 are arbitrary, then we must have 
29% 1—42—2a+ a? ns 1—p? +2646? fe 1—A?— pPt v? + 2au (376. 3) 


222 2(1—2)? 22 (1 —2z) 


The expression for q is simplified if we choose a=1—A, —b=1-— 4; for 
we find that in this case, 


_1-—A l—p_ -1—A—2z (2—A—p) 
= z 1-2 z(1—2) 2 





(376. 4) 
mats (l—A—pwt ») (1—A—p—») 


42(1—2) 
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For this choice of p and q, equation (375.1) reduces to the celebrated hyper- 
geometric differential equation 


z(l—2)u"+[y—(n+B+1)2)w'—afpu=0, (376. 5) 


the study of which even goes back to Euler and Gauss. To make the two 
equations identical (with the choice (376.4) ), we must also make the follow- 
ing identifications: 


A=1-y, w=y—-a-— 8, v=a-—8 (376. 6) 
and hence 


1 1 
a=> (l-A-pt+), B=>z(l-A-pw-», y=1—A., (376.7) 
We also note that 


y-B=>5 (l-At pt). (376. 8) 


The hypergeometric equation (376.5) has the property of being transformed 
into an equation of the same form if the independent variable z is replaced 
by 1—~y or by 1/¢; this expresses certain symmetry properties of the three 
points 0, 1, and o, which were to be foreseen from the method which we 
chose for deriving the differential equation (376.5). 


377. The point z= 0 is a singular point of the hypergeometric differential 
equation, and the existence theorem of § 369 therefore does not apply in the 
neighborhood of this point. However, we can verify by a direct method that 
(376.5) has one and only one solution that is regular in the neighborhood 
of g=0 and is represented by a series of the form 


U= 1+ ce, z+ Cg2? 4-0 $C, fe, (377. 1) 
For if we form the series for uv’ and u’” on the basis of (377.1) and substitute 


them (as well as (377.1)) formally into (376.5), then the coefficient of 2 
in the expansion of the left-hand side of (376.5) becomes 


(y+ 1) vce,,,—»(y— 1) c+ y (yt 1)e,,;-(@+h+1) rc, a8 


" (377. 2) 
=(v¥+1) (y+ %¢,,;—- (a+) B+) ¢,. 


This coefficient vanishes for y==0,1,2,... if and only if we set 


138 Part SEvEN. II. ConrorMAL MAPPING OF CIRCULAR-ARC TRIANGLES 


a B 
i oe 


— #(@+1)B(B+1) 


a= L-2-y(y+)) ? (377. 3) 


_ #(a+4)-@+e—1) BB+) + (B+9—1) 
1-2---- vey (pt1)-++(y+v—1) . 





The series (377.1) satisfies our differential equation formally; it is known 
as Gauss’s hypergeometric series 


diye a B a (a + 1) 8 (6 +1) ae 
FQ Byig— ito - ttre ea ‘ (377. 4) 
This series makes sense only if y=—-0,—1,—2,---. It reduces to a poly- 


nomial if either a or 6 equals a negative integer. In all other cases we have 


Coy. _ (2+ %) (B+) lim “+4 =n (377. 5) 


cL + y+)’ oy 





y= oo 


so that we see by § 207, Vol. I, p. 204 that the radius of convergence of the 
series is equal to unity. Thus we see that our formal operations were justified, 
and we have the following theorem: 

In all but the exceptional cases listed above, Gauss’s hypergeometric series 
(377.4) is a solution of the differential equation (376.5), and it is the only 


solution that is regular at the point g==0 and assumes the value unity at 
this point. 


The Hypergeometric Series (§§ 378-380) 


378. In the problem that led us to the hypergeometric equation—the 
problem of determining the mapping functions of circular-arc triangles—the 
numbers y, mu, v are real and satisfy 0 <(A,u,v) <1. Hence by relations 
(376.7) and (376.8), it will suffice to consider values of a, 6, y from the 
intervals 


=1X<¢<1, —1< p= 1, 0<y<41 (378. 1) 


and for which, also, y— 8 > 0. 
These restrictions enable us to find a very simple estimate of the remainder 
of the hypergeometric series and to give a bound for the error that is sufficiently 
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ractical to serve for numerical calculations. We need merely observe that, 
by (378.1), the coefficients c, all have the same sign and decrease mono- 
tonically as v increases, because 








px Sa ee ee Si, (378. 2) 
ty l+y yt 
Hence if we set 
R,= 6,4, 28 + Gyygh toe (378. 3) 
we obtain the estimate 
cet 
|R,| < ae (378. 4) 





379. In the case w= y—a—f> 0, the series for F(a, 8, y; 2) con- 
verges also for z= 1 and therefore converges everywhere on its circle of 
convergence. We wish to derive a bound for 


Reet d opt (379. 1) 


in this case too. To this end, we shail need a sequence of positive numbers 
cf, c¥, ... whose sum is convergent and that have the property that for v > vo, 





Coa < Gulet Coat Cy 
Cy ~~ CFP ORY oS 
holds. Then if we set 
RF = chy t+ ofp t+ (379. 2) 


and choose v > vo, it follows that 




















C. Cc. 
IRL =a t+ set | = m1 ge + +2 ca oe 
(379. 3) 
< || Re < || Re. 
| Opa | apt z 
For the terms c* of the comparison series, the numbers 
* 1 
oS = Sate? (379.4) 


with @ > 0, will do. To verify that they have the required property, we must 
show that 


yite 
(1+ vite’ 


R 
+ 
z 





© ase 
vy yt 


iy 
+ 
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that is, that 





v 
144 
1\e v 
+<)\'s (379. 5) 
” a B 
(2+) (4+4) 
holds. Thus we must choose @ > 0 in such a way that 
1 a B 
et (1+ 5) se(1+Z) —1(t4 4) (145) 
holds. But by relation (253.2), Vol. I, p. 262, we know that 
1 
el (1 + =) < £ 
Y B yo-a-B OY 
i? GEA 21 (ies) igs) soot 
Therefore it suffices to take 
y? 
eS(y-a-£)->. (379. 6) 


If this inequality holds for a certain value of v, then it also holds true for all 
larger values of v. Now we have assumed at the beginning of this section 
that y—a— > 0; hence if we select an integer vp for which 


y 
al rey 


and if » > v9, then we can determine a positive 9 in such a way that for 


v,v+1,v+42,...,the relation (379.6) holds. Hence by (258.4), Vol. I, 
p. 268, we have 











1 1 

R* a. Se ae (379. 7) 

and by (379.3), 

Svat a 

|R,| S hay ae? (379. 8) 

This implies that 
lim R, = 0. (379. 9) 

y= 00 


Thus we have proved the convergence of the series 


* Note that the second inequality also holds for negative values of « and B, since we 


always have i(1 + =) s = . 
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F(a, B,y32) =1ltceyz+ cgz®@t- 


for |z |= 1, and we have at the same time obtained an estimate for the 
remainder on | z| = 1. 

380. Let us take a closer look at the estimate (379.8) of the remainder R,. 
We note first that we can replace vp by v in (379.8). Second, we can use the 
gamma function to express c,, by (377.3), in the form 


5 e+) B+) | ra). rw 
’ T(a) r(6) Paty y+) 





(380. 1) 


Now we use Stirling’s Formula (276.14), Vol. I, p. 293, to get bounds for 
the quantities in (380.1) that depend on vy, and we thus obtain 








Ty) 1 
° = Ta) PG) pitv=ane Fe (380. 2) 
oi lim E,= 1. (380. 3) 


This finally yields 


Cy 
cf 








a | 0) op d (380. 4) 


~ | P(e) L(B) | yv-«-B)-e* 





By using more terms of Stirlings’ series (cf. § 277, Vol. I, p. 293), we could 
of course secure still better bounds. 


Calculation of F(a, 8, y;1) (§ 381) 


381. Two hypergeometric series F(a, 8, y; 2) and F(a’, B’, y’; 2) are said 
to represent two contiguous functions (according to Gauss) if any two of the 
parameters of one function (for example, a and §) agree with the corres- 
ponding parameters (in the example, a’ and §’, respectively) of the other 
function, and if their third parameters (in the example, y and y’) differ by 
+1. Gauss proved that a hypergeometric function F always enters with 
any two of its contiguous functions F, and F_, into identities of the form 


(A+ Bza)F+(C4+D2)F_.+(E+G2)F,=0. (381. 1) 
Since a hypergeometric function F always has six contiguous functions, it 


follows that F enters altogether into (6+5)/2—15 relations of the form 
(381.1). For example, if we set 
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F=F(a,B,y;2), Fy~=F(e,B,y—1;2) and, Fy=F(a,8,y +1; 2) 


and once more use ¢, to denote the coefficient of z” in the expansion of F, 
then we can list as follows the coefficient of 2” in the expansion of 








F: eR 

Fy: ott 

zF_y: (tee. cree aes 
F,: ees 

aFy: Cc, ud ae 





ytv’ (@+v—1) (B+ »—1)° 


The coefficient of ,2” in the expansion of the left-hand side of (381.1) is then 


equal to the product of c¢,/[(« + »— 1) (8 + »—1)]and a third-degree poly- 
nomial in y, and we can determine the numbers 4, B, C,..., G in sucha 
way that the second factor vanishes for all values of vy. In this way we obtain 


y[y—-1—(2y-a-B-1)z2]F-y(y-1)(1-24)F 





™ | (381. 2) 
+ (y— a) (y— 8) 2F, = 0. 
Under the assumption y — « — f > 1, the three numbers 
F(a, B,y;1), F(a, B,y+1;1), F(a, B,y—-—1;1) (381. 3) 
are finite, and for z= 1 relation (381.2) takes on the form 
aeeeer ~ ere : pee) 


But this identity continues to hold true whenever 
y—a-—B>0, 


because the third of the three numbe-s (381.3) does not occur in (381.4). 
If we replace the parameter y in (38 .4) successively by 


yt+tLyvt+2...,yt+n 
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and multiply the resulting equations term by term, we are led to the relation 














F(a, By ys 1) | 
F(a, Boytnt+1;1 
ha (381. 5) 
= (y—a) (y—at 1)... (y—a+n) . (y—B)...(y—B+n) 
vyiy+ l)...vtn) (y—a—B)...(y—a—B+n)* 


With the notation of § 271, Vol. I, p. 286, specifically (271.3), we can rewrite 
(381.5) in the form 


ee F(a, B, ‘4 1) oe Ty) Iyly —« — B) 
Fa Bytn+ ti) ~ Taya) Pay 8) (381.6) 





Noting that 
lim F(a, B, y +”;1)=1 
holds, we finally obtain 


64, Ly) Py—«—8) 
F(a, B,y; 1) = To «To =A) * (381. 7) 


All of the above calculations are due to Gauss. 


Kummer’s Differential Equation (§§ 382-383) 


382. A given circular-arc triangle with angles 2A, u,v can always be 
mapped by means of a Moebius transformation onto another such triangle 
that has the vertex A at w= 0 and whose sides AB and AC are straight-line 
segments, AB being, moreover, a segment of the positive real axis. By means 
of a different Moebius transformation, we could instead make the vertex B 
coincide with the origin, arrange for the sides BC and BA to be straight-line 
segments, and have BC lying along the positive real axis. 


In the first case, the mapping function in the neighborhood of g==0 must 
be of the form 


w= a $,(2), (382. 1) 


and in the second case, of the form 


2 


w= (1—2z)* $, (1 — 2). (382. 2) 
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On the other hand, we have seen that w is always equal to the ratio w2/u, of 
two solutions of the hypergeometric equation 


z(1—2) “+ [y—(a+ B41) z]u’-afpu=0. (382. 3) 
The above suggests that we try 
u = 2? (1 — z)% P(z) (382. 4) 


as a solution of (382.3), where p and qg are any two constants and P(z) isa 
suitable new function. The expression (382.4), as a possible solution of 
(382.3), was first tried out by E. E. Kummer (1810-1893). Kummer did 
not, however, introduce it in connection with conformal mapping, in fact, he 
was interested in real values of z only. He showed that the singularities of 
the solutions of (382.3) can be completely determined by setting up the solu- 
tions in the form (382.4), and that the general solution of the differential 
equation can then be determined by elementary calculations. 

To begin with, if u is to be a solution of (382.3), then by formally substi- 
tuting the right-hand side of (382.4) into (382.3) we see that P(z) must 
satisfy a differential equation of the form 


dP 


= t(L2t+Mz+N)P=0. (382.5) 


22 (1— 2)? 2? 42 (1-2) (A— Ba) 


Here the coefficients 4, B, L, M, N, and the quantity S=L+M-+ WN are 
constants which are related to p, q, a, 8, and y by the equations 


A=2p+y 
B=2p4+2q+a+f4+1 
L=(p6+ 4+) (p+ 9+ 8) (382. 6) 


N= pet) 
S=L+M+N=q(¢g+a+P-y). 
Now the connection between the solutions of the differential equation (382.3). 


on the one hand and (382.5) on the other hand is as follows. If u is a solution 
of (382.3) and if we set 


P(z) = 2-7 (1 —2z)-*4u, 
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then P(z) is a solution of (382.5). Conversely, if P(z) is a solution of 
(382.5) then the expression in (382.4) represents a solution u of (382.3), 
and this holds for all values of p and g provided only that these values satisfy 
the equations (382.6). If we set, in particular, p= q —0, then by (382.6), 


A=y, B=a+B+1, L=—M=aB, N=0, S=0. (382.7) 


In this case, the differential equations (382.3) and (382.5) differ only by the 
factor z(1—2). 

Now let #’, 9’, «’, B’, y’ be any set of constants that satisfy the system 
(382.6) when substituted for p, g, a, 8, and y respectively or—what is the 
same—that satisfy the equivalent system 


p?—(A—1)~p'+N=0 

qg?-(B-—A-1)q¢'+S=0 

(tq t+a)+(p’'+¢+Pp)=B-1 (382. 8) 
(p'+q' +e) (ph +q'+P)=L 

y =A-2p' 


Then by what we noted above, the function 
xP (1 — 2)-* F(a’, B’,y'3 2) 


is a solution of (382.5), and if we choose the values of A, B, L, N, S as in 
(382.7) above, this function is also a solution of (382.3). Now the system 
of equations (382.8) has eight solutions, and these reduce to four solutions 
if the order of a and # is considered immaterial ; these four solutions are as 
follows: 
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We are thus led to the following four solutions of the hypergeometric 
differential equation (382.3) : 


I F(a, B,y; 2) 

IT (1-2)? F(y—a,y— B, y; 2) | 
III 2-’Fa@+1—y,B+1-y,2—-y;2) 
IV 2!-¥(1—2)?-*-8 F(1 — a, 1—B, 2— 932). 


(382. 9) 





We see immediately that both I and II can be expanded at ¢=0 in power 
series whose constant term is unity. Therefore they represent one and the 
same solution, the hypergeometric equation having only one solution with 
the stated property. And the identity 


F(a, B, y; 2) = (1 — 2)’ * 8 Fly — «, y — B,y3 2) 


shows that III represents the same function as IV. 

383. Kummer’s differential equation enjoys the property of being trans- 
formed into an equation of the same form if the variable z is replaced by the 
new variable » = 1 — z or by = 1/z. In fact, the transformed equations are 











d*P dP 
2(1 — n)? —- 1 — ny) (A, — By n) = 
a? (L— 9)? Gar + 0 — 0) (Ar — Bit) (383,11 
+ (L,7?+ M,n+N,)P=0 
with 4,= B—A,B,=B,L,=L,N,=S,S,=N, and 
2/7 _ ne @P = _ aP 
& (1 ¢) dt? + ¢ (1 ¢) (A, B, ¢) at (383. 2) 


+ (L,0?+M,0+4+ N,)P=0 


with A,=2-— B, B,=2—A, L,=N, N,=L, S,=S, where we have 
again set S, = L,+ M,+ N, and S,=1L,+ M,+ Nz. 

Now if the quantities ,, 91, &,, By, 7, and po, Yo, %2, Be, 2 are solutions 
of the systems of equations 


p? — (A,—1)p6+N,=0 

g?— (B,— A,-1)¢+ S,=0 

(@+9+%)+ (6+9+8)=B,—-1 (383. 3) 
(++) (b+9q+A)=1, 

y=A,—2p 
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and 
p? — (A,— 1) p+ N,=0 
q? — (By — A,— 1) q+ S,=0 
(p+qt+a)t+(6+q+f)=B,-1 (383. 4) 
(P+q+a)(p+q+B)=Le 
y=A,-26, 


respectively, then we know that (383.1) and (383.2) have integrals (i.e. 
solutions) of the form 


n (1 — 9)" F(a, Bi, 15 0): 


o-P (1 — 0) * Flag, Be, 2: 6). 


If we replace the numbers 
A, B,, I,, N,, Sy 
in (383.3) and 
Ag, B,, Ly, N,, S. 
in (383.4) by their expressions in terms of 4, B, L, N, and S, and then 
substitute for the latter quantities their expressions in terms of p, q, a, B, y 


from (382.6), we see that the systems (383.3) and (383.4) can be solved 
rationally, and we obtain for instance, as one of the possible solutions, 


A=4% i= Pp, ay = a, Bi =8, w=1-(y—a-— 8) 
and 








pPo=—b-4G-4, {2 q, % a, Be 1l+«a Y; Ye=1lt+a—f. 


We see, therefore, that if the differential equation (382.5) has a solution of 
the form 2z-? (1 — 2)-* F(a, B, y; 2), then the functions 


(1 — 9)" F(oy, Br yi 0) = 2°? (1 — 2) ¢ F(a, Ba + B+1—y;1-2) 
and 


CoP (1 — 0)°% F(a, Bo, ¥23 6) 


=r) F(a l+a-y, 1+; =) 
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are two more solutions of (382.5). The same is true of the hypergeometric 
differential equation (382.3), which is a special case of (382.5). Hence we 
may apply the transformations 


{t,9,0, B,y, 2} > {9,0 B,1—(y—a—f),1—2} — (383.5) 


and 
{b.9,0, By, 2} >{-p-9-aaulta-y, l+a-— 8B, = (383. 6) 


to the integrals of (382.3) and may, in fact, apply them any number of times 
in succession, since each application amounts to transforming the differential 
equation (382.3) into an equivalent equation. 


The Twenty-Four Integrals of Kummer (§ 384) 


384. We are led in this way to a large number of new integrals of the 
equation (382.3). If we apply (383.5) to the integrals we have already 
listed in (382.9), we obtain 


V Fw, BaotB+1—y;1-2) 
VI (l— 2)’ -* 8 Fy —ay—B,y+1l—a—p1-2) 


VIL 21°’ F(at+1l—y,B+1—y,e+B+1—y;1-2) 
VIII z!-?(1— 2)?" * FFL —«,1—-B,y+1—e«—8;1—2). 


(384. 1) 


If we set 1 — z= ¢ and apply the substitution (383.6) to the integrals (384.1), 
we find 


IX (1 2)-* Fy — B,a,0+1—B; z=) 


xX (12° Fly —a, 8, B+ 1— a; <5) 
(384. 2} 
XI at? (1-2) "1 F(a 4+ 1—y,1—fat+1—fi p=) 


l1—z 





os -B- 1 
XII 2-7(1 ay PAB 4+1—y,1—a P+1—a 2). 


Application of (383.5) to (384.2) yields 
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-a . 2 
XIII (1—2) Fly — Ba, 93-4) 


XIV (1-2) F(y~, 8,7; 3) 
(384. 3) 
XV 7 (Lah *1 F(a 1,1 - B.2- 75 543) 


XVI 2-7 (L— 2) PT FB + 1—y,l—a,2—y; eas) 


Finally, two more groups of solutions are obtained by using the transforma- 
tions (383.5) and (383.6) once more, applying them this time to (384.3). 
It is desirable to multiply the resulting integrals by a constant of modulus unity 
so as to make their principal values real for sufficiently large negative real 
values of z; in this way we obtain 


XVIL (— 2)? (1 2)-*-8 Fly — B,1— By + 1-0 — B=) 





z 


XVI (—a77(1— ay # F(y— a, 1a, y +1 —a— Bs >) 








(384. 4) 
XIX (—2)7*F(a+1—y,0,1+a+B—y; =>) 
XX (-2)P F(B+1—y,B,1+a+B-yi =>) 
XXI (42)? (1— a4? Fy — 8,1 - Boat 1—;+) 
XXIL (— 26-7 (= 29 F(y~ a, 1a, B+1— 0; 5) 
(384. 5) 


XXIII (-2)-* F(a +1 —y,0,0+1— 8; =) 
= 1 
XXIV (~2) *F(B+1-,8,8+1—a;-). 


It is easy to verify that Kummer’s method of algebraic transformations (i.e., 
(383.5) and (383.6) ) yields no further integrals. 


The Fundamental Solutions of the Hypergeometric 
Differential Equation (§ 385) 


385. The twenty-four integrals of Kummer do not represent as many 
different functions. Thus, for example, the integrals I, II, XIII, and XIV 
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all have a branch that is regular at gO and assumes the value unity at 
this point. But we know that (382.3) has no more than one solution with 
this property. 


£y| &, 


Ap A 





Fig. 80 


Hence if we take the real branches of the powers (1 — z)’~*~* and (1 — 2) ~* 
and (1 — z)~® on the segment (0,1), then 


F(a, B,yi 2) = (1— 2)" * 8 Fly —a,y — 8,7; 2) 
=(1- 4°" F(ay— By; 524) (385. 1) 
= (1-2) F (By — a, 93 75) 


in the neighborhood of z==0. Therefore these four expressions represent 
one and the same function, which we shall denote, for short, by 9,. 

With the aid of (385.1), we can verify that the remaining twenty integrals 
can be grouped into five sets of four integrals each, the four integrals in any 
given one of the sets having a branch in common. We obtain in this way the 
following six functions: 


1: I, , XII, XIV 
a: Ill, Iv, XV, XVI 

; V, VII, XIX, XX 
e (385. 2) 
ie VI, VIII, XVII, XVIII 
gs: XXII, XXI, IX, XI 


Y.: XXIV, XXII, X, XII. 
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For each of the six functions g; we have four distinct representations. This 
is very useful, since it enables us to select in any situation that representation 
which converges the most rapidly under the given circumstances. 

We introduce the following notation, which will be helpful to us in writing 
down the regions of convergence for the various functions under consideration : 
The interiors of the circles | ¢| == 1 and |1—z|=1 will be denoted by 
J, and J, respectively ; the exterior regions of the same circles, by 4) and A; 
respectively ; finally, the half-planes Rz < 1/2 and Rz > 1/2 will be denoted 
by Eo and £, respectively (see Fig. 80 above). 

The hypergeometric series that appear in the integrals I-IV converge in Jy; 
those of V-VIII converge in J,; IX-XII, in A,; XIII-XVI, in E,; XVII-XX, 
in E,; and XXI-XXIV converge in Ao. 

As to convergence on their circle of convergence, it takes place for 


I, Ill, XXII, XXIV, if y—a—B>0, ie.by (376.6)u>0, 
ll, IV, XXI, XXII, if Bta—y>0, ie by (376.6)u<0, 
Vv, VL IX, X, if 1—y>0, ieby (376.6) A>0, 
VII, VII, XI, XII, if 1-y<0, ieby (376.6)4<0, 
XIII, XV, XVII, XIX, if B—-a>0, ie by (376.6) »<0, 
XIV, XVI, XVIII, XX, if a—B>0, ie by (376.6) »>0- 


Since in our case (that is, in the study of the mapping of circular-arc tri- 
angles) the quantities 2, u, v are never negative, we can dispense with the 
solutions 

Il, IV, XxXI, XXII 
VII, VIII, XI, XI 


XIII, XV, XVII, XIX 


because the remaining twelve contain everything we need. 

The twelve solutions are listed in Table A below (after § 395). For each 
of the six regions Jo, J,,..., £1, they yield two integrals of the hypergeometric 
differential equation that enable us to construct the general integral (general 
solution) for the region in question. 


The Exceptional Cases and the Function F*(qa, 8, y; z) 
(§§ 386-388) 


386. If one or more of the angles 7A, 2, %v are zero, then certain of 
the functions 91, ..-, %g will coincide, and we must therefore look around, in 
this case, for new solutions of (376.5). 
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Thus, for instance, recalling that our mapping problem requires that 
0 < y= 1, we see that the functions 


71 = F(a, B, y; 2) 
and 
go= 2? Faat+1l—y,B+1—y,2—y;2) 


are the same in case y = 1, that is, in case A== 1— y =O. To deal with the 
case 1 0, we set y= 1—A and 


alt) = 91(A) + 4 pE(A), (386. 1) 


so that y¥(A) stands for a function of z that is, for every 4 > 0, a solution of 
the linear differential equation (376.5), being a linear combination of g, and 
2 with constant coefficients. We shall prove that 


yk = lim pi (A) (386. 2) 


A=0 


is a solution of equation (376.5) for the special case 4 0. We have 


gt slim > {Fe +4,B+4,1+44;2 — Fa, B,1—A32)} 
A=0 


or, expanding the expression in braces in powers of 4 and then passing to 
the limit, 


gk = F(a, B, 1; 2) 12+ F*(«, B, 1; 2), (386. 3) 
where F* is defined by 


OF OF OF 
F* (i, B.¥32)= 95 + Gp +2, (F= Fe B. 7:2). (386.4) 





387. The function F*(«, 8, y; 2) can be calculated as follows. Since the 
partial sums of the power series F(«, 8, y; 2) = 2'c, 2” are uniformly bounded 
in a disc |z| <7 <1, they represent for every | z| <1, and for any fixed 
values of 6 and y, analytic functions of a; thus we have 





(387. 1) 
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But by (377.3), 








dc, (1 1 1 
(+ aa tet apy) Cys (387. 2) 
so that we obtain 
OF G/1 1 1 » 
Oa =o (Start +a) ee 87:9) 


We can calculate 0F/0B and OF /dy in the same way and finally obtain 














. : OF OF OF y 
F*(a, 8, yi2)= G0 + ag +23, Pe (387. 4) 
where 
vy-1 
1 1 2 
é ie 
ee ean as ery, 
v~1 
= ( yoo 4 y—6 ) (387. 5) 
po Mate y+) " BHP y+ Pe)!’ 
1 2 
ae OB a 


The numbers e, converge to a finite limit as » > 00; therefore their absolute 
values |¢,| have a finite lu.b. M(a, B, y). Hence the remainder of the series 
(387.4) is certainly less than M(«, B, y)-|R,|, where R, is given by (378.3). 

Thus the function F*(«, 8,y;z) is regular in the disc | z| <1, and the 
series (387.4) converges on its circle of convergence if y — a — 8 > 0, by § 379. 

In the above calculations we have implicitly assumed that the parameters a 
and B do not vanish. If one or both of them are zero, the calculations have 
to be modified somewhat ; however, they lead to the same results. 


388. Now it is easy to verify that p¥ is a solution of the equation 


z(l—2z) uw" + [1—(«+fB+1)2]w’'-aBpu=0. 
To do this, it suffices to show that the expression 


2(1—2) F’— (a+ 8) F +2 (1 —2) Fe" 
(388. 1) 
+[1—(@+B +1) F*'—apF*, 


which represents a regular function in the neighborhood of z= 0, is iden- 
tically equal to zero. (We recall that F(a, 8,1;2) is a solution of the above 
equation ; F’, F*’ and F*” denote derivatives with respect to 2.) 
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By (377.4), (387.4) and (387.5), we have 


FB uda1+ Rad | 


vol 











~o (388. 2) 
F*(a, 8,1; 2) = 3” €,C,2 | 
v=1 
and 

Curr _ (a+) (B+) 

Agee ES ae (388. 3) 
1 1 2 

Cay — % ca hae ic" (388. 4) 


For v = 1, the coefficient of 2” in (388.1) equals 


2(¥+ 1) c,,,—[(a +») + (B+ le, 
at (v tr 1)? ¢,,, Cy (« + ») (B+ v) C1 e, 


or, if we express c,,, in terms of c,, 


¢, (PEt Bm 


BF (ato) Br) + a+) B+) u— a}, 


which is an expression that vanishes for every v, by (388.4). We also see 
that the coefficient (2 c,—«— 8+ c,¢), ie. the term independent of z, is 
likewise equal to zero. 

The function gz admits of a second representation which we can obtain by 
expressing 9; and gq, in (386.1) in terms of the integrals XIV and XVI, 
respectively. This yields 





gt = lim + cae ~ a) POF(I —a,B+4a,1+a4; 4) 
exif — 2)? F(1 —a—A,B,1-A; =) 
or 
et = (1-2) *{F(1—2, Bt; 8a) Egy + Fe(1— a, 1s 45). (388.5) 





Passing to the next special case, we see similarly that the solutions m, and 
@s coincide if «= y — « — B vanishes. In this case, q, can be replaced by a 
new solution that is defined by means of the equations 
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Y= Pat u Pile) | ar 
: 88. 6 
gi = lim gf (x). | 


u=0 


Finally if » = « — B = 0, then we introduce the new solution g¥ defined by 


Po= P+ ¥ PF (r) | 
pe = lim gf (r). | 


v=0 


(388. 7) 


We can calculate yf and gx by the above method and prove that they 
actually do satisfy the given differential equation. We are now ready to 
supplement Table A at the end of this chapter (p. 168) and are thus led to 
the construction of Table B. 


Connecting Formulas (§§ 389-391) 


389. The functions 9, ...,Qg defined in § 385 above give at least one pair 
of linearly independent solutions of the differential equation (376.5) at any 


tA 
e? 





Fig. 81 


given point of the complex plane.? 

But since the points z=0,1, 0 are branch points of the functions 
Ye, Pa, Pe (or of PF, oF, pe, if required), we cut the z-plane along its real 
axis, and we consider, to begin with, the upper half-plane only. Now we 
stipulate that 91, 2, Ys, Pa (as well as p¥, gf) are to be real and positive 
on the segment 0,1 while 9;, — (as welt as yf) are to be positive on the 
segment — oo, 0 of the real axis; we are then dealing with well-defined single- 
valued branches of the functions 91, .-., Ye in the upper half-plane. 

Now a more detailed study of our formulas reveals that at any interior point 
of any one of the three regions shown in Fig. 81, the formulas always define 
two pairs of functions. Since the functions 9, ..., gg all are solutions of the 


* However, in the case A= =v=0 and in this case only, there exist two exceptional 
points, namely z = errs at which none of the series I-XXIV converges. This excep- 
tional case must be treated separately (cf. § 408 below). 
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same second-order differential equation, any three of a set of four functions 
defined in a given region must be connected by linear relations with constant 
coefficients, relations that are preserved under analytic continuation of the 
functions. 


390. For each of the three regions of Fig. 81, there are of course four 
linear relations as described above. As far as our mapping problem is con- 
cerned, it will suffice to determine explicitly the coefficients a,b,... in the 
equations 

Pi= 493 +O, 
P2= 4% Pat bi gy 
Pri= CPs +e 
P2=C' Ys + €' Ye 


(390. 1) 


(and to do the same for the equations in which one or more of the functions 
Y2» Pa, Pe is replaced by one or more of the functions p¥, gf, ve). 

We shall first deal with the case that all three of the numbers 4, u,v are 
distinct from zero. If we substitute into the first equation of (390.1) 


P1 = F(a, B, 3 2) 
G3 = F(a, B,a + B+1—y;1- 2) (390. 2) 
Pa = (1— 2)" * F F(y—a,y—B,y+1—a—B;1—2), 


as is indicated by Table A (see end of this chapter), then these formulas— 
which do apply on the segment 0 S z S 1 of the real axis—yield for g = 1 that 


$1 = F(a, B,y:1), g,=1, m=, 
hence 
a=F(«, B,y; 1), 
and for =O that 


Pi=l, P=F(u, B,a+B+1-yi1), m=Fly—ay—B,y+1—a—B; 1), 
hence 
1=aF(u,B,a+B+1—y;1)+5oF(y—ay—B,y+l—a—6;1). 


We can solve the above relations for a and b. The resulting expressions for 
a and b become especially neat if we use formula (381.7) to evaluate F; in 
this way we obtain 
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Py —«—B) Py) 
Ty —9) Ty —B)’ eye) 
Py —-«—f+1)P—y) 
(i — p) Fil —«) 

~y-LMPys«—-f)  Pa+b+i-yPd—y 

Piy—a) Py—p) P(b+1—yLPe+1—-y7)’ 
and hence, using the relation I(x) (1 — x) =a/sina x (cf. (272.5), Vol. I, 
p. 288), 


a= 





(390. 4) 





b Py —«—B6+1) r—y) 
P(1—B) P(t —a) 
_ sing y sina (y —a — B) —sinx (y —a) sina (y — B) 
sin zy sin (y —a — B) — 





(390. 5) 





Now it follows from 


2 sin m sin n = cos (m — n) — cos (m+ n) 
that 


2sinzy sin x (y ~ a — B) = cosa (a+ B) — cosa (2y—a — f) 
2sinx (y — ) sinz (y — 8B) =cosx (a — B) — cosa (2y — a — B) 
and hence that 
sin zy sin xz (y — « — B) — sin (y — a) sina (y — B) 
= he {cos x (a + B) — cos x (a — B)} = — sinzasinx B. 
Passing again to the Gamma function, we obtain from (390.5) that 


_ Py Pa-nPy—a«—b)Ta+p+1—-y 








Pe, T@) Ta TA TO—B) Halves 
“ ri—f) Pi —2) , 
P(il-y) Piy—a«—B+1)’ 
and finally, using ['(x + 1) = x I’(x), that 
_ Ly) ra«a+Bb-y») 7 
t= — Tere G7) 
Therefore the first of the relations (390.1) becomes 
— Ty) rv—«—8) Ty) Tie+ B-y) 
m= Toa) Ty—A + Teri Pe (390-8) 


An entirely analogous procedure yields the explicit form of the second of 
the relations (390.1), as follows: 
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_ F2—7) Piy—«—8) P(2—y) (a+ B—y) 
eS P(1—a) (1 — 8) Pat ip+1—yPe+i—-y Pa: (390.9) 








In the third and fourth equations of (390.1), we must substitute, in accord- 
ance with Table A, 


gi = (1— 2)? F(B, y — 4,9; 743) 


z—1 


Ga= 2" (1 — 2) PTF —a,B+1—y,2-y3=- } 





Y= (1—2)"* F(a,y— Bat 1-8: i ) 


a) 


= ox 
pom (1-2) F(B,y—a Bt 1—a; 742), 


all of which have expansions that are valid on the segment — 0,0 of the 
real axis. 


Because of its factor z1~”, the function q is not real-valued on this segment 
but is equal to the product of a real function by e7#4-”). Thus it is appropriate 
to write m2 in the form 


pam et O-8 (ahr — ay Pt F(L— a, B+ Ly, 2-95 ZG). 
Finally, we have 
(1 — 2) F(B,y — 4,7; 4) 


= c(l —2)"* F(a, 9 — Bea + 1~ 83 7=5) 





+e(l—2)P F(B,y—a B+ 1-0; 525) 


and 


eri) (ayer (Lay P F(a, B+ 1-72-97; >) 





= o(L— 2) * F(a y—Bat1—B; =) 
4e'(L— 2) F(B,y— a, B+1—a5 7-5), 


and hence also 
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F(B,y — % 73 =) 
m+ Flay aett—pi hy) te (Br—2041—05 5), 
eri (“ET R(1 a, B+ 1-72-95 53) 
eee 


1 
+e'F(B,y—a,B+1-a; 52). 


These last equations are meaningful at == —oo as well as at z= 0 and they 
therefore enable us to evaluate the constants c, e, c’, e’ in terms of the Gamma 
function. This yields 








_r@ré-»  , Pw re-s) sana 
1 Fy—a re %+ Tero —p 7 (eto) 
and 
P(2—y) P'(b—«) ni(l-y) 
= Fa-ajrG+i-n® — % 
(390. 11) 
4 P(2—y) r'(«— 8) eri (1-7) Qe: 


Fe+1—y)r(—8) 


391. In the limiting cases, that is, in the cases in which not all of the three 
numbers 4, mu, v are distinct from zero so that some of the functions Pz, Pa, Pe 
must be replaced by the functions from Table B (after § 395 below), the 
most expedient way of obtaining the relations analogous to (390.1) is to go 
back to the definitions of the functions yf, pf, of. 

Consider first the case A= 0,4 >0,»> 0. Here, relations (390.9) and 
(390.11) must be replaced by two others, of the form 


Gs = a* pat b¥ yy 
(391. 1) 
gt = c* ps + e* O- 


Now with y= 1— A, we have 


and hence by (390.1), 
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- a—a - b/—b 
a* = lim tT? b* = lim ; 
A=0 4=0 
‘ c’—c : e’—e 
c* = lim Tt? e* = lim 7 
2=0 4=0 


By (390.8) and (390.9), the first of the last four equations can be written 
in the form 





a* = lim i { 


ra+ara—a—s—-aA  ra—ara | 
A=0 


T(i—a) Ii —f) LG=2=9 FU p— 9 


or, expanding in powers of / inside the braces and then setting 40, 


a* 








r(i—a—f) (2 ra) ra) Puna) 
Pa—aPra—p \* Ta)” Ta-a ~ Ta—s)J° 


The coefficients b*, c*, and e* can be calculated in the same way, and we finally 
obtain 


P(l—a—8) { ray d—a) aa 


so Ta—ari—s \“ ra)” Ta—a  Ta—s Js” 











(391. 2) 
4 Pe+ p=) (2 ray Mw) PO) 
Te PB Ti) Te res 
~. Fé-») (,ruM ra-» ré,_. 
?2~ Ta—a) Te) Ti) Ta—a  Té) +2i| Ps (391. 3) 


+ 





I'(«— 68) {2 Pray rd—ésé) _ Ie) 
(x) Lr 


Ta—pr @) Tap) Te +25) pe: 


Next we consider the case ~=0, A> 0, v> 0, which we deal with by 
setting y=a+B+ mand %= 934+ @ vF(u)in (390.8) and (390.9) and then 
passing to the limit u==0. This yields first 


— Pa+ B+ Pv) P(a+ B+) T(—n) 
A T(p + pw) Pat pw) Pst T(a) I'(6) (p3+ “ot (H))- 








Then as yu is allowed to go to zero, we use the relations I'(u) = (I’(1 + #)]/u 
and I'(— w) = —[f' (1— pw) ]/m, obtaining 





_ Pe+s) | may Ie) _ TON on Fete 


A= I («) P'(B) I'(1) I'(a) T(8) ~ Te) TB) gx. (391.4) 
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Analogous calculations lead to the relations for 92, v3, pf and to those for 
Yi, Po, Ys, P* in the case v— 0.and B—a (see Table C at the end of this 
chapter). 

If 4 and _» both vanish at the same time, there must exist a linear relation 
connecting pF, 3, pf; if A and v both vanish, there must be a relation involving 
yx, 5, pf. To obtain, for instance, the last-mentioned relation, we set in 
(391.3) B=a—v and 9% = 9; + » p¥(v), which yields 











_ r(1—y») I(1) (1 —a) _ I”(a—») . 

== Sra ores {2 Ti) Ta—a  Ta@—>) +z i] Ps 
(1+ ») Ma) Mi—a+») I(x) . 

a: yP(i—a+ ») P(a) Ta) Td—aty) Te + xi} (Gs + » pe (r)). 


As v is now allowed to go to zero, the coefficient of y; becomes 





ra) ra—a Ia) jd T(1 +») ril—») 
{2 Ta) Ta—« Toe wat i a lrg Tai—a+» Pdi—ala—») \ 0 





4 1 . = Foe ~ I”"(l1—a + v) 
T(x) Pa —2) dv | P(a—») Fase eo" 


which because of the identity 








wm f(«-») bag = aa f(*) 
can be written in the form 
1 ray) I rae) ) 
Te) Fa —a) [{ Ti) ~ Te ~ Pasa 17% 





ri Ie) ri—a) 
x(2-Fay — Fer > Fase] 





a(r(l—a«) Iq) 
da aa ~ Ta) }] 


Now it follows from J‘(x) I'(1 — «) = 2/sin 2a that 


I’(a) L'(1 — a) % 


T(a) T(l—a) + tgaa’ 








d (fe r(l—a)\_ 
T@)  Ta—a) = 
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so that we finally obtain 








sina ry Ia) I(1 —a) -| 
, aa {2 ra Fe = Taco 4 





ray Pe Ii—e) me 
“ ata T(e) Td —a) | faze | %s (391. 5) 


sinna {,I(1) I) I—a«) ; 
Pe ge {2 Ti). Te — Tae) +i} gb. 





These and similar results are summarized in Table C (pp. 169 ff.). 


Explicit Calculation of the Mapping Function of a 
Circular-Are Triangle (§ 392) 


392. If we wish to determine the mapping function w= f(z) of a given 
circular-arc triangle of the w-plane having the angles A, and av, we 





Fig. 82 


need only determine the mapping function of amy circular-arc triangle having 
the same angles, since we can always map the latter triangle onto the former 
by means of a suitable Moebius transformation. If the three angles are all 
=++ 0, we may therefore assume our triangle to be in the special position where 
the vertex with the angle aA is at the origin w= 0 while the two neighboring 
sides are straight-line segments, and one of them may be taken to be a segment 
of the real axis (see Fig. 82). 

If we wish the upper half-plane Nz > 0 to be mapped onto the (interior 
of the) triangle in such a way that the vertices O, 4, B of the triangle cor- 
respond to the points z= 0, 1, o, then it follows from our previous results 
that we must set 
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w=C&—c Fetiis pee” Sah oiay, (392. 1) 


Here, the numbers a, 6, y are given by 





i 1 
=-7 (lL-A-p+), pHa (l-A-p-); y=1-A 


in accordance with (376.7). Denoting the side OA of the triangle by s and 
using the formulas (cf. § 381) 


1) LO Pes) 
F(a, By; 1) = L(y—a) P(y—B) ’ 


P(2—7) Py —«—8) 


Fa+1l—yptl—y2-y; l= Ta—ara—sp) ’ 





we obtain by (392.1) that 


Py) Pi —a) Fil — B) 392.2 
Cc T2—y) Ty —a) Po—B) as 








By the results of §§ 72-74, Vol. I, pp. 61 ff. our triangle is spherical, 
Euclidean, or non-Euclidean according to whether A+ u+v>1, =lor <1. 
Since 4+ u+v=1-— 28, these conditions may also be written in the form 


B<0, B=0, B>O. 


If in particular, 4+ «+ ¥ <1, that is, if 8 > 0, we can norm the triangle in 
such a way that the circular arc AB is orthogonal to the circle | w|—1. 
Then by the formulas of non-Euclidean trigonometry, 


s=tgh a 
and by (75.1), Vol. I, p. 65, 


sin (l—A—p—») sin (l —A—p+ ») 
st = -, (392. 3) 


sin —A—» +p) sin (L—A+ p+) 





which we can also write in the form 


= ie Acie Bet EA at 
oS I'(p) P(l— £) F(a) Pa — 2) (392. 4) 
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and this together with (392.2) yields C. 


The Derivative of the Mapping Function (§ 393) 


393. The derivative of the mapping function is frequently of use; by 
(392.1), it is given by 





dwn UPa— RY 
a CREM. (393. 1) 
We set 
v= P11 P2— Po Pi (393. 2) 
and hence obtain 
v' = Q, G2 — Pa Pr- (393. 3) 


Now since g, and g, both are solutions of a differential equation of the form 


“u'+pu'+qu=0, 
it follows that 





v' =— py, (393. 4) 
whence 
d 
a lu=—. (393. 5) 
But in our case, 
ees (a+ B+1)z—y 
eS z(1—2z) 
and hence 
ay _ a-~yv—4t+@+p+l1l—y)z 
nee z (1 —2z) 


and an integration now yields 
lu=—ylz—(«+fB+1-—y)/(z—1) + const. (393. 6) 
Thus our final result for v is as follows: 


, Poe A A 
Pi P2— Px P= V= Va —atteti-y ~ G-aq_—pine * 





(393. 7) 


z 


To determine the constant 4, we expand the left-hand side of (393.7) in the 
neighborhood of z= 0, and after a simple calculation obtain 
Peieyets (393. 8) 


Hence we finally have 
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dw Ca 
= Reg rae Te : (393. 9) 





The Case A=0 (§ 394) 


394. We now turn to the mapping of triangles that have at least one cusp, 
i.e. for which, say, A4==0. In the sequel we shall only be interested in tri- 





Fig. 83 


angles for which A + w+ »< 1. Every such triangle can be brought into the 
position shown in Fig. 83. 

Here, the sides AB and AC lie along the imaginary axis and along the 
straight line {tw== 1, respectively, while the side BC is an arc of a circle 
whose center is located on the real axis of the w-plane. If we denote the radius 
of this circle by R, we can see from Fig. 83 that the following equations 
hold true: 


R (cosa u+cosxzv) = 1, 
ae . = sin 1 
OB= Rsinz p= cos 7 + cosy’ (394. 1) 


1C=Rsinnv= ers sd ae 

cos 7 + cosa 

We shall prove that the mapping function under which the triangle of Fig. 83 
corresponds to the half-plane Jz > 0 is of the form 


pages (394. 2) 
1 


with suitably chosen constants a and b. In fact, the formulas of Table B 
(following § 395) show that 
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=. (Ee b, (394. 3) 


Mi gy 





w=a(le+ > ") +0 


From this we see immediately that z==0 corresponds to w== oo and that 
the intervals 0 << z¢< 1 and — 0 <2< 0 are mapped onto the sides AB 
and AC, respectively, if we choose a= 1/zi. 


A 


Fig. 84 


In order to determine b we shall locate the image of the point z= 1. For 
this point we have y;s==1 and g,=—0O, hence by y= 1 from Table C 
(following § 395), 


_ Fr(—a—B) 
fi Ta —a) Pa — By’ 





x __ril—a—B8) (2 ray)  rd—-«#  ra-—s) 
v2 ~ ra—aPra—pf “rm Tae) Tia}: 





so that 


@_,P0_ Pd-a  Fra—f) 
1 ray Pde ~ ra) ° 





From this, together with (394.1), we obtain 





_ 2 {2+ ray  r’a—a) ras a ee sin 7 


cosa p+ cosa vy’ 


ri) Ta) P(1— 8) 


and we finally see, going back to (394.3), that the mapping function is given by 





Le Gt {2 r(1) (1 —a) eee) aa +4 sina mM _ (394.4) 


F (i) i I(1 —a) ri COS f+ COST DV” 


If A= 0, then the vertex B of the triangle is at w=O (see Fig. 84 
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above). We can verify easily that formula (394.4) remains valid in this case ; 
besides y 1, we must also set 6 == 1—a, and we note further that the 
last term on the right in (394.4) drops out because u==0. Thus (394.4) 
reduces in this case to 





(B-RRR- AB lea). om 


Calculation of the Derivative in the Case A=0 (§ 395) 


395. Differentiation of (394.4) with respect to 2 yields 


dw 1 opi pF — oF 
coe r : (395. 1) 





For 4 > 0, we again write, as in (386.1), 
P2= V1 + A F(A) 


and obtain from (393.7) and (393.8) that 


A 
zi-4 (4 — 2) 








Top = Pi Pa — Pa Pi= A (Pr PE’ — GF 9). (395. 2) 


Here we divide by 2, for A +0, and then pass to the limit as A goes to zero. 
We thus obtain from (395.2) that 


dw 1 1 
ae oa faa @ ‘ (395. 3) 








This result holds for u > 0 as well as for u=0. 
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Tables for the Hypergeometric Differential Equation 
Table A 
















F(a, B, 7; 2) 


a2 PF(By—ay: a 


z—1 


fi = 





2-Y F(a +1—y,B+1—y2—y32) 
2 = 





z 
2-7 grt (1 —a,B+1—y,2—y; aa) 





z—1 
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XVIII 





z—1 
AV a8 F(a yay t 1—a—8; 2 ) 


1 


XXIII | (978 F (at 1—y, mat 1-8 =) 


IX 





| a —28F (x,y —Ba+ 1B: =) 


PF (B, B+ 1—y,B+1—a:; >) 


Table B 














gi = Zz z Ae 
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* = i —1 
9a lta a nictst) tetera atts )} E,| »>0 
1 : 0 
(9-8 {Fluat toy d)ta+re(xart—vt Z)} Heil Bee 
vg = 1 1 
a—4-*{F(uy—at: go5)ta—a +F(ay— ats -)| Ay 
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Table C 
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PL Ty =aTy Say. Te) TB) a 
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A=0 r'(i—a—B) (2 ray “ma-a ra =H) To+p—-N)j,7) Ie) _ po) 
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Table C (continued) 
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Table C (continued) 
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CHAPTER THREE 


THE SCHWARZ TRIANGLE FUNCTIONS AND THE 
MODULAR FUNCTION 


Description of the Schwarz Triangles (§§ 396-400) 


396. Starting with an equilateral triangle and applying successive reflections 
in its sides (and in the sides of the newly obtained triangles), we arrive at a 
complete triangulation of the plane, i.e. at a complete covering of the plane by 


Ldn 





Fig. 85 





means of equilateral triangles, which is such that no two triangles that occur 
in the triangulation have any interior points in common (see Fig. 85). 
We arrive at similar triangulations if we start not with an equilateral but 
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with an isosceles right triangle (see Fig. 86), or with a 30°-60°-90° triangle 
(see Fig. 87). 

The three above-mentioned triangles have the property that all of their 
angles are of the form 


na 14 7 
ees (396. 1) 


where J, m, and n are natural numbers. Since the sum of the angles of a 
Euclidean triangle equals 2, we must have 


1 1 1 
stat gals (396. 2) 


n=3 
Fig. 88 


and it is easy to see that the only possible solutions of (396.2) are 


1=2, m=3, n=6; (396. 3) 


these yield the three triangles that we considered at the outset. 

397. Spherical triangles have angles whose sum exceeds a. Hence if we 
wish the angles of such a triangle to be of the form (396.1), we are led to 
the condition 
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1 1 aL 
FtotS>n (397.1) 


The only possible solutions of this condition are listed in the table below. To 
each of these solutions there corresponds a subdivision of the sphere into 
finitely many triangles all of which can be obtained from any fixed one of 
them by means of repeated reflections. 





If we wish to construct the subdivision that corresponds, say to the first 
of the cases listed above, we can proceed by first dividing the equator into 2n 


b 
q 
LAr 
LA ZS 
Z 


Z 


NS 





Fig. 89 


equal parts and then passing meridians through the points of division. The 
corresponding triangulation of the complex plane is now obtained by means 
of stereographic projection. A look at this triangulation (see Fig. 88 above 
for the case » = 3) immediately shows that its triangles are obtained, each 
from any other, by repeated reflections in their sides. This class of triangula- 
tions of the sphere is called the dihedral class. 

In the remaining cases the construction proceeds as follows. We circum- 
scribe one of the five regular polyhedra (tetrahedron, cube, octahedron, dodeca- 
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hedron, icosahedron) about the Riemann sphere and project the edges of the 
polyhedron onto the (surface of the) sphere, using central projection from 
the center of the sphere. This yields a subdivision of the sphere into congruent 
regular spherical polygons. We join the center of each polygon to its vertices 
by arcs of great circles and we also draw the perpendiculars from the center 
onto the sides of the polygon. In this way we obtain a triangulation of the 
sphere which is such that any two neighboring triangles are the images of 
each other under reflection in their common side. 

The angles of the triangles of any such triangulation always coincide with 
a triple of values as listed in the above table. For example, the surface of the 














Fig. 90 Fig. 91 


regular dodecahedron consists of twelve regular pentagons, and three of these 
meet at every vertex of the dodecahedron. The projection onto the sphere and 
the subsequent subdivision of the spherical pentagons, as described above, 
leads to ten triangles for each pentagon, so that the sphere is triangulated into 
12-10 = 120 triangles each of which has the angles 1/2, 2/3, and 2/5. The 
icosahedron leads to the same triangulation; of the twenty equilateral tri- 
angles that make up the surface of the icosahedron, five meet at every vertex, 
so that the resulting triangulation of the sphere contains 20-6 = 120 triangles, 
which are easily seen to be congruent to those resulting from the dodecahedron. 
The triangulation is for this reason said to belong to the icosahedral class 
(see Fig. 89 above). 

In the same way, we find that the cube and the octahedron each leads to a 
triangulation involving forty-eight spherical triangles with the angles 2/2, 1/3, 
and 2/4 (octahedral class; see Fig. 91), and that the tetrahedron leads to 
twenty-four triangles with the angles 21/2, 2/3, and 2/3 (tetrahedral class ; 
see Fig. 90). 
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We have thus seen that all possible regular subdivisions of the sphere into 
congruent triangles, or more generally into sets of triangles that are symmetric 
with respect to reflections in the sides of their triangles, can be obtained 
either arithmetically, from (397.1), or geometrically, with the aid of the 
regular polyhedra. 


398. Similar triangulations of a circular disc or of a half-plane lead to 
circular-arc triangles with the angles 2/], 1/m, and a/n, where /, m, and n 
are three natural numbers for which 


1 1 1 
+t+a+i<1 (398. 1) 


holds. In this case there are of course infinitely many admissible triples of 
values. However, the proof that there exists a corresponding triangulation 
of the disc or half-plane is not as simple here as for the cases of the sphere 
and the Euclidean plane. 

To prove this, we note first that we can always construct non-Euclidean 
triangles in the disc | w| <1 that have the given angles 2/1, a/m, and n/n 
(cf. § 74, Vol. I, p. 64). Hence we can map the given triangle onto a triangle 
with the same angles in the non-Euclidean plane | w|< 1 by means of a 
Moebius transformation. Starting with the latter triangle, we then construct 
non-Euclidean triangles obtained by repeated reflections in their sides. All 
of the triangles constructed in this way are either congruent to the initial 
non-Euclidean triangle (in the non-Euclidean metric) or else symmetric to 
it with respect to reflection in one of its sides. What we wish to prove is 
that this construction leads to a net of triangles that will cover the whole 
non-Euclidean plane as the construction is carried out indefinitely. 

To this end, we may assume without loss of generality that the vertex 4 
of the initial triangle, with the angle 2/1, is at w =O, while the vertex B lies 
on the positive real axis. Then the sides 4 B and AC are straight-line segments 
(in the Euclidean sense). By means of a cyclic sequence of reflections in sides 
all of which are anchored at the point 4A, we can cover a neighborhood of 
w==0 with 2/ triangles which together form a non-Euclidean polygon P,. 
We shall call the triangles constructed so far, triangles of the first order. Each 
vertex of P, is a common vertex of two first-order triangles that are the images 
of each other under the reflection in their common side. 

The above special position of the vertex A was chosen only to make the 
construction easier to visualize. The cyclic reflection process just described 
can also be applied to the vertices other than A of the first-order triangles ; 
this yields an even number of new triangles no two of which have any interior 
points in common unless they coincide. Also, we are led in this way to a 
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polygon Pp, that is triangulated by means of all of the triangles that have just 
been constructed. P,2 contains P; in its interior. The triangles of P2 which do 
not belong to P; will be called triangles of the second order. We shall show that 
this construction can be continued indefinitely and yields at each step a set of 
triangles of the next higher order, and that the totality of triangles obtainable 
in this way constitutes a net that covers the non-Euclidean plane completely 
and simply. 

399. To prove the first part of the last statement, it suffices to show that 
for every natural number f, the triangles of order & do not overlap the tri- 
angles of lower order (if any) nor each other. We shall assume first that the 
numbers /, m, and n are all = 3; the case of a right angle occurring in our 
circular-arc triangle will be treated separately further on. 

Let us assume then, as an induction hypothesis, that the first part of the 
statement is established for the triangles of all orders up to and including 
(k—1). Then the triangles of order (k —1) are deployed like a wreath 
around the polygon P;_2. They form an annular region bounded by P,—»2 and 
Py,-1. Fig. 92 below exhibits the triangles 41, 4o,... of order (k — 1) that 





Pr-2 


Fig. 92 


have among their vertices two consecutive vertices L and K of Px-2. Any 
vertex of a triangle A; that is not already a vertex of Px—2 will be counted 
as a vertex of Px_1. 

Any such vertex R of Px. is common to a certain number r of triangles Aj. 
If one of these triangles shares a side K L with the polygon P;,_2, then r = 3. 
If S, on the other hand, is a vertex of P,_1 such that the triangles meeting at S 
have only a vertex in common with P;,_2, then r== 2. Since we are assuming 
the numbers /, m, and n to be = 3, all of the angles of P,_1 are = 1, and this 
implies, just as in the Euclidean case, that P,_1 is convex. 

From the convexity of P,-1 it follows that each side RS of this polygon 
lies on a non-Euclidean line of support M RS M’ of the polygon (see Fig. 93). 
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Therefore one of the two half-planes MM’ N’ and M M’N, say the former, is 
wholly exterior to Px_1. Hence if RS and ST are two consecutive sides of 
the polygon, then the interior of P,_1 lies within the angle MSNK. 

The k-th order triangles of the net that are obtained by cyclic reflections 
about the point S must all lie outside the angle M@S NK ; we can easily see this 
with the aid of a non-Euclidean motion that moves S to the origin O and 
transforms 1fS and NS into Euclidean straight lines. This proves the first 
part of the result stated at the end of § 398 above (in case /, m, n are all = 3), 
to the effect that for any # we can construct triangles of order k lying entirely 
outside the region covered by the triangles of lower orders. 


NW! 


Fig. 93 


To show that the k-th order triangles do not overlap each other either, we 
begin by subdividing the set of these triangles into two classes: The ones 
having two vertices on Px_1 we denote by 2, Z2,..., the others (i.e. those 
having only one vertex on Py,_1) we denote by Fi, Fo,... (see Fig. 94). Now 
we join the origin O to all of the vertices of P,_1 by straight-line segments. 
If one of these segments leads to a vertex at which two triangles of order 
(k—1) meet, then the segment forms with each of the two adjacent sides 
of P,—1 an angle that is = 22/3. If a segment leads to a vertex of Py_, at 
which r = 3, we assume as an induction hypothesis that this segment likewise 
forms angles = 22/3 with the two adjacent sides of P,_1, and we refer to the 
paragraph after the next for the completion of the induction proof of this 
particular fact. Assuming this fact for the present, let us consider a side RS 
of Px—1 and the triangle Z, having RS as one of its sides (see Fig. 94) ; then 
it follows from J, m,n = 3 that the triangle Z, lies between the two consecutive 
lines OR and OS. This in turn implies that no two of the triangles Z,, Zo,... 
can overlap. 

Next we consider any two consecutive triangles Z;, say Z; and Ze, with the 
common vertex R (see Fig. 95), as well as the triangles F,, Fo,... lying 


180 Part SEVEN. III. THe SCHWARZ TRIANGLE FUNCTIONS AND THE MopDULAR FUNCTION 


between Z, and Z2 which are obtained by continued reflections in sides issuing 
from R and which are not triangles of order (ke —1). All of the interior 
angles of the non-Euclidean polygon OTUV ...T,O are <a, so that the 
polygon is convex; hence all of the triangles E1, E2,... lie between OT and 
OT,. Applying these considerations to all of the k-th order triangles, we 
see that these triangles form a closed wreath around P,_, whose outer boundary 
is the polygon P;,. They cover the part of the non-Euclidean plane between 
P;,—1 and P; simply and completely. 

It still remains to show that the above induction hypothesis on P;—1 implies 
the corresponding fact for P,. The triangle Z; lies wholly between the lines 
OR and OS, so that the segment OT must pass through Z,;. Now 2, is the 
middle one of three k-th order triangles meeting at T, and hence each of the 





Fig. 94 


two angles between OT and the two sides of the polygon emanating from T is 
< 22/3. Thus we can proceed with our construction to determine the tri- 
angles of order (k + 1) and the polygon P,41, and so forth. 


400. Finally, we must prove that the triangular net thus obtained covers 
the entire non-Euclidean plane |w|< 1. To this end, we consider any 
triangle of the net, say the triangle 4 BC, and the polygon p* whose interior 
consists of all those triangles of the net that share a side or a vertex with the 
triangle dBC. The non-Euclidean distance 6 between the triangle 4 BC and 
the polygon p* is independent of the choice of the triangle ABC, because all 
of the triangles of the net are either congruent or symmetric under a reflection 
(in the non-Euclidean metric). Since every point wo of the net is in the 
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interior or on the boundary of a triangle of the net, it follows that the net 
always contains the non-Euclidean disc with center at wy and radius 6. 

Now if G is the region that is the union of the interiors of all the polygons 
P,,P2,..., then by what we have just observed, G cannot have any frontier 
points that lie in | w|<1. Being entirely contained in | w|< 1, G must 
therefore coincide with | w| <1, and the result announced in § 398 above 
has therefore been proved for the case 1,m,n = 3. 





Fig. 95 


Schwarz Triangles with a Right Angle (§ 401) 


401. If one of the angles of a Schwarz triangle, say the angle A, equals 
n/2, we must modify the construction of the sequence of polygons, and we 
shall have to deal first with the case in which the two remaining angles wu and v 
are both = 2/4. We arrange for the triangles of the first order to have their 
right angles at the origin; if we did not take this precaution, it could happen 
that a vertex of Pg would already be common to four triangles. 

Even so, it will happen for certain polygons P,, for instance already for Po, 
that at least one of the triangles Z; has a right angle at the vertex T that 
should be a vertex of P;,; aS a consequence, P, would have a re-entrant corner 
at T. 

To avoid this, we add at T a new triangle H, which is the image of one of 
the triangles EZ, or E2 (under reflection in a side) ; see Fig. 96. 

With this modification, we can prove just as in §§ 399-400 above that no 
two of the k-th order triangles 21, Z2,..., Fi, Ee,..., Hi, H2,... overlap 
and that they are bounded by a convex polygon P, (in addition to Py_1). 
Since both w and y are =7/4, the angle at a vertex of the polygon where 
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three triangles meet is = 32/4. This fact simplifies our earlier proof for the 
present case, since it can be continued without the necessity of proving that 
the segment OT of Fig. 95 cuts through the middle one of the three triangles 
meeting at T. It then follows as before that the construction of the polygons 
can be continued indefinitely and that the resulting net of triangles covers 
the disc | w | < 1 simply and completely. 

It only remains to deal with the case where A= 2/2, uw = 2/3, v = 2/n with 
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n> 6. If atriangle ABC with these angles is reflected in its side AC, there 
is obtained a new triangle B,BC with the angles 2/3, 1/3, and 2n/n < 2/3 


B 


» & 
Fig. 97 


(see Fig. 97). Now we can use the method of §§ 398-400 to generate a net 
of such “double” triangles, and once we have this net we need merely cut 
each of the double triangles into suitable halves to obtain the net that is 
actually desired. It is of no importance that the angle of the double triangle 
at C is a proper fraction of 2z but not necessarily of 2, since the double triangle 
is isosceles and is therefore mapped onto congruent double triangles by the 
cyclic reflections about C. 
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Schwarz Triangles with Cusps (§ 402) 


402. The construction of the net of Schwarz triangles can also be carried 
out in the cases that have thus far been excluded, namely the cases in which 
the triangles have one or more cusps. In each of these cases, it is again possible 
to construct, step by step, a sequence of nested convex polygons P1,P2,... 
whose union covers the whole non-Euclidean plane and each of which is tri- 
angulated into a finite number of triangles. 

First, if 4, 4 >0, »=0, we perform reflections cyclically in the successive 
sides that issue from the vertex associated with the angle 4. The interior of 





Fig. 99 


the resulting polygon P; contains 2/ triangles of the first order, and the polygon 
has / cusps located on | w |==1, between any two of which it has another 
vertex (see Fig. 98). About each vertex between two cusps we apply cyclic 
reflections of the first-order triangles that meet at the vertex, obtaining in this 
way a number of non-overlapping new triangles which we cail triangles of the 
second order. The second-order triangles lie between Pp; and the convex poly- 
gon Pe which has /(m—1) cusps plus the same number of non-cuspidal 
vertices. Continuing this process, we obtain the sequence of polygons P,, one 
after the other. In the present case it is very easy to see that each polygon 
is made up of mutually non-overlapping triangles. 

Let us fix our attention on any triangle ABC of the net and consider also 
all neighboring triangles of the net, ie. all those that share a side or a vertex 
with the triangle ABC. Every point wo from the interior or the boundary of 
triangle ABC is the center of a certain maximal non-Euclidean disc K(wo) 
that is covered by the configuration just described, consisting of ABC plus its 
neighbors. The radius of this disc converges to zero as Wp is made to approach 
the cusp of the triangle ABC; but if we confine w, to a pre-assigned disc 
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| w|=r<1, then the g.l.b. 6(z) of the radii of the discs K(w.)—for all 
possible positions of the point w,) and of the triangle ABC in which w, is 
chosen—is a fixed positive (non-zero) number. This implies that a finite 
number of triangles of the net will suffice to cover the disc | w| 7, and 
since r < 1 was arbitrary, this in turn implies that the net of triangles covers 
the disc | w| < 1 completely. 

Second, if 2 > 0, 4 =»= 0, then certain sides of P,_1 connect two cusps 
of this polygon (in other words, there will be pairs of consecutive vertices of 
the polygon both of which are cusps). In this case, the (#—1)-st order 
triangle that contains the side in question must be reflected in this side as Py, 
is constructed (see Fig. 99). In all other respects the construction of the net 
proceeds just as before. 


Fig. 100 


The Modular Configuration (§ 403) 


403. The third case, i = u—=v=0, is of particular importance. It is 
studied most advantageously in the Poincaré half-plane Jw >0 (cf. § 84, 
Vol. I, p. 79). We start in this half-plane with a triangle having angles 0, 0, 0 
at its cusps w=0,1, 0. We reflect this triangle in those two of its sides 
that are parallel to the imaginary axis, and we repeat this process indefinitely 
(see Fig. 100). This leads to a region G, whose frontier consists of congruent 
tangent semicircles of radius 1/2. Now we reflect G, in each of these semi- 
circles and obtain a new region Gz that contains G, in its interior and whose 
frontier consists of denumerably many tangent semicircles with periodically 
recurring points at which they accumulate (see Fig. 100). Then we reflect Go 
in each of the new semicircles, and we continue this process indefinitely. In 
this way we arrive at a net of triangles all of whose angles are zero, and this 
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net covers the entire Poincaré half-plane; in fact, G, contains the half-plane 
Sw >1/2, G2 contains Sw >1/2?, and more generally, G; contains 
Sw > 1/2*. Hence the union of the G, is identical with the non-Euclidean 
plane. 


Conformal Mapping of the Schwarz Triangle Nets (§ 404) 


404. We map the half-plane Xz > 0 onto a triangle with angles x/l, n/m, 
a/n, retaining the norming of the preceding chapter (cf. § 392), and we recall 
(cf. (392.1) ) that the mapping function in the neighborhood of z=0 is 
given by 





1 
a ¢ te T Fati—-y, Bti-y 2-932) | 
w om Cz Fare al (404. 1) 


The inverse function can be written in the form 


z=aw'+a,wt+ ... = Q(w) (ay + 0) (404.2) 


and is seen to be regular at the point w==0; by the Schwarz Reflection 
Principle (cf. § 341), it maps the first-order triangles of the net alternately 
onto the half-planes Jz > 0 and Jz <0. We join the appropriate specimens 
of these half-planes always along those parts of the real axis that correspond 
to the common sides of two neighboring triangles. We obtain in this way as 
the image of the interior of P; a Riemann surface of / sheets over the z-plane, 
with all of its boundary points lying on the real axis. By analytic continuation 
(cf. § 342, pp. 84-85) of (404.1), we obtain according to the formulas of the 
preceding chapter a relation of the form 


1 
w — wp= (1—2)™ (b+ d,z+--). (404. 3) 


Here, wg is the value of w at the vertex B of the triangle ABC. The inverse 
of (404.3), 


z=14 0) (w — w_)™+ i (w— we)™t1+.--, (06+ 0) (404.4) 


is the analytic continuation of (404.2) and is regular at the point wg. Con- 
tinuing in this way, we see that the function Q(w) of (404.2) can be continued 
analytically along any path that lies in the net of triangles derived from the 
initial triangle 4 BC, so that by the monodromy theorem (cf. § 232, Vol. I, 
p. 238), this function is single-valued and regular at every point covered by 
the net. Therefore the radius of convergence of the power series (404.2) is 
at least equal to unity. 
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This power series maps the open disc | w | < 1 onto a so-called regular, or 
canonically branched, Riemann surface over the z-plane. To every vertex of 
the net there corresponds a branch point over one of the three points 0, 1, oo. 
The multiplicity of the branch points over z= 0 is always equal to /, that of 
the branch points over z= 1 is equal to m and that of the branch points over 
2== 0 is equal to n. The zeros of 2(w) correspond to certain vertices of 
the net and have every point of | w|==1 as a point of accumulation; the 
circle | w | = 1 is therefore a natural boundary of the function Q(w), which 
is to say that this function is not regular at any point of the circle and hence 
cannot be continued anywhere beyond the circle (in the sense of § 232, Vol. I, 
pp. 236-238). 

These properties of the function z= Q(w) can be used to construct a 
new, analytic proof of the existence and properties of the Schwarz triangle 
nets. This proof, to be sure, is shorter than the geometric proof which we 
presented in §§ 396 ff. above; but the latter proof has the advantage that its 
constructions can be visualized geometrically and that it utilizes exclusively 
methods and results of the geometry of circles (inversive geometry) that are 
cognate to the matter at hand. 


The Inverse Function 2(w) as an Automorphic 
Function (§ 405) 


405. The regular Riemann surface of the preceding section has a certain 
kinship with the Riemann surface (covering surface) which we studied in 
§§ 336-337 above. In fact, of any two neighboring triangles of our net in the 
w-plane, one is mapped conformally onto the upper half-plane and the other 
onto the lower half-plane of the z-plane; the circular-arc quadrangle formed 
by the two triangles thus constitutes a fundamental region, provided that we 
omit one of each pair of sides of the quadrangle that are mapped onto the 
same segment of the real axis of the 2-plane. 

For any pre-assigned point 2 of the 2-plane, each fundamental region con- 
tains one and only one point that corresponds to 2). In this way we obtain 
sets of equivalent points in the w-plane. We have in the present case, just as 
we did earlier in § 332, non-Euclidean motions 


wr = oat (26—By+0) (405.1) 





of the plane | w| < 1 that permute the points of each set but leave the sets as 
such invariant. For any such motion (405.1), we always have the relation 
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Q(w) = Q(w*) = a (= ose 5) (405. 2) 


The motions (405.1) constitute a group, whence it follows, by § 332, that the 
function Q(w) is automorphic. The main difference between this function 
and the automorphic function w= f(z) of § 332 lies in the fact that the group 
of motions of § 332 contained no non-Euclidean rotations, while in the present 
case the group may actually be generated by such rotations (having their fixed 
points at the vertices of the net). In addition to these rotations, the group 
(405.1) contains of course also motions that are not rotations. We need merely, 
for instance, consider two sides of triangles of the net that lie on two non- 
intersecting non-Euclidean lines; since each of these lines is an axis of sym- 
metry (under reflection) of the net, the motion obtained from two consecutive 
reflections in these two lines is certainly not a rotation of the group. 

Similar remarks apply if the triangle has one or two cusps, except that in 
this case, certain limiting rotations (cf. § 82, Vol. I, p. 78) have to be added 
to the above rotations in order that a complete set of generators for the group 
of congruence transformations of the net may be obtained. 


The Modular Function (§§ 406-407 ) 


406. For the mapping of a triangle with three cusps (a so-called modular 
triangle) onto a half-plane, the formulas of §§ 392-395 above must be specialized 
as follows. We have 4 = u = v= 0 in this case, hencea = 6B = 1/2, y= 1. 
If we now write F(z) as an abbreviation for the hypergeometric series F (1/2, 
1/2, 1; 2), we have by (377.4) that 








F@)=F(>,5-1:2)=1 +3 (Beye. (406. 1) 


Similarly, if we write F*(1/2, 1/2, 1; 2) == F*(z) for short, then by (387.4), 











1 
Fea) = F*(Z, 5.12) 
1 
2 


SCT O- 


1 
font gti — sh) a (406.2) 





In the connecting formulas (cf. § 391) for this case, the expression 
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(406. 3) 


occurs. This expression can be calculated numerically as follows: We differ- 
entiate logarithmically Legendre’s identity (279.5) of Vol I, p. 297, i.e. the 


identity 
ng) re3)- Ere, 


obtaining 




















1 2 
a + = —12 
2 x 2 x+1 I (x) , 
(5) r( 2 ) 
whence for + —1, 
1 
r’|(— 
m2) (2) 
TW r(2) =412=1 16, (406. 4) 
2 
The functions 9, ..., pf become in this case 
1 z 
Qi = F(z) = yess Fa) 
1 —1 
Paeee eer TPG ) (406. 5) 





and 








of = Fi) 12 + F*@) = 7 — [F(-25) 152, +F*(4)} 





- Viz z—1 
gf = F(l—2)1 (1-2) + FX(1—2) 
area ace ere re (4066 
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The connecting formulas of Table C (pp. 169 ff.) specialize as follows in the 
present case: 


1 
P1= = {ps1 16 — pt} 
1 
pf = — {((0 16)? — 2%) g, — pf 1 16} =.9, 116 — 295 
v= = {ps1 16 — 98} (062) 
gf = = {((L16 + 21) 116 — 2%) 9, + of (1 16 + 21)} 
= 9, (116 + 21) —29Q;. 


407. In order to calculate the mapping function w= t(z) of the modular 
triangle, the modular function, we set a = 1/2 in (394.5) and obtain 


t(2) = wi {2 ~116} a ( (se) 5 roy ete) 








After a short calculation, we find that in the neighborhood of z= 1, 











T(z) = wt ae i=) Faaa”’ (407. 2) 
G3. ( 16} F(1i—z) 


while in the neighborhood of z= oo, 





1 . 5 nt 
ee iat Ps 116} =1 _ (407.3 
(2) =; {16 +21) — 0 RT ia 
Ps 


For the derivative dt/dz, we obtain from (395.3) that 





(407. 4) 





dt/dz for z = (1+ i//3)/2 (8§ 408-410) 


408. We have already observed (see the footnote in § 389) that the points 
z=(1 +1 V3)/2 are the only points of the complex plane at which none of 
our hypergeometric power series converges. Towards calculating the modular 
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function in the neighborhood of one of these points, we note that certain parts 
of the curves |t|—=1, |t—1|—=1 and Rt—1/2 are axes of symmetry 
(under reflections) of the modular triangle of the Poincaré half-plane that has 
its vertices at 0, 1, o ; therefore the point of intersection t = a)= (1 +7 V3)/2 





% 
0 7 
t-plane  -plane 
Fig. 101 Fig. 102 


(fa 


g-plane u-plane 
Fig. 108 Fig. 104 





of these curves must be the image point of z= dy. 
Now the Moebius transformation 
w+ % 


Wace SPENT 


(408. 1) 


maps the modular triangle 0, 1, oo of the t-plane (see Fig. 101) onto a triangle 
inscribed in the circle | w | = 1 (see Fig. 102), in such a way that the above- 
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mentioned axes of symmetry are transformed into diameters of the circle. 
The axes of symmetry divide the modular triangle into six circular-arc tri- 
angles with the angles 2/3, 0, and 2/2. Under the conformal mapping onto 
the upper half of the z-plane, each of these six triangles is mapped onto a 
circular-arc triangle with the angles 1/3, n/2, 1/2 (see Fig. 103), as can be 
seen easily by an argument involving reflections. Thus we shall obtain the 
mapping function in the neighborhood of z= (or w=0, or t= ay) by 
mapping two corresponding circular-arc triangles (of the above sets of six 
in each plane) onto each other by means of series expansions that converge 
as rapidly as possible at the critical point in question; in this way we shall 
be able to determine dt/dz at the critical point. 
The Moebius transformation 


pea oe Pte (408. 2) 


maps the shaded triangle of the z-plane (Fig. 103) onto the circular-arc tri- 
angle of Fig. 104, in such a way that the point z= a corresponds to the 
origin u=0. We now wish to map this triangle of the u-plane onto the 
shaded triangle of the w-plane (Fig. 102) in such a way that the vertex at 
u.== 0 corresponds to the vertex at w= 0. 

409. To this end, we introduce a parameter v and we map each of our 
two triangles, the one in the w-plane with angles 2/3, 0, 2/2 and the one in 
the u-plane with angles 2/3, 2/2, 1/2, onto the upper half-plane of the v-plane 
by means of the formulas developed in § 392. For the triangle in the w-plane, 
we have 


1 8 
12’ B=a5, a 


and for the triangle in the u-plane, 


ae 


tage Paap Paes 


= 


Relation (392.1) now yields the mapping functions w = w(v) and u= u(v) 
in the form 


L 
w=Cv® (lt+avtav2+-:-), (409. 1) 


1 
w=C*v (l+bv+b,2+--)). (409, 2) 
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The constants C and C* are obtained from (392.2), with s = 1, as follows: 











(409, 3) 








c* r( (409° 4) 














On the other hand, since a, = (1 +7 V3){2 we find with the aid of (408.1) that 


























S| a aes. 
and from (408.2) that 
du ___ 4% _ _ _% 
dz |z=a, 1+ a iy3 : 
so that we finally have 
dt dt dw du 
dz lena, dw au dz “© Ce? 
and hence 
= bea a (409. 6) 





Making use of the notation of § 280, Vol. I, p. 297, and of the relation 


P(Gz) =F (aa): 


we can write 








Cc HF Xe ey pO HE Han) (%2 M10) (%5 2) (409. 7) 
c* 4 %q Xe Xp (#1 %2 7)? (%4 ¥8) 
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Now according to the formulas of § 280, 








Vm 2 7 ~ (%2 %)* 16 3-28 
XyX%_%,= 2° Vaxk = 2 Vx se MZ = x4 
(%q %5) Va 


so that 





1 _ m% 
(¥1 %_ %_)? zB. oe 8 
This and relations (409.6) and (409.7), as well as § 280, finally yield the 
desired result in the form 











dt a 1 V2x 6 
dz |z=a, ar 3 (c)) : (409. 8) 


410. By § 405, the inverse function z= Q(t) is an automorphic function 
regular in the half-plane St > 0. It is periodic in this region with period 2. 
We set t= 5 + it, where s and ¢ are real and t > 0. We denote by u(to) 


e--- 


2. 
¥ 
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Fig. 105 


the maximum of the function | Q(s + ito) | of s, for a fixed value fo of ft. 
Because of the periodicity, we need determine this maximum only in the 
interval O= 5 <2. We wish to prove that if t is any point of the upper 
half-plane for which ¢ > to, then 


| Q(t) | < (0) 
must hold. 
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To this end, we may assume without loss of generality, on account of the 
periodicity, that the real part of t lies between 0 and 2. On the boundaries 
Rt —0, Rt —2, the function Q(t) assumes real values, and because of 
the way in which we normed our mapping of the modular triangle, the modulus 
of this function decreases monotonically as ¢ increases. As ¢ goes to infinity, 
| Q(+) | converges to zero within the strip. Hence in the closed half-strip 
0<Rt <2, 95t = by, the function | Q(t) | attains its maximum on the line- 
segment St = to, and this maximum is “(t¢)). This proves our statement above. 


CHAPTER FOUR 


THE ESSENTIAL SINGULARITIES AND PICARD’S THEOREMS 
Landau’s Theorem and Picard’s First Theorem (§§ 411-413) 


411. In § 166, Vol. I, p. 164, we proved a result that generalizes Weier- 
strass’ theorem considerably, to the effect that those values which a function 
assumes infinitely often in any given neighborhood of an essential singularity 
constitute a set that is everywhere dense on the Riemann sphere. E. Picard 
(1856-1941) proved in 1879 the spectacular result that this set of values is 
not only everywhere dense but actually covers the entire sphere with the 
exception of two points at most. We need seek no further than the exponential 
function e*, which has an essential singularity at the point z= ©, to find an 


t-plane 
Fig. 106 


example where two exceptional values occur, namely the values 0 and oo. 
This remarkable state of affairs is related to the fact that the Riemann surface 
of the logarithm (cf. § 249, Vol. I, p. 258) can be mapped conformally onto 
the whole complex plane, while for the Riemann surface of the modular 
function, whose (logarithmic) branch points lie over three base points, an 
open circular disc or a half-plane will do as a conformal image. The most 
convenient approach to this whole class of questions is given by a theorem of 
E. Landau (1877-1938), a theorem which was discovered only in 1904 and 
to the exposition of which we shall now turn our attention. 
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We consider a power series 
f(2) =ayta,z+a,z274+-:- (a,+ 0), (411. 1) 


which we assume to be convergent in the disc | z| < R and which we also 
assume to take on neither of the two values 0 and 1 in‘this disc. As a first 
consequence, we note that d is neither 0 nor —1. Then the modular 
function w= t(u), defined in § 407 above, has a branch for which t(a)) lies 
inside or on the circular-arc quadrangle with vertices at —1, 0, 1, oo (see 
Fig. 106), since this quadrangle is a fundamental region for the inverse func- 
tion of t(#). In a neighborhood of z= 0, therefore, the function 


g(2) = r(F(2)) (411. 2) 


is regular. Moreover, from the assumption that f(z) omits the values zero 
and unity in the disc |z| < R, it follows that g(z) can be continued ana- 
lytically along any path lying in this disc, and this in turn implies, by the 
monodromy theorem, that g(z) is single-valued in the disc. We note further 
that Sg(z) >0 holds in |z|< R. Therefore the values assumed by the 
function 
: g(2) — g(0) 
= 2S 11.3 
M2) = Fy — #0) i 
in the disc | z| < R must all be inside the unit circle, and Schwarz’s Lemma 
applied to the function h( Rv) yields 


a (411. 4) 
Now 
0) = £0) 8) _ 
ae (g(0) — &(0))? t'(ao) 4, (411.5) 


from which it now follows that 


p< {tla0) —#a0)| 


~~ [ay] 1t"(a) | 


(411.6) 


We denote the right-hand side of (411.6) by R(ao, a,) and we call this quantity 
the Landau radius. It constitutes a bound for R which is the best possible, 
as the following argument will show. First, relation (411.3) yields 


_ B(0) A(z) — g(0) 
(2) = ae ae aa 


Now if h(z) is of bound one in the disc |z|< R, then Sg(z) >0, and 
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(411.2) can be solved for f(z). With the notation of § 405, we obtain 





fle) = Q(@(2)) = 9 (ESTA), 


where Q denotes the inverse function of t. In particular, if 


h(z) = =, (411. 7) 
which entails 
R|h(0)| =1, 
then (411.5) implies the equality 
ee 411.8 
B [@y| |t’(a) |” Sie) 


We have thus proved the following theorem of Landau: 


If f(z) is regular in the disc | z| < R and omits the values zero and unity 
in this disc, then the first two coefficients a), a, and the radius of convergence R 
of the expansion 


f(z) =@) + a, 2+ a,224+--- (a,+ 0) (411. 9) 
satisfy the inequality 
2 Jr(a) 
<->. 11. 
~ [ay] [t(a) | tr) 


There are certain functions f(z) for which the equality sign holds in (411.10), 
so that the bound on R is the best bound possible. 


We also restate this theorem in the following obverse formulation: Jf the 
function 


f(z) =a) + a, 2+ ay 22+... (a + 0, 1; a, + 0) 


is regular in the disc |2| < R and if R> R(ao,@:), then f(z) must assume 
one of the values zero or unity at least once in the disc |2z| < R. 

412. Toward the numerical calculation of the Landau radius, we substitute 
the values of t(a)) and t’(a)), obtainable from § 407 above, into (411.10). 
Specifically, we have 


2 Sela) = = [2116 - BEEN), | (412. 1) 


Z= Ay 
= | a (1 — a) | 191 - | (412. 2) 


|’(ap) | 
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This yields 


Ray, ay) = 0 — "9! (2.9, G,116— GFE Frg2). (412.3) 
For | a)|< 1 we find 
R(ay, 4) = 19 Sot (2F FI. —F F*_ FF), z= ay. (412.4) 
1 0 
To find convergent series in terms of which we can express R(do, 41) for ao 
not inside the unit circle, we must make use of the connecting formulas. 


In ihe exceptional case treated in § 408, we have 23z=//3, so that by 
(409.8), 











a re i 
1 = {ia 3.422 3 1 
R(Z (1 + 4V3), ay) [ail (43) ray * 5s6325.... (412.5) 


The Landau radius can also be determined very easily in case a) = 0, i.e. 
if we are dealing with a regular function 


f(z) = ay z+ ag22+--- 


that omits the values zero and unity in the punctured disc O0< |2|<R. In 
this case we must replace the modular function t(z) in the argument of the 
preceding section by the function 


F*(2) 


imr(z)_ F(a) | 
eit) ¢ (412. 6) 





This function is regular at g = 0 and can be continued analytically along any 
path that starts at z= 0 and subsequently avoids the points z= 0 and z= 1. 
We have 1’(0) = 1/16, so that the Landau radius is given in the present 
case by 


16 


|a,| ° 


R(O, ay) = (412.7) 


This yields the following theorem: 
If the function f(z) is regular in the disc |z| < R, satisfies f{(0)=0, but 
is not equal to zero or unity at any other point of the disc, then 


16 


™ |ay| 





(412. 8) 


must hold. This bound is the best bound possible. 
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413. Let f(z) be any non-constant integral function. Then there must 
certainly exist points 2) of the complex plane for which f(2.) +0 or 1 and 
f (2) +0. If we set ay=f(%), 4,=/' (29), then we know from the theorem of 
§ 411 that in every disc | z— 2) | < R with R > R(ao, a;), the function f(z) 
assumes one of the values 0 and 1 at least once. 

Now let g(z) be a function that is meromorphic in the entire complex plane 
and omits three distinct values a, b, and c. If we set 








’ 


_ 6-4. e(z) —b 
{2) = c—b e{z)—a 


then f(z) is an integral function which omits the values zero and unity and 
which must therefore be a constant. This leads to the following result, which 
greatly generalizes Liouville’s theorem (cf. § 167, Vol. I, p. 165) and is known 
as Picard’s first theorem: 

If g(2) is meromorphic in the whole complex plane and omits three distinct 
values a, b, and c, then g(2) ts a constant. 


Schottky’s Theorem (§§ 414-415) 
414. Let the function 


(2) = ag tazta,224-- (49+ 0,1) (414.1) 


be regular in the disc | z| < 1 and assume that it omits the values zero and 
unity in this disc. Then just as in § 411 above, the function 


g(2) = r(f(2)) 


is regular in | z| < 1 and assumes values whose imaginary part is > 0. If 
0<#é< 1, then the values assumed by g(z) in | ¢|=@ must by Pick’s 
theorem lie in a non-Euclidean disc whose non-Euclidean center is at t(ao) 
and whose periphery is tangent to the straight line 


1—#@ 
to = 3t(40) Fy 


Here we have set t= 5 + 7#, as in § 410 above. Also by § 410, the values 
which | f(z) |= |{2(g(z))| assumes in the closed disc | z| < # do not exceed a 
finite number that we denoted by 


H(t) = ( (dp) Fl = u(9, a). (414. 2) 
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This result is known as Schottky’s theorem and may be stated as follows: 
Assume that 


H(z) =ag + a,z+a,224+--- (a) + 0, 1) (414. 3) 


is regular and omits the values zero and unity in the disc |z| <1. Also, let 
0<8<1. Then there exists a number u(9,a.) that depends only on B 
and a) (not on d;,d2,...) which is such that for |z| =, 


[/2)| S 4 (8, ao) (414. 4) 
holds. 

415. The proof of Schottky’s theorem goes through independently of the 
particular branch of the modular function t(«) into which f(z) is substituted. 
To minimize the bound u(to), we must choose that branch for which §t(ao) 
is as large as possible, i.e. we must choose t(d)) as lying in the fundamental 
region shown in Fig. 106. 

We now consider in the u-plane a region G(e,qw) that is defined by the 
relations 


|u 





>e |u-1|>., eS 


, (415. 1) 
BOS o> 2, { 


If a is a point of this region and if t(a)) lies in the fundamental region just 
mentioned, there exists a number y > 0 for which 3t(a) > 4 always holds. 
For all points a) of the region G(e, w), we can use one and the same bound 
(to) in Schottky’s theorem, for we need only set 


1-6 
aaa ie eer 


This generalization is also due to Schottky. 
From Figs. 101 and 103 above we see that if the branch of t(«) is chosen 
as indicated above, then 


Jx(a) > > V3 
holds for 0 < |a)|< 1/2. Thus we have for these values of a a bound 


u*(8) in Schottky’s theorem that is independent of ao. 


If dy lies in the punctured disc 0 < |u—1]| < 1/2, then it follows from 
the equation : 


f(z) —l=a—1+42+4+4,274--- 
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that in | z| <#@ we have 
[/(@) -—1| S#*(), 
| Hz) | S w*() +1. (415.2) 


Now if a is any point of the doubly punctured disc 


and hence 


|ul|<o, w+#0,1, w>2, (415. 3) 


then dp lies in at least one of the three regions dealt with in this section, and 
we have therefore obtained the following theorem: 
Let the function 


f(2) = Gg t+ 4,24 Ggz? +>: (415. 4) 


be regular and + 0, 1 in the disc |z| <1. Also, letO0<9<land|a|<o. 
Then there exists a number = w(3, w), dependent only on 0 and w (not on 
Qo,01,...) such that for |z| S29, 


\f2)| Se (415. 5) 
holds. 


Montel’s Theorem (§ 416) 


416. Let G be any given region of the z-plane and let {f} be a family of 
regular functions in G each of which omits the values zero and unity in G. 
Let 2) be a point of G and | z— 2 | SF a closed disc that lies wholly in G. 

We divide {f} into two subfamilies {g} and {h}, where the former is to 
contain all functions of {f} for which | g(20) | 1 while the latter is to con- 
tain all the others, i.e. all functions of {f} for which | h(2.)| > 1. 

By Schottky’s theorem, the functions of the family {g} are uniformly 
bounded in the small (cf. § 185, Vol. I, p. 184), since there are discs 
|2—20| < @ within G for which R/g = 8 < 1. Moreover, it follows from 
our assumptions that every function 1/h(z) is regular in G and omits the 
values zero and unity, and we also have 


1 
eon 


This implies that each of the two families { g} and {/} is normal at the point 2. 
Therefore by the criterion of § 183, Vol. I, p. 183, the union {f} of these two 
normal families is itself a normal family at 29. Since 2) is any point of G, it 
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follows that the family {f} is normal in the whole region G. Thus we have 
obtained the following theorem: The set of all functions that are regular and 
omit the values zero and unity in a region G constitutes a normal family in G. 

By combining this result with the theorem of § 197, Vol. I, p. 194, we 
obtain the following additional result: Jf in a region G every function f of a 
family omits three distinct values a, b,c (which may depend on the function f), 
then the family {f} is normal in G provided only that the product 


x(8, c) > x(c, 4) - x(a, 6) 


of the chordal distances of these points is greater than a fixed positive number, 
for all functions of the family. 


Picard’s Second Theorem (§ 417) 


417. We consider a function f(z) that is regular and omits the three values 
0, 1, o in the punctured disc 


0< |z|<e (417. 1) 


and we define a sequence of analytic functions by means of the equations 
ia(2) = (5) (n=0,1,2,...). (417.2) 


In the circular annulus @/2 < |z| < @, each of these functions is regular and 
omits the values zero and unity. Hence by the preceding section, the set of 
functions (417.2) is a normal family in the annulus; it must therefore contain 
a subsequence 


{fn,(2)} (j=1,2,...) (417.3) 


that converges continuously in the annulus. By the last theorem of § 198, Vol. I, 
p. 195, the limit function is either regular in the annulus or it is the constant oo. 

Let us assume first that the limit function is regular. In this case, the 
functions of the sequence (417.3) are uniformly bounded on the circle 
| z| = 3/4. Equations (417.2) now imply that the disc | z|< @ contains 
an infinite sequence of concentric circles whose radii converge to zero and 
on which f(z) is bounded. Since f(z), by our assumptions, has no poles, 
f(z) is bounded in the punctured disc (417.1) and can therefore be extended, 
by Riemann’s theorem of § 133, Vol. I, p. 131, to a function that is also 
regular at z=0. 
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In the second case, where the limit function of the sequence (417.3) is the 
constant oo, we simply replace f(z) by 1/f(z2), which reduces this case to the 
first case. We have thus proved a theorem that extends Riemann’s theorem 
of § 133, Vol. I, p. 131 in the mosf remarkable way, as follows: 

If in a neighborhood 0 < |z—29| < @ of a point 20, the function f(z) omits 
three distinct values a, b, and c, then f(z) 1s continuous at 29 in the chordal 
(spherical) metric and can be extended to a function analytic at Zo. 


This theorem can also be restated as follows: If the function f(z) has an 
essential singularity at the point 2) (which may also be the point at infinity), 
then in every neighborhood of 2 the function f(z) assumes every value, with 
the possible exception of at most two values, an infinite number of times. 


This theorem was discovered by Picard in the year 1879. The above proof 
is due to P. Montel (1916). 


A Corollary of Montel’s Theorem (§ 418) 


418. Let {f} be a family of functi: ns that are regular and omit the values 
0, 1 and © in the punctured disc 0 < | z|< 1. Then by Montel’s theorem 
of § 416, the family {f} is normal in the punctured disc. According to the 
theorem of the preceding section, each of the functions f(z) can be extended 
to a function analytic at the point z==0. We shall prove that the family of 
extended functions is normal at z= 0. 

To this end, let {f,(z) } be any sequence from the family {f}. If infinitely 
many of the numbers fn(0) are distinct from all three of the values 0, 1, 00, 
then by Montel’s theorem we can select from the sequence {f,(z)} a sub- 
sequence that is normal in the whole disc | z| <1. Thus we need only deal 
with the case that all of the f,(0) are 0, since the remaining two cases can 
be reduced to this one by introducing the functions f(z)—1 and 1/f(2), 
respectively. 

We can select from the sequence of the f,(z) a subsequence {fnj(2)} that 
converges continuously in the punctured interior of the unit circle. If the 
limit function g(z): of this subsequence is not identically equal to infinity, 
there exists a circle | z|—7 <1 on which all of the /,,(z) are uniformly 
bounded. They must have the same property in the disc | 2 | Sr and therefore 
constitute a normal family in this disc. 

To assume that g(z) = co would lead to a contradiction, because there would 
exist in this case a disc | z| <r <1 on the boundary of which |f,,(z)| > 3 
for at least one of the functions of the convergent subsequence; then for the 
function g(z)=1—/n,(z), we would have | p(z)| > 2 at every point of |z|—=r 
while at the same time y(0)=— 1, and thus by the result of § 138, Vol. I, 
p. 135, m(z) would have at least one zero 2, at which f,,(%9) = 1 would then 
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hold, in contradiction to our assumptions. Thus we have obtained the following 
result : 

If F is the frontier of the normal kernel of a family of functions all of which 
omit three values, then F cannot contain any isolated points. 


A Generalization (§ 419) 


419. The theorems of §§ 411ff. can be generalized by the substitution, in 
the appropriate places in the course of their proofs, of an arbitrary Schwarz 
triangle function for the modular function. Thus for instance, let /, m,n be 
three natural numbers for which 


1 1 1 
Tt a tae 


holds, and let f(z) be a function that is meromorphic in the disc | z | < 1 and 
for which the multiplicity with which it assumes the values 0, 1, and o (i.e., 
the multiplicity of its zeros, “ones,” and poles) is always divisible by /, m. 
and n, respectively. Let f(z) be represented by 


H(z) = ay + a, 2+ az? +>. (49 + 0, 1) 


in the neighborhood of z==0. The function (404.1) maps the point dy onto 
at least one point wy of the disc | w|< 1. We map wp» onto the origin by 
means of a non-Euclidean motion of our net of triangles, and we obtain a 
function 


_ &Py(u) +b Po(u) 
eas  py(u) + 4 pa(u) ’ 


which maps the upper half-plane Su > 0 onto a triangle of the net. It is easy 
to see that g(z) = Y (f(z) ) is regular and of bound one in the disc | z| <1, 
and vanishes at g==0. From this it follows, by Schwarz’s Lemma, that 


1 
Pe 419.1 
la) S Twep] eo 


This is the crucial inequality from which we can obtain, after a modification 
of the norming, the analogue of the result on the Landau radius. 
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The Essential Singularities of Meromorphic Functions (§§ 420-424) 


420. We consider the function z= Q(w) introduced in § 404 and we 
wish to determine the radii of the disc | w|< 1 on which 


lim Q(r e’®) (420. 1) 


r=1 


exists. As the point w travels along such a radius, the corresponding point 
Q(w) of the z-plane traverses a path y, whose interior points do not include 
z==0,1 and o, But the end point of this path, which exists by our assump- 
tion, always coincides with one of the three points just mentioned; no other 
point of the z-plane can be a boundary value of Q(w), because the mapping 
is neighborhood-preserving. 

Now if the path y, ends, say, at the point z=0, we consider the part 
of y, that lies in a circular disc having its center at z= 0 and excluding z= 1 
(say the disc | z|< 1/2); this part of y, is the image of a curve y~ that 
passes through triangles of the modular configuration all of which have a cusp 
at a common vertex. Since by our assumption y.» coincides with part of a 
radius of | w| <1, it follows that this radius passes only through a finite 
number of triangles. This last condition however is met by no more than a 
denumerable number of radii of | w | <1, since there are only denumerably 
many cusps of the modular net on | w|—=1. For all other radii, therefore, 
the limit (420.1) does not exist. Hence by the result of § 311, the boundary 
values of Q(w) at any given point ¢ of |w|==1 must cover the entire 
Riemann sphere. Thus we see that the conclusion of Fatou’s theorem does 
not hold for certain functions that omit three distinct values. 

As long as we were dealing only with isolated frontier points of the domain 
of definition, we were able to extend results for bounded functions to functions 
that omit three values. This is one way of looking at the content of Picard’s 
theorems. But our last considerations show that extensions of this kind may 
no longer be possible if the singularities of a function are not isolated. How- 
ever, even in the latter case it is possible to arrive at certain results without 
too much difficulty. 


421. Toward this end we first derive a lemma. We note that for a func- 
tion f(z) regular in the disc | z| <1, equation (135.5), Vol. I, p. 132 can 
be written in the form 

‘ an 
KO) = 3 | He'*) a8, 


0 


which admits of the following geometric interpretation. The right-hand side 
of this equation may be considered as representing the center of gravity of a 
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certain positive mass distribution on the curve w = /(e**), Thus the equation 
implies that f(0) must lie in the convex hull of this curve. 
Now let f(z) be regular and bounded in the disc | z| < 1, say 


|f(2)| <M. (421. 1) 


Let A be an open subset of the circle | | 1 that consists of at most de- 


numerably many subarcs whose lengths add up to €, and assume that at every 
point ¢ of | g | = 1 that is not on A, the limit 


lim f(r C) (O<r< 1) (421. 2) 
r=1 
exists and that the convergence in (421.2) is uniform for all ¢ in quéstion. 
We denote the set of all limits (421.2) by W and the convex hull of W by W*. 
For any given r with 0 <r < 1, we denote by A, the projection of A onto 
the circle | | == 7 under the central projection from the origin. In addition 
to the analytic function f(r e**) (0 < # < 22), we introduce a continuous func- 
tion p(r e**) that is linear in # on every subinterval of 4, and coincides with 
f(r e**) at all other points of the circle | z| =r. 
Then from the relations 


{(0) = Be | ive aa Als (9) do + 4] ‘Ul re'*) —wp,(8)) dd (421.3) 
é 
and with the notation 
Qn 
w, = lim + | (8) 0 
a (421.4) 

w, = lim a, (Hr e**) — 9(8)) dd 

it follows that 
{(0) = w, + We- (421. 5) 
Now w, belongs to the convex hull W*, and 
. |we| S$ 2eM, (421. 6) 


since 


f(r e*) — ¢ (8)| < 2M 
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holds true. We shall make use of these inequalities to prove the following 
lemma: 

Let f(z) be a regular and bounded function in the disc |z| <1. Assume 
that the limit 


lim f(r ¢) 


r=1 


exists at every point C, except on a set e, of measure zero, of an arc AB of the 
circle |z| = 1, and that these limits lie in a point set W of the w-plane. 
Then every boundary value of f(z) at any interior point Cy of the arc AB isa 
potnt of the interior or the frontier of the convex hull W* of W. 


To complete the proof of this lemma, let 2) be any point of the disc | z| <1. 
The Moebius transformation 


aA yo —u 
seis ESAT 
represents a one-to-one mapping of the two closed discs | z| = 1 and|u|=1 
onto each other and maps the arc AB onto an arc A,B, whose length we 
denote by 


€ 
2u— 


The set e, of measure zero on the arc AB corresponds to a set e, of measure 
zero on the arc 4,B,. We introduce the function 


ig foe 

ENS (34) ; 

The point set e, and the complement of the arc 4,B, on | «|= 1 can be 
covered by a sequence A of intervals of total length e; this set A then satisfies 


the assumptions at the beginning of this section, so that we can write, in 
accordance with (421.5), 


f(%o) = h(0) = w, + we, 
where w, is a point of W* while wz, satisfies the inequality 
|w,| S2eM. 


The lemma now follows if we note that ¢ goes to zero if | ¢)— 2) | does. 
Incidentally, the assumption that f(z) is bounded in the whole disc | z| < 1 
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can be replaced by the weaker assumption that f(z) is bounded in a neigh- 
borhood of fo, with the aid of the method of § 348. 


422, Next we consider an arbitrary analytic function f(z) meromorphic | 
in the disc | z| <1. We wish to derive a characterization of the set W of 
boundary values assumed by f(z) at a point ¢o of the unit circle in terms of 
the radial limits 

lim f(r e*”) 
r=1 
in the neighborhood of ¢) (to the extent to which these limits exist). 

To this end, we cover the Riemann sphere by a normal sequence of open 

discs? 


Ky, Ke, Ks,... (422.1) 


that is by a denumerable set of open discs having the property that to every 
disc k on the Riemann sphere with center at P, and no matter how small, we 
can assign at least one disc K, of the sequence (422.1) that lfes in k and 
covers P. 

To each disc K, of the sequence (422.1) we now assign a subset A, of 
the circle | z | = 1 consisting of all points ¢ of the circle for which the limit 


lim f(r C) (0<r<1) (422.2) 


r=1 


either fails to exist or exists and coincides with a point of K,. 
We also define on the circle | z | = 1 a nested sequence of subarcs 


a ao aan (422, 3) 


that have a common interior point ¢, and whose lengths converge to zero. 
For every v, we form the sequence of intersections 


A, 64, A, 6s, A, 063,... (v=1, 2,.--) (422. 4) 
and we denote by 
N; Gj=1,2,...) (422. 5) 


those natural numbers (if any) for which at least one of the sets 
An; Oy (p = 1, 2, ...) 
is of linear measure zero. 


Cf. C. Carathéodory, Reelle Funktionen, Vol. I (Chelsea Publishing Co., New York 
1946), § 85, p. 71. 
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423. Having defined the n, in this way, we consider the open set 


U=K,4+ Kat Kat: (423.1) 


and its closed complement H. 

The set U may be the empty set, in which case H coincides with the whole 
Riemann sphere. For example, for the function Q introduced in § 404, the 
limit (422.2) exists according to § 420 only if it equals one of the three num- 
bers 0, 1 and oo, and this happens only if ¢ coincides with one of the denumer- 
ably many cusps of the modular configuration that lie on the unit circle. 
Therefore in this case, the linear measure of A, 0, is positive for every vy and 
every ~, so that the point set U is empty. 

The point set H, on the other hand, cannot ever be empty. For if it were, 
there would exist a finite number of K,,; whose union would cover the Riemann 
sphere, so that there would have to exist an arc dy in which the points ¢ for 
which the limit (422.2) fails to exist, or exists and equals any number at 
all, would constitute a set of linear measure zero; but this is absurd. 

Now we shall prove that every point w of H must be a boundary value of 
f(z) at the point Co. To this end, consider a disc K; of our covering sequence 
(422.1) that contains w and is itself contained in a preassigned neighborhood 
of w. Suppose that w were not a boundary value of f(z) at ¢). Then there 
would exist a neighborhood of ¢ in which 





t(2) ~@ 


would be bounded, and an are 6,, on which the conclusion of Fatou’s theorem 
holds true. On the other hand, the number y is by assumption not a member 
of the sequence (422.5). Hence every arc dy for which p = fo must contain 
at least one point ¢, for which the limit 


lim f(r Cp) 


r=1 


exists and is contained in K,. Therefore there exist boundary values of f(z) 
at Cy whose distance from @ is as small as we please. The set of boundary 
values of f(z) at Co being a closed set, it would follow that the point w is itself 
a boundary value at ¢, after all. Thus we have proved the above statement. 


424. The complement U of H can always be represented as the union of 
at most denumerably many mutually disjoint regions G;. If the number a 
is not a boundary value of f(z) at 0c, then the point of the Riemann sphere 
that corresponds to a must lie in one of the regions G;, say in G,. 
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Let Ko be a closed disc lying in G, and having a as one of its boundary points. 


Since a is not a boundary value of f(z) at ¢o, the function 


1 
He) —% 





g(z) = 


is bounded in a certain neighborhood of ¢); therefore Fatou’s theorem is 
applicable in this neighborhood. 

By assumption, every point of Ko lies in one of the open discs K,,, of § 422, 
and by the Borel Covering Theorem, a finite number of these open discs 
suffice to cover Ko. To each of these there corresponds, also by § 422, an 
arc 6,,; on which the radial limits exist, except on a set of measure zero, and 
are equal to values that do not belong to K,,. On the intersection 6(Ko) of 
all of these 6,,, the radial limits likewise exist, except on a set of measure zero, 
and fall outside Ky. We can therefore apply the theorem of § 421 to g(z). 
The transformation 





maps the disc Ky onto a half-plane. The radial limits of g(z), corresponding 
to those mentioned in the theorem of § 421, all lie in the complementary half- 
plane, as does also the convex hull of the set of these limits. From this we 
conclude that none of the boundary values of f(z) at 0 lies in the interior of Ko. 
This result can be supplemented as follows. 

If 6 is an arbitrary point of the region G,, we can always find a chain of 
closed discs 


Ko)-Kilp cies Kin 


all of which lie in G, and which are such that any two consecutive discs 
overlap while the points a and # lie on the boundary of the first disc Ky and 
in the last disc K,,, respectively. This construction shows that none of the 
points of the region G, can be a boundary value of the function f(z) at the 
point fo. 

We have thus proved the following theorem: Let the analytic function f(z) 
be meromorphic in the disc |z| <1, and let Co be any point of the periphery 
|z|==1. Then we can represent the Riemann sphere, by means of the con- 
struction of §§ 422 ff. above, as the union of mutually disjoint sets 


H+Gi+G,+..., 
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where H is closed and non-empty while the G, (which may be absent entirely) 
are regions. For each of the regions G,, either every point of G; is a boundary 
value of f(2) at Co or else none of the points of G, has this property. Thus the 
set of boundary values of f(2) at Co consists of the closed set H plus certain of 
the regions G;, including in any case all those of the G;, which are multiply- 
connected. 


The last statement, concerning the multiply-connected regions G;, is a direct 
consequence of the fact that the set W of boundary values is always a con- 
tinuum and that the complementary set of a continuum is always a union of 
disjoint simply-connected regions. 

We note that the above theorem bears a certain resemblance to the theorem 
on isolated essential singularities of § 165, Vol. I, p. 163, if the latter is stated 
in the following form: If a function f(2) is single-valued and analytic at all 
points, other than 2, itself, of a certain neighborhood of 2, then the set of 
boundary values of f(2) at 2 either consists of a single point or else covers 
the entire Riemann sphere. 

This corresponds precisely to the case that the point set H consists of a 
single point. 


An Application to the Reflection Principle (§ 425) 


425. The result of the preceding section enables us to complement the 
theorem of § 348. Let f(z) be meromorphic in the disc |z| <1. Assume 
that to every point ¢ of an arc AB of the periphery | 2 | = 1, with the excep- 
tion of a fixed set e) of linear measure zero, we can assign at least one sequence 
of points z, of the disc that converges to ¢ and whose points lie between two 
chords of the unit circle that meet at ¢, and which is such that lim /(z,) exists 
and is real or infinite. 

Now if fp is any point of the arc AB, the following two cases, and no others, 
are possible. Either the set W of boundary values of f(z) at ¢) covers the 
whole Riemann sphere, or Fatou’s theorem holds, by § 311, in a neighborhood 
of fo. In the latter case, the radial limits must exist everywhere (except on a 
set of measure zero) and must be real or infinite. This implies that the point 
set H of § 423 must in the present case be a subset of the real axis. If H is 
not the entire real axis, the complementary set U of H is a single region none 
of whose points are boundary values of f(z) at ¢5. Then by § 348, the func- 
tion f(z) must either be regular at ¢ or have a pole at this point. But if H 
coincides with the entire real axis, then there are exactly two regions, G, 
and G,, in the complement of H. Hence the theorem of the preceding section 
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applied to the function f(z) of the present section yields the following result: 


For the function f(z) introduced in the first paragraph of this section, the 
following three possibilities—and no others—exist at every point Cy of the 
circular arc AB: 

1. The set W of boundary values of f(z) at Co covers the entire extended 
complex plane. In this case, we call Cy an essential singularity of the first kind. 

2. The set W covers one of the two half-planes bounded by the real axis, 
including the real axis itself, and contains no interior point of the other half- 
plane. In this case, we call Cy an essential singularity of the second kind. 

3. One of the two functions f(z) and 1/f(z) is regular at the point Co, 
and the Schwarz Reflection Principle can be applied in a neighborhood of Co. 


Examples (§ 426) 


426. We shall now consider some actual examples to illustrate the various 
possibilities allowed by the last theorem. It may happen that each and every 
point of the arc AB is an essential singularity of the first kind. This is the 
case, for instance, if we choose for f(z) the modular function Q(z) of § 404. 
We have seen in § 420 that for this function, the radial limits exist only on a 
denumerable number of radii; on any radius not belonging to that denumer- 
able set we can find sequences of points that converge to the periphery of 
the unit disc and on which Q(z) assumes real values. Thus the conditions 
imposed on f(z) in § 425 are satisfied here. Moreover, on each of the radii 
other than those of the denumerable set, there are sequences of points that 
yield boundary values of Q(z) having a positive imaginary part, as well as 
sequences that yield boundary values having a negative imaginary part. There- 
fore, every point ¢ of | z|== 1 is an essential singularity of the first kind. 

It is almost as easy to find examples of functions for which all points Co of 
a boundary arc AB are essential singularities of the second kind. To this 
end, let us consider a Schwarz circular-arc triangle lying in the upper half- 
plane of the w-plane and having the angles 1/2, 2/4, 2/6, say. We map this 
triangle conformally onto a modular triangle of the z-plane whose three cusps 
lie on the circle | z | = 1 and which lies otherwise in the interior of this circle. 
The analytic continuation w(z) of the mapping function represents the con- 
formal mapping of the disc | z | < 1 onto a simply-connected regular (canon- 
ically branched) Riemann surface over the w-plane (cf. § 404), a surface that 
has logarithmic branch points at all of the points corresponding to the vertices 
of the original triangle as well as to the vertices of all the additional triangles 
obtainable by successive reflections in sides of triangles. 

The circle | | == 1 constitutes a natural boundary for the function (2). 
All the values assumed by u(z) have a positive imaginary part. Every point 


EXAMPLES (§§ 425-426) 213 


of the unit circle is an essential singularity of the second kind, a fact that can 
also be proved directly without difficulty. 

To show that u(z) satisfies the conditions of § 425, we note that almost all 
radii of the disc | z| < 1 are mapped by the function w= u(z) onto curves 
of the w-plane that converge to some well-determined end point. Such an end 
point must coincide either with the point w= 0 or with a point of the real 
axis or with a point that corresponds to a vertex of the net of triangles. The 
last, however, is possible only if the corresponding radius of the disc | z| < 1 
passes through no more than a finite number of triangles of the net. There 
are no more than denumerably many radii having this property, which shows 
that u(z) satisfies the requirements of § 425. 

The functions that serve as illustrations for the theorem of § 425 may also 
have isolated essential singularities. Thus, for example, the function 





has an essential singularity of the first kind at the point z—=1, and the 
function 





-1l+u 1-z 
w=1 
l—u 





has at the same point an essential singularity of the second kind. At all 
other points of the circle | z|—==1, the first of these functions is regular 
while the second has poles at points of the circle for which z= 1 is a point 
of accumulation. 

It may also happen that all the points of the circle but one are essential 
singularities of the second kind, while the exceptional (isolated) point is an 
essential singularity of the first kind. To construct an example for this, we 
norm the above function w(z) in such a way that it converges to a finite real 
value as 2 approaches the point g==1 within a sector. Then the function 





has at = 1 boundary values with positive imaginary parts as well as boundary 
values with negative imaginary parts; thus the point z= 1 is an essential 
singularity of the first kind. At all other points of the unit circle there are 
boundary values with positive imaginary part but none with negative imag- 
inary part; these points are therefore essential singularities of the second kind. 
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427. We consider once more a mapping function (2) like the one of 
§ 426, except that we assume it to give a mapping this time of a modular 
triangle of the Poincaré half-plane z= x + iy, y > 0 onto a Schwarz triangle 
of the w-plane. Then by Fatou’s theorem, the limit 


lim w(x + 74 y) = —(x) (427. 1) 
y=0 


exists for all points + of the x-axis except for those in a certain set é of 
linear measure zero. Moreover, there exists on the x-axis a denumerable 
and everywhere-dense set e” having the property that for + €e’’ we have 
Sp(x) > 0. 

Now let 6,:@<*%< 6 and 6,:2<«< B be arbitrary intervals on the 
x-axis and the m-axis respectively. We denote by e(a, 8) the subset of 
6, on which « < g(x) < B holds. We shall prove that the linear measure 
me(a,B) is >0, by showing that the assumption me(a, B)=0 leads to 
a contradiction. 

To prove this, let AK, be a disc of a normal covering sequence of the w-plane 
(cf. § 422) that has a chord lying within the interval a <u < B. We assign 
to this disc the point set A, introduced in § 422, which in the present case is a 
subset of the #-axis. The intersection of A, and 6, is contained in the set 
e + e” + e(a, B), which is of measure zero by the assumption we wish to 
disprove. Hence if we apply the theorem of § 424 to any point ¢ of 62, we 
find that the point set H (cf. §§ 423-424) is here a subset of the u-axis that 
excludes at least a subinterval of 6,. Furthermore, no point of the half-plane 
asw < Ois a boundary value of u(z) at the point ¢. Therefore by the theorem 
of §425, u(z) is analytic at ¢ and hence is real, except possibly for poles, at 
every point of 6,. But this contradicts the fact that the function m(+) has a 
positive imaginary part at every point of the everywhere-dense set e”, and 
the above statement is proved. 


428. We now denote by f(+) the real function which is equal to zero on 
the set e’ + e” of measure zero and equal to q(x) at all other points of the 
x-axis. The function f(%) is measurable, because on the complement of 
e’ + e” it is the limit function of a sequence of functions that are everywhere 
continuous. We have thus obtained the following result: 


There exist measurable real functions f(*#) which are such that for any and 
every given interval a<u< B, the set of points x at which f(x) assumes 
values belonging to the given interval intersects every interval of the x-axis 
in @ set of positive (non-zero) measure. 
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Remark. The above function should not be confused with a famous example 
of Lebesgue? that lies on an entirely different plane. In Lebesgue’s case, the 
problem is to construct a function A(x) that assumes every value at least once 
in every interval. But this function 4(x#) is not required to be measurable ; 
also, a solution A(#) would be considered acceptable in this problem even if the 
set of all points at which A(x) =+ 0, say, should be of measure zero. Our above 
f(#), on the other hand, must first of all be measurable, and we also require 
that the pre-image on the x-axis under u = f(#) of any interval of the u-axis 
should not intersect any interval of the x-axis in a set of measure zero. Again, 
{(*)—as opposed to 4(4#)—may omit all values belonging to some set that is 
everywhere dense on the u-axis; this set of omitted values may even be such 
that it intersects no interval of the u-axis in a set of measure zero. 


*C. Carathéodory, Vorlesungen iiber reelle Funktionen, 2nd ed. (Chelsea Publishing Co., 
New York 1948), § 227, p. 228. 


INDEX 


INDEX 


ACCESSIBLE boundary arc, 100 
angular derivative, 28 ff., 32 ff. 
theorem on, 32 
and zeros, 34 ff. 
automorphic function, 74, 186 


BI-cyLinpeEr, 113 

boundary, mapping of, 88 ff., 102 ff. 

boundary arc, accessible, 100 
free, 99, 100, 102 ff. 


CANONICAL covering surface, 83 
Carathéodory, C., 48, 117, 208, 215 
Cayley, A., 130 
circular-arc triangles, mapping of, 
129 ff., 162 ff. 

conformal mapping, 52 ff. 
congruence transformations, 72, 73 ff. 
connecting formulas, 155 ff. 
contiguous hypergeometric functions, 141 
corners, mapping at, 104 ff. 
covering surface (universal), 71, 80 ff. 

canonical, 83 
crescent, 52 


DIEUDONNE, theorem of, 19 
differential equations, 123 
systems of, 127 ff. 
dihedral class, 175 
distortion theorems, 20, 62 ff. 
doubly-connected regions, mapping of, 69 ff. 


Ecart, 113 
elementary mappings, 52 ff. 
equivalent points, 73 
essential singularities, 195 ff. 
of the first (second) kind, 212 
of meromorphic functions, 205 ff. 
Euler, L., 137 


Faser, 62, 68 

Fatou, P., 43 

Fatou’s theorem, 43, 48 

Féjer, L., 97 

free boundary arc, 99, 100, 102 ff. 


frontier point, accessible, 99 
function, automorphic, 74 
bounded, 11 ff., 18 ff., 114 ff. 
modular, 173 -ff., 187 ff., 189 
of bound one, 11 
of several complex variables, 113 ff., 120 ff. 
of two complex variables, 113 ff., 119 ff. 
Schwarz’s triangle, 173 ff. 
unit, 12 
fundamental region, 83 


Gauss, C. F., 137, 141, 143 
Gauss’s hypergeometric series, 138 
group of congruence transformations, 73 ff. 


Hartoes, F., 114 
theorem of, 114 ff. 
homotopic, 59 
hypergeometric differential equation, 
135 ff., 137, 149 ff. 
hypergeometric series, 138 


IcoSAHEDRAL class, 176 


JENSEN, J. L., 22 
Jensen’s theorem, 22 
Julia. G, 27 

Julia’s theorem, 27 


Korse-F aber distortion theorem, 62 ff., 68 
Kummer, E. E., 144 , 
Kummer’s differential equation, 143 ff. 
Kummer’s integrals, 148 ff. 


Lanpavu, E., 195 
radius, 196 
Landau’s theorem, 197 
Lebesgue, H., 215 
theorems of, 47, 49, 50 
Lebesgue integral, 43 
lens, 52 
Lindeléf, E., 11 
two theorems of, 42 ff. 


-Lowner, theorem of, 34 


220 


MAPPING, at a corner, 104 ff. 
conformal, 52 ff. 
elementary, 52 ff. 
of the boundary, 88 ff., 102 ff. 
of doubly-connected regions, 69 ff. 


of the interior of a Jordan curve, 92 ff. 


of nested annular regions, 84 ff. 
of Schwarz (circular-arc) triangles, 
129 ff., 162 ff., 173 ff., 181 ff. 
quasi-conformal, 53 
meromorphic functions, 205 ff. 
Milloux’s theorem, 107 ff., 109 
modular configuration, 184 ff. 
function, 173 ff., 187 ff., 189 
triangle, 187 


modulus of a doubly-connected region, 73 


Montel, P., 203 
Montel’s theorem, 201 ff., 203 


NATuRAL boundary, 186 
Nevanlinna, R., 118 
normal sequence of discs, 208 


OcTAHEDRAL Class, 176 


Picarp, E., 195 

Picard’s first theorem, 199 

Picard’s second theorem, 203 

Pick’s theorem, 14 ff., 23 

Poisson’s integral, an application of, 38 
generalization of, 49 

poly-cylinder, 121 


QUASI-CONFORMAL mapping, 53 


REFLECTION principle (of Schwarz), 
88 ff., 101 ff., 211 

reflection in an analytic curve, 101 

Riemann Mapping Theorem, 54 ff., 62 

Riemann surface, regular, 186 

Riesz, F. and M. (theorem of), 50 


INDEX 


Scumint, E., 21 
Schottky, G., 200 
Schottky’s theorem, 200 
Schwarz, H. A., 101, 130, 134 
Schwarz’s 
lemma, 14 
reflection principle, 88 ff., 101 ff.,211 
triangle functions, 173 ff. 
triangle nets, mapping of, 185 
Schwarzian derivative, 130 
systems of differential equations, 127 ff. 


TETRAHEDRAL Class, 176 
theorem of 
Dieudonné, 19 
Fatou, 43 
Hartogs, 114 tt. 
Jensen, 22 
Julia, 27 
Koebe-Faber, 62 ff., 68 
Landau, 197 
Lebesgue, 47, 49, 50 
Lindeldf, 42 ff. 
Lowner, 34 
Milloux, 107 ff., 109 
Montel, 201 ff., 203 
Picard, first, 199 
second, 203 
Pick, 14 ff., 23 
F. and M. Riesz, 50 
Schottky, 200 
topologically equivalent, 59 
triangulations, 173 ff. 
dihedral, 175 
icosahedral, 176 
octahedral, 176 
tetrahedral, 176 


Unlr functions, 12 
universal covering surface, 71, 80 ff. 


